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Abstract

The main objective of this article is to analyse the dynamics of Burgers equation
on the unit interval, driven by multiplicative white noise. It is shown that the solution
field of the stochastic Burgers equation generates a smooth perfect and locally com-
pacting cocycle on the energy space L?([0,1],R). Using multiplicative ergodic theory
techniques, we compute the discrete non-random Lyapunov spectrum {\;}?°, of the
linearized cocycle. The Lyapunov spectrum characterizes the asymptotics of the cocy-
cle near the zero equilibrium solution. In particular, we construct a countable random
family of local asymptotically flow-invariant manifolds {S;(w)}:2; so that on each man-
ifold S;(w), the cocycle decays with fixed exponential speed less than or equal to A;.
Each local manifold S;(w) is smooth and has finite-codimension i — 1 for > 1. On a
global level, we show the existence of a flow-invariant random flag in the energy space
L?([0,1],R). The global random flag is characterized by the Lyapunov spectrum of the
linearized cocycle. In the presence of a linear drift, we also give sufficient conditions
on the parameters of the stochastic Burgers equation which guarantee uniqueness of
the stationary solution or its hyperbolicity. In the hyperbolic case, we establish a local
stable manifold theorem near the zero equilibrium.

AMS Subject Classification: Primary 60H15 Secondary 60F10, 35Q30.

1 Introduction

Our main interest in this article is to study the dynamics and characterize the almost sure
asymptotic stability of the zero equilbrium solution for the following one-dimensional Burgers
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equation with multiplicative white noise:

ou
o€
u(t,0) =u(t,1) =0 forall t >0,
u(0,8) = f(§), £ €[0,1].

In the above stochastic partial differential equation (spde), the noise coefficients oy, k > 1,

du(t) = vAudt — u— dt +yu(t)dt+ Y opu(t) dWi(t), t>0, £€[0,1],

k=1 (1.1)

o

are constants such that Y o7 < oo; the Wy, k > 1, are independent standard Brownian
=1

motions defined on the complete Wiener space (2, F, P); yu(t) dt is a deterministic linear

drift term with a fixed parameter v; the positive constant v is the viscosity coefficient; and
f € L2([0,1],R) is the initial function.

The main objectives of this article are:

e To describe the stochastic dynamics of Burgers spde (1.1) via a perfect locally com-
pacting smooth cocycle (semiflow) generated by mild solutions of the equation. The
construction of the cocycle is described in Section 2.

e To characterize the almost sure long-time asymptotics for the cocycle using the Lya-
punov spectrum of its linearization. The Lyapunov spectrum is countable and non-
random.

e To establish (in the stable case 7 = 0) the existence of local flow-invariant submanifolds
as well as a global invariant foliation through the zero equilibrium solution.

e To obtain hyperbolicity of the zero equilibrium and the existence of local stable /unstable
manifolds under sufficient conditions on the parameters v, v, 0;,7 > 1. These issues are
presented in Section 3.

2 The Dynamics

It is well-known that a unique mild solution to Burgers spde (1.1) exists. See [6] and the
references therein.

Throughout this article, we will denote by 6 : R x €2 — € the standard P-preserving
ergodic Wiener shift:

O(t,w)(s) =w(t+s)—w(t), tseRwe.

In this section, our main objective is to show that the random field of mild solutions of
(1.1) generates a Fréchet smooth perfect cocycle U : RT x L2([0,1],R) x Q — L%([0, 1], R).
Furthermore, our construction will show that the cocycle is locally compacting in the sense
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that the map U(t,-,w) carries bounded sets in L?([0, 1], R) into relatively compact sets, for
each t > 0 and almost all w € €2. The construction also yields Oseledec-type integrability

estimates on the cocycle and its Fréchet derivatives (Theorem 2.2).

We start with a reduction of Burgers spde (1.1) to a random pde of Burgers type. To
do this, let @ : [0,00) x 2 — R be the solution of the one-dimensional linear stochastic

ordinary differential equation (sode)

dQ(t) = vQ(t) dt + iakQ(t) dWi(t), >0,
Q(0) = 1. :

Using It0’s formula, it follows that

Q(t) = exp { Zaka(t) — %Zai —i—”yt}, t > 0.
k=

k=1 1

Furthermore, (2.2) implies that
ElQlle < o0,

where
Qoo = [|Q(,W)[loo == sup Q(t,w), w €,
0<t<T

for any finite positive 7.
Write each solution u of Burgers spde (1.1) in the form

u(t,§) = V(t,£)Q(), t=0, £€l0,1],

(2.1)

(2.2)

(2.3)

with V(¢,€) a suitably chosen random field of bounded variation in ¢. Therefore, by 1t6’s

formula (the product rule), we have

du(t) = Q(t) dV (¢) + V(1) dQ(t), t > 0.

Hence, substituting from (2.3) into (1.1) gives the following equalities for ¢ > 0:

vAudt — ua—u dt + yu dt + Z oru(t) dWi(t)

k=1

08 =
— V() QU QUV (B dt+ V(D) S 0kQ() (),
vA(V(6)Q(t)) — V(t)Q(t)a%(V(t)Q(t))] dt = dV(t) - Q(t),
vQ()AV (t) dt — V(t)Q(t)23V(t) dt = dV(t) - Q(t).
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Therefore, the random field V' must satisfy the following random pde

o oV (t) i
TS rAV -V 10
(7 0)=Q()" 1u(,0): t>0,
V(t,1) =Q(t)” 1U(,1)= t>0. 1
Let ¢ : RT x Lz([O, 1,R)xQ — L2( be the perfect linear cocycle generated by the

linear spde
do(t) = vAG(t) dt + () di + D axe(t) dWi(1)

k=1 (2.5)
¢(0) = id ¢()(0) = o(t)(1) =0, V>0
([13, Theorem 1.2.4]).

By Theorem 1.2.5 ([13]), every (F;)-adapted solution field U : RT x L2([0,1], R) x Q —
L2([0,1], R) of the random integral equation

z2(j01.R)’

Ult, f,w) = o(t, f,w) —/0 QS(t — 8, ‘,Q(S,w)) [U(s,f,w)%U(s,f,w) ds, t>0, (2.6)

is a mild solution of the stochastic Burgers equation (1.1). The proof follows that of Theorem
1.2.5 ([13]): Interchange It6 and Lebesgue integrals, using the identity

ot £,) = Ti(f) + / Tis(s, f)ds+ > / oL Ty s 6(s, £, ) dWi(s), >0, we
k=1

(2.7)
where T; : L2([0,1],R) — L?([0,1],R), t > 0, is the heat semigroup generated by the
Laplacian vA with Dirichlet boundary conditions on [0, 1]: T; = €2, ¢t > 0.

The next proposition gives an a priori bound on solutions of the initial boundary-value
problem (2.4). These a priori bounds are needed for the construction of the cocycle (U, 9).

Proposition 2.1. For f € L*([0,1],R), let V (¢, f,w) € C*((0, 1], R) be a (classical) solution
of the initial boundary value problem (2.4) for 0 < ¢ < T and some 7" > 0. Then for each
w € Q, the map [0,7) 5t [|V(¢, f,w)]||r2 € R is decreasing. In particular,

IV (t, fw)ll2qo.r) < [ fll22(0.1.R) (2.8)
for allt € [0,7), and all w € Q. Also
T 2
oV (t, f,w)
— dt < —||f|| 2( (2.9)
0 % Nppgr 22 FOUR

for all w € Q.



Proof. Let f € L2([0,1],R) in (2.4) and V(¢) = V(t, f,w), 0 <t < T, be a solution of (2.4).
We fix and suppress w €  throughout. Multiply both sides of (2.4) by V (¢) to get

2 @V L0V (1)
VOV =rv= 5T - Vi

0<t<T. (2.10)

Integrate both sides of (2.10) with respect to £ € [0, 1] to obtain

QAa”)%> A vy s - QU/ veptis, o<t<T, (210

because Q(t) is independent of £ € [0,1]. Using integration by parts and the boundary
conditions V(t) |e=1 = V(t) |e=o = 0, we obtain from (2.11):

V() [ /1 <8V(t))2
V2. =v Vit —v —= | d¢
sV Ol =rv Sl v [T
1 =l
—Qt)-=V@)?} , 0<t<T.
3 £=0
Thus )
d Vv (t)
E||V(t)||2L2 = —2v e | . <0, forallte[0,7). (2.12)
Hence the function
0,7) 5t — V(1|7 €R
is non-increasing; i.e.,
IVO)Z < IVO)IIZ: = [Ifl7> forallt € [0,T). (2.13)
This implies (2.8).
To see (2.9), integrate both sides of (2.12) over [0, T):
T 2
oV (t
VIR - I = -2 [ | ae.
0 L2
Hence,
T 2
oV (t) 1 9 1 9
—|| dt=— — —||V(T
15| = o = vl
1
< oIl
This proves (2.9). O



Next, we show local existence of a unique mild solution of (2.4). Rewrite (2.4) in the
mild form

‘Kﬂzﬂﬁ%:AQ@ﬂL{WQ@%Qym £>0. (2.14)

We use a contraction mapping argument.

Proposition 2.2 (Local Existence). Let f € Lz([O, 1],R). Then, for some a > 0, the
random integral equation (2.14) has a unique (local) solution V € C([0,4d], L2([0, 1], R)).

Proof. Fix fy € L2([O, 1], R). Let a > 0. Denote by E := C’([O, al, Lz([O, 1], R), the Banach
space of all continuous maps v : [0, a] — L? ([0, 1], R) with the usual norm

o]z := sup [Jv(t)]|Lz2 - (2.15)
0<t<a
Fix p > 0. Denote by B(f,p) the closed ball in L*([0,1],R), center f and radius p. Let
Y C FE denote the set
Vi={veE:|v(t)— folll=<p foralltel0a]}. (2.16)
Define the mapping ¥ : B(fo, p0) X Y — E by

MﬂMﬂ:ﬂm—AémmﬂP@%gq%,OSHW, (2.17)

forallv e Y, f € B(fo,po)-
Let f € B(fo,po) and v € Y. Then, for all s € [0, al,

lo(s)llz2 < llv(s) = follz2 + lfollz < o+ Nl foll 2> - (2.18)

In the computations below, C' denotes positive deterministic constants which may change
from line to line. Let p(¢, &, y) denote the heat kernel for the heat equation

0
% = Aug(t), t>0,
u(0,-) = f € L*([0,1], R),

uo(t,0) = ug(t,1) =0, forallt >0,

with Dirichlet boundary conditions. Thus,

1
w(t.€) = [ pt.ga)fw)dy, t>0, €€ 1) (219)
0
The following estimates on the heat kernel p(¢, &, y) are well-known:
t —(=w)?
‘Qﬁé%@‘s%egﬁ , >0, &yelo1], (2.20)
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[o.¢] y2
/ e 2% dy < c3\/t, t>0. (2.21)

where ¢y, ¢9, c3 are positive constants.
Using (2.17), (2.19) and the estimates (2.20), (2.21), we have

1o (f,0)(t) = follZe < 21T(f) = follZ-+

con@id [ [ [ oe-sen o] aas) e

< 2||T3(f) = follzo+

1 - 1< t 1
ssla [ ()]

1 t 1
s2||Tt(f>—fo||%z+01||62llio'/0 [/0 G—s)pn~

Ll —ew? 1 2
Zeo (t-5) )2 dy————ds| d
< | TN )(y) dy } ¢

Vt— s
< 2||Ty(f) = follzo+

cema. [ [ o= | gmam
([ e ) as) i

< 2|T3(5) - fulle+
9 1/4 1 e y)? 9
vl [ / o [ e ay

i 2 dydsd
/0 T—s“ v*(s)(y) dy ds d¢
< 2T (f) — foll7-+

real e [ t_sm(/ ()0 )

—(&—
/0 F* 102 () (y) dy ds dé

(t— 5,69 [v?()() dy ds) ¢

< 2||T3(f) — follzo+

t
1
QI - sup ol [
o =)

S a

x/0</0 Wl__sez(w >d£) v3(s)(y) dy ds

< 2||T3(f) — follzo+




t
1
<Ol s o)l | sl ds

0<s<a
< 2 Tu(f) = follz2 + CIIQUZ sup flo(s)ze /2
<2|T(f) = foll7: + CIRIZ (o + | foll2)72t"2, 0 <t <a, (2.22)
where [|Q| := sup Q(1).
0<t<a

By the strong continuity of the (bounded linear) heat semigroup 73 : L?([0,1],R) —
L2([O, 1], R), t >0, choose a € (0,1) and pg > 0 sufficiently small such that

2 2
I = hollt <5 and ClQIGo+ IAE” < 5 (2:23)

for all 0 <t < a, and all f € B(fo, po)-
Using (2.22) and (2.23), we get

(000 — ol < 242 =2, 0<i<a

Thus
[(f,0)(t) = follz: < p

for all t € [0,a] and all v € Y, all f € B(fo, po). Hence ¥(f,v) € Y for all f € B(fo, po) and
veY.
We must show that a and py can be chosen sufficiently small so that

Y B(fo,po) XY — Y
(f,v) — ¥(f,v)

is a uniform contraction on Y. Let vy, vy € Y and use (2.17) to get

ot ot <10 [ ([ [ pte s
< [02(5)(y) = vi(s \dyds) ¢
<ol [ [ [ A= [ A=
x \v%<s><y> — (s \dydsrdf

Q|12 / 1 / / =i
— 662t ) X
“Jo Lo s Jo VE—s



< o2 5)0) — 36) 0 dy s ]

<toit. [ { [ = [ o=
([ A=A ew - o) dy)zds} e
- [t ( / o2 s)w) - 35)0)] dy) x
//6““ 42 (s)(y) — v2(s)(y)| dy ds
et [ ([ - ,dy)ns

< CQIR. 1 / ﬁ{ / e ><y>+v2<s><y>]2dy}

< / ox(6)) — (o))" | s

1
< CIQIE (p+ 1 follir) / o ln ) —wlids

t
1
- C 2 241/4 _ 2 /761
QU (o +fols2)” 4 sup ffn(s) = va(s)lis | sy @
2
< ClIQI%(p + I follz2)” t'2[lor — wa]l%, 0<t <a. (2.24)

Now choose a > 0 sufficiently small such that

L:=C|Qls(p + I follz2)a"* < 1. (2.25)
Therefore by (2.24) and (2.25), we get
|0(f,v1) = (f,v2)||e < L|lvy — v2ll& (2.26)

for all vy,vy € Y, all f € B(fo,po), where L < 1. Hence for each f € B(fo,po), ¥(f,) :
Y — Y is a uniform contraction on Y. By the contraction mapping theorem, ¥ (f,-) has a
unique fixed point V(f) € Y i.e.,

WLV =V, 0<t<a (2.27)
Thus V(f) is a unique local mild solution of Burgers spde

— /0 Q(s)ﬂ_s{v(f)(s)av(é)(s) ds, 0<t<a
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for all f € B(fo,p0). Note that in (2.27), a is independent of the choice of the initial
condition f € B(fo, po) (although a is random and may still depend on the choice of f, €
L2([0,1],R). 0O

The following proposition gives regularity of the local mild solution
L*([0,1],R) D B(fo,po0) > f — V(f) € C([0,a], L*([0,1],R))
of (2.14).

Proposition 2.3 (Uniform Contraction Principle). Let E, F' be real Banach spaces.
Suppose B C F'is an open set and Y C F a closed ball in E. Let ¢ : BxY — Y be a C*
map such that ¥(f,): Y — Y, f € B, is a uniform contraction; i.e., there exists L € (0, 1)
such that

[0(f,v1) = (f,v2)le < Llvr — vale (2.28)

for all v1,v, € Y and all f € B. Then for each f € B, there is a unique v(f) € Y such

that ¢ (f,v(f)) = v(f). Moreover, the map B 5 f — v(f) € Y C E is C* with bounded
Fréchet derivatives on bounded subsets of B.

Proof. See the proof of Lemma 2.7 in ([12]). O

Theorem 2.1 (Global existence). For each | € Lz([(), 1],R), Burgers spde (1.1) has a
unique pathwise solution U(f,w) € C([0,00), L*([0,1], R)) such that the map

L*([0,1],R) > f +— U(f,w)(t) € L*([0,1],R)

is C*° for a.a. w € Q) and all t > 0, and has bounded Fréchet derivatives on bounded sets in
L2([0,1],R).

Proof. In view of the relation (2.3), it is sufficient to prove the theorem for the random
Burgers equation (2.4). Fix and suppress w € Q. Also fix fy € Lz([O, 1], R). By Proposition
1.2, there exists pg,a > 0 such that if f € B(fy, po) and

0v(s)
23

wmwwzmn—é@wﬂﬂhg P&(Ktém (2.29)

then 1 (f,-) has a fixed point V(f) € Y C C([0,a], L*([0,1],R)) which gives a unique local
mild solution V(f) of (2.4). Since 1 satisfies

[0(f1.0) = v(Fa )l < sup [ Tillsgenlfy — folle

it follows (from the proof of Proposition 2.3) that the solution map

B(fo,po) 2 f— V(f) €Y c C([0,d], L*([0,1],R)) (2.30)

10



of (2.4) is Ligschitz. In fact, we will show that the above solution map (2.30) is C'*° (Fréchet).
In view of Proposition 2.3, it is sufficient to prove that the map ¢ : B(fy,po) X Y — E in
(2.17) is C* for all k > 1. Consider

G(f,0) () = Ty(f) —/0 Q(s)Th_s [v(s)ag(;>] ds, 0<t<a (2.17)
for f € B(fo,p0), v €Y, where
Y :={v e C([0,a], L*([0,1],R)) : lv(t) = foll;= < p Vite[0,a]}. (2.31)

Note first that the map
L*([0,1,R) > f +— T(f € C([0,a], L*([0,1], R))

is continuous linear (and hence C*°). So it remains to show that the map ¢ : YV —
C([0,a], L*([0,1],R)), where

_ [ du(s)
o(v)(t) = /0 Q(s)T)—s {v(s) o€ ] ds, 0<t<a, (2.32)
ve C([0,d], L2([O, 1,R)),
is C*°. To do this, consider the map
A:ExXFE—FE
defined by
A(vy, va)(t) == /t Q(s)T—s {g (’l}l(S)Ug(S))] ds (2.33)
’ 0 23
for 0 <t < a, vy,vo € E. Clearly,
b(v) = %A(u,m, v e C(0,a), L*([0, 1], R)). (2.34)

We will show that A is continuous bilinear. By (2.34), this implies that ¢ is C*°. Rewrite
(2.33) in the form

Alvg, v)()(€) = / Qs) / a%pu—s,g,y>v1<s><y>v2<s><y>dyds (2.35)
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for all € € [0,1], t € [0,al, v1,v5 € E. Then

| Avs, ) (D] < ClQI2 / ( / 7 / e

= W(T\( llels) )l s ]

1 t ds t ]_ lem
< 2
<aleit [ § [ [ o[ S

01 (5)(9) o) (y >|dyds) ¢

— Q|2 ¢ / T

/|v1 Do) | ¥

6 2c2(t .5)

t—s

bt o5
< QI e / g ds

dg - [v1(s)(y)[v2(s)(y)| dy | ds

2 2
< cnczniﬂ/?( sup ||v1<s>||Lz) ( sup ||v2<s>||Lz)
0<t<a 0<t<a
< ClIOIZ a2ljon% - [l
for all t € [0,a] and vy, v9 € E. Therefore,

|4, v2)[p = sup [l A(vr, va)(#)l|2 < CllQls aville - vzl

<t<a

for all v1,v, € E. Hence A is continuous bilinear, ¢ and 1 are C'*° maps.
By the uniform contraction principle (Proposition 2.3), it follows that the solution map

L*([0,1],R) D B(fo, p0) > f +— V(f) € C([0,a], L*([0,1],R)) (2.36)

is C'*° for some a > 0.

We now prove existence of a global solution of (2.4). Let 7 = 7(w) > 0 denote the
supremum of all @ > 0 such that a C' solution map (2.36) exists on [0, a] (for fixed fo, po).
We will show 7 = oo a.s.. Suppose, if possible, that 7 = 7(w) < oo for some w € Q. We
claim that

VI = tim V0 =700~ [ et vine ™ 9 e e

12



for all f € B(fo,po), where the limit is taken in L2([O, 1],R). Since tlim_ Ti(f) = T-(f) by

strong continuity of the heat semigroup T; : L*([0,1],R) — L*([0, 1], R), (2.37) will follow
if we show that

i | [ er-[vinem 2 .
-/ Q(ﬂjlﬂ{vxf)@)ﬁvgg(g}ck . 0.
Denote . 8V(f)( )
s~ - [ o rine™ 2] o
_ / Qs) / a%p(t—s,f,y)‘/(f)Z(S)(y) dyds, (2:39)
0<t<rT £€][0,1].
Consider
B(r)(€) — B(t)(¢) = / Q(s) / %p(f—s,f,y)V(f)Q(S)(y) dyds-+
[ aw | {%pv—s,g,y)—%pu—s,ay) V()2(s)(y) dy ds
= Bi()(E) + Bal)(€), €€0,1], 0<t<T, (2.40)
where
By(1)(¢) = / Qs) / %W S E VD) (y) dy ds, (2.41)
and

By(t)(€) = / / @<s>[a%p<r—s,g,y>—%p@—s,g,y) V((s)(y) dyds.  (2.42)

for £ € ]0,1], 0 <t < 7. We will show that

lim | Bi(t)][2 =0, i=1,2 (2.43)

Using the estimates (2.20), (2.21) and an argument similar to that used in deriving (2.22),
we obtain

1B ()17 < C||Q||§OOS<UE IV $)ze(r =) 0<t < (2.44)
Note that in (2.44), we have used the fact that
Sup V()2 < [1Fll72 < o0 (2.45)
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which follows from Proposition 2.1 ((2.8)). Thus (2.44) implies

Jim (1B (1) 12 = 0.

Employing similar estimates as in (2.44), the dominated convergence theorem and the
fact that

. 0 0
Jim a—yp(f—s,&y)—a—yp(t—s,&y) =0 (2.46)

a.e., it follows that
tlim_ || B2(t)||2 = 0. (2.47)

This proves (2.43), (2.38) and (2.37).
By local existence, the random pde (2.4) (with @ replaced by Q(7 + -)) admits a local
mild solution y : [0, ] — L?([0, 1], R) with initial condition V(f)(7) € L2([0,1],R); that is

o) =V - [ Qs ot o) % as

= Tl - [ Qe [y LD

—[f@v+sﬂ;{MﬂQ§?]@

= Te) = [ QT [V PR s

_lLHwQQgE+F$FAs—7ﬁ8yi%_ﬂ}d& 0<t<e  (248)

Define 0 € C([0, 7 + €], L*([0,1],R)) by

e@y:{vqx” 0st=7 (2.49)

}ds, 0<t<e. (2.50)

(2.51)




Therefore, from (2.50) and (2.51), it follows that 6 : [0,7 +¢] — L*([0,1],R) is a mild
solution of (2.4) on [0,7 + €] with #(0) = f. This contradicts the maximality of 7. So
T(w) = oo for all w € Q.

From the relation

U(f,w)t)=V(f,w)(t)Q(t,w), t>0, we, (2.52)
we conclude that the solution map
L*([0,1],R) > f +— U(f,w) € C([0,T], L*([0, 1], R))

of (1.1) is C* for all w € €, all T" > 0 and has bounded Fréchet derivatives on bounded
subsets of L? ([0, 1], R). This completes the proof of Theorem 2.1. O

The next result shows that mild solutions of the stochastic Burgers equation (1.1) gen-
erate a C'*° jointly measurable perfect cocycle

U:R* x L*([0,1],R) x @ — L*([0, 1], R)
(t, f,w) — U, fw) =U(f,w)(t)
which maps bounded sets in Lz([O, 1], R) into relatively compact sets.

Theorem 2.2 (The cocycle). Let U(t, f,w) be the unique global mild solution of Burgers
spde (1.1) fort >0, f € LQ([O, 1],R), w € Q. Recall that 6 : R x Q — € is the standard
Brownian shift

O(t,w)(s) =w(t+s)—w(t), t,seR, wel, (2.53)

on Wiener space (Q,F,P). Then U : RT x Lz([(), 1],R) x Q — L2([0,1],R) is jointly
measurable and has the following properties:

(i) (U,0) is a C* perfect cocycle; viz.
Ut2>U(t1>.f7w)79(t1>w)) = U(tl ‘l‘tg,f, (4)) (254)
fOT all tl,tQ > O, f S L2([0, 1],R), w e (.

(ii) For fized t > 0 and w € Q, the map U(t,-,w) : L*([0,1],R) — L*([0,1],R) takes
bounded sets into relatively compact sets in L*([0,1],R).

(ili) For each (t,f,w) € R x L*([0,1],R) x Q, the Fréchet derivative DU(t, f,w) €
L(L3([0,1],R)) is compact linear, and the map

R* x L*([0,1],R) x @ — L(L*([0,1],R))
(t, f,w) — DU(t, f,w)

15 strongly measurable.
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(iv) For fized p,a > 0 and any integer k > 1,

Elog* WU {I1U(ta, £,0(t1, Nlzz + [ DU (b2, £,0(t1, )l gy} <00 (2.55)
Sti,l2sa
I fll2<p

where L¥)(L?) denotes the space of all continuous k-multilinear maps (L*)F — L?
given the uniform operator norm || - || La(r2)-

Proof. Note first that () has the cocycle property
Qt1 + ta,w) = Q(t2,0(t1,w))Qt1,w), t1,t2 >0, we Q. (2.56)
Secondly, (2.54) will follow from the following identity
V)t +ta,w) = Qt,w) " V[Q(tr, )V (f)(tr,w)] (ta, (t1, w)) (2.57)
for t1,to >0, w €, f € Lz([(), 1], R). To see this, we use the relation
Ut, f,w) = Qt,w)V(f)(tw), t>0, we, feL*([0,1],R) (2.58)

and uniqueness of the mild solution of (2.4). Indeed, assume that (2.57) holds. Fix w € 2
and t; > 0 throughout this proof. Then, for ¢t > 0, we have
U(t,Ul(ty, f,w),0(t1,w))
= Q(t O(t1,w))V]Q(tr,w)V(f)(t1,w)](t, 0(t1,w))
Qty +t,w)Q(t1,w) "V [Q(tr, )V (f)(t1, w)] (t, O(t1,w))
Qltr +t,w)V(f)(t1 + 1, w)
Uty +1, fw).

Hence the cocycle property (2.54) holds. We now show (2.57). Define the processes

() 1= Qlt1,w) 'V [QUta, )V () (1, )] (1 9@1,@)} (2.50)

Z(t) = V() +t,w),
for all ¢ > 0. Thus
2(t) = Q(ty,w) ' [TH{Q(tr, W)V (f)(t1,w) }

— /0 Q(s,0(ty, w))Tt_s{V(Q(tl, W)V (f)(ty, w)) (s, 0(t1, w))

ov
7g (QUL@)V (£ (@) (5. 6(t1,w)) } ds]

Ty (f) - / Q5.0 T | V() (5.0)
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‘/o Q(5.0(11,2))Q(t1,0) T {Q(t, ) !
V(Q(tr, w)V(f)(t1,w)) (s, 0(t1,w))-

a%[Q(tl,w))‘lv(Q(tl,w))V(f)(tl,w)(s 0(tr. )]} ds
~ TN - [ QT VD50 5 5.0 ds
- [as+nwn. o2 w iz (2.60)
On the other hand,
70 =Tl = [ QB [V 500 D 5000
~Tua(D) - [ QT VD50 T 50 ds
t+t1 av(f)
- [t [V P | a
TN~ [ QT VD50 50 ds
_/0 Qs+ t1, ) Th_s [E(s)aza(;)} ds, t>0. (2.61)

Subtracting (2.61) from (2.60), taking L?-norms and using estimates similar to those to
derive (2.24), we obtain

() — =) ||L2<||c2||2/ (

12(s)(y) — 2(5)(y >|dyds) ¢
< CIQIE sup [I=(0)1F + 1201

t
1 _
151/4/0 m”z(s) —Z(s)||32 ds

t
1
_ cltm/O = 8)3/4||z(5) —%(s)|22ds, 0<t<a, (2.62)

p(t—s,&,y) X

where

Cr:=C[Ql% sup [[l=(t)7: +2(t)]|72] - (2.63)
0<t<a
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Iterating (2.62), we get

I=(0)- <M<C%6//t_ﬁﬂ lllr) = 20l drds

= O/ /0 [ / (t_s)3/4 (s—r)3/4 ds|||2(r) — 2(r)||22 dr

t
1
< Oyttt /0 m”z(r) —zZ(")|%dr, 0<t<a. (2.64)

Again, iterating the above inequality, we obtain
) i t s 81/4 )
=0 =20l < ot [ [ g o) = 20 dras

<03/t [/t (t_s)l/zl( 7 s ) = 5(0) s

_@//’ sl ) = =)

SQ/WM—WWMnOSKw (2.65)
0

Now (2.65) implies that ||z2(t) — Z(¢)||z2 = 0 for all £ > 0 (because a is arbitrary). Hence
z(t) = z(t) for all t > 0. Therefore (2.57) holds for all ¢;,w and ¢ty = t. Thus the cocycle
property (2.54) is satisfied for all w € Q, t1,t5 > 0, f € LQ([O, 1], R).

To prove assertion (ii) of the theorem, it is sufficient to show that the solution map

L*([0,1,R) > f +— V(f,w)(t) € L*([0,1],R) (2.66)

takes bounded sets to relatively compact sets for fixed ¢t > 0, w € €. In order to do this, we
establish the following claim.

Claim:

Let X be areal Banach space and S; : X — X, t € [0, al, a strongly continuous semigroup
of continuous linear operators on X such that S; : X — X is compact for each te (0,a]. If
{z,}22, C X is a bounded sequence in X, then there is a subsequence {x! }°°, of {z,}>,
such that {S;(z},)}>2, converges for each t € (0,al. (The subsequence {xn}nzl does not
depend on the choice of ¢ € (0, a].)

Proof of Claim. Suppose {z,}>2, C X is any bounded sequence in X. Let {t,,}5_, be
a decreasing sequence in (0,a| converging to 0, i.e. t, \, 0, t{ = a. By compactness
of S, :+ X — X, there is a subsequence {x!}>°, of {z,}°2, such that {S; (z})}52, is
convergent. Similarly, by compactness of Sy,, there is a subsequence {z2}2, C {z}}>,
such that {S;,(22)}°, converges. By induction there is a subsequence {x™}%,, m > 1,
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of {z,}°°, such that {S;, (™)}, converges and {x™*1}>° C {z™}°, for each m > 1.
Denote by %, := 2z, n > 1, the diagonal subsequence of {z,}>, Wlth the property that
{St,, (Tn)}22, converges for each m > 1. We now check that {S;(Z,)}5>, converges for any

€ (0,a]. Let 0 < t < a. Since t,,, \, 0, then there exists m > 1 such that 0 < ¢, < t. Since
{St,, (n)}22, converges, then by continuity of S;_;,, : X — X and the semigroup property,
it follows that the sequence Si(Z,) = Si_t,,[St,, (Tn)], n > 1, converges. This proves the
claim.

We next show that the solution map
L*([0,1,R) > f +— V(f,w)(t) € L*([0,1],R)

is compact for each ¢t > 0, w € Q. To do so, let {f,}°°, be any bounded sequence
in Lz([O, 1],R). Then by compactness and strong continuity of the heat semigroup 7; :

L%([0,1),R) — L?([0,1],R), ¢ > 0, the above claim gives a subsequence {f,,}2%, of {f,}

such that {T,(f,)}2>, is convergent for each t € (0,a]. Now, using estimates snnllar to
(2.24), we get

IV (fas0) (8) =V (frns ) (¢ )H2L2

i ([ 0o

< VD)) — V() (5)(y >|dyds) ¢

_'_C/ 3/4||V fn)( ) — V(fm)(5)|’2L2 ds (2.67)
forall 0 <t <a,we ) Set

o(t) = limsup [V () (1) = V(fu)(t)llzz, 0<t<a.

m,n—00

Taking lim sup on both sides of (2.67) and using the fact that

m,n—00

lim sup HTt(fn) - Tt(fm)H%Q =0, we get

t
1
< _— < a. .
t)_C’/O (t_s>3/4¢(5)ds, 0<t<a (2.68)

Iterating (2.68) twice as in the proof of (2.65), it follows that ¢(t) = 0 for all ¢ € (0, a].
Therefore, for each ¢ € (0,a], {V(f,)(t)}52, is a Cauchy sequence in L*([0, 1], R) and hence
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it converges. This proves compactness of the solution map (2.66) of (2.4), and completes the
proof of assertion (ii) of the theorem.

To prove assertion (iv) of the theorem, use the definition (2.17) of v, and linearize the
fixed-point relation

VNG =v(f,V(H)), 0<t<a (2.69)

to obtain

DV(£)(t)(g) = Do (£ V(D) (1)(g) + Dot (£. V() (£)(0)
— Ty(g) - / Qs) / a%p(t—s,f,y)[DV(f)(S)(g)(y)V(f)(S)(y)] dyds  (2.70)

for all t € [0,a], f,g € L*([0,1],R). Let p > 0 and suppose g, f € L*([0, 1], R) are such that
I fllz2 < p and ||g||z2 < 1. Take L*norms of (2.70) and use C' as a generic deterministic
constant that could change from line to line. This gives

DV O DL < 20Tl lglza+

+CIIQH2/ (/ \a—p — 5,&,y)|x

< IDV()($) ) @)V () (6)(y >|dyds)2dg
<2+ 010l | G VO IV 60 ds
<2+ CIQIEIfIE: [ tanm(s)nim||g||iz ds
<2+ CIQIL? [ DV ey s

t
1
<24 CIQE [ s IPVINE sy ds. 0<t<a

Hence, .
IDV(F) )22 <2+ C||Q||io/0 WHDVU)(S)H%@% ds, (2.71)
for 0 <t <aand f € L*([0,1], R) with || f|| < p. Define
t) = s DV () lwsy 0<t<a 1)
I7l<e

Then (2.71) and (2.86) give
t
1
o) <2+ CIQIE [ —nlo)ds, 0<t<a, (2.73)
0
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Iterating (2.73) yields

t
1
20 < 1+ CIQE+CIQIL [ —mmnlds, 0<t<a @7y

Again iterate (2.74) to obtain

n(t) <1+ ClIQI% + 1QI1% + 1QI%] + CllQIE. / n(s) ds
<1+0)QI% + ClQIL. / n(s)ds, 0<t<a. (2.75)
0

By Gronwall’s lemma, (2.75) implies
n(t) < [1+C)Q|E]eTIS, 0 <t <a.

Therefore,
log* sup [[DV(£)(s)lz2) < log™ [1+ CIIQIL] + CIQI (2.76)

0<s<a
lf1I<p

By the proof of the contraction mapping theorem (via successive approximation) and using
the joint measurability of

Y :Qx B(fo,p0) XY — FE
(w, fov) — ©(f, v, w)(t)
8@(5)] s

-1 - [ Q)T {v(s) 5

it follows that the maps

[0,a] x L*([0,1],R) x @ — L*([0,1],R)
(t, f,w) — V(f,w)(t)
and
[0,a] x L*([0,1],R) x @ — L*([0,1],R)
(t, f,w) — DV(f,w)(t)(9)
are jointly measurable (for each g € L*([0,1],R)). This proves the strong measurability
assertion in (iii) of the theorem. The proof of the first part of assertion (iii) follows from the

Fréchet smoothness of U and assertion (ii) of the theorem.
Using the martingale property of ) and the relation

Q(t) = exp {vt + Z (oK Wi (t) — %agt) }, t>0,

k=1
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it is easy to see that
E|Ql%, < oo (2.77)

for all p > 1. Taking expectations on both sides of (2.76), we get

Elog* Os<u1<) DV (f)()| L2y < 00 (2.78)
I £l2<p
Now by (2.58), we have
DU(t, f,w) = Q(t,w) DV (f,w)(t). (2.79)

Assertion (iv) of the theorem, for £ = 1, now follows from (2.78) and (2.79). To complete
the proof of the theorem, we indicate the proof of the estimate (2.55) for k > 2. From the
proof of Theorem 2.1, recall that F := C([0,a], L*([0,1],R) and ¢ : L*([0,1],R) X E — F
is given by

U(0)(0) = Tf) — AW )0, fEB, 0<t<a, (2.80)
where A : £ x E — E is the continuous bilinear map
A(vy,v9)(t) := /t Q(s)T)—s {3(01(5)02(5))} ds, v, e FE, 0<t<a. (2.81)
0 23
Therefore, (2.69) becomes
V(N :==Tf) - %A(V(f), VIO, feL*0,1],R), 0<t<a (2.82)
Fix t € [0, a] and take Fréchet derivatives on both sides of the above equation to obtain
DV(f)(t) =T - %A(-, V(N))(E) o DV(f)(t), f€L*([0,1],R). (2.83)

Since V' is C'*°, then using the fact that A is continuous symmetric bilinear, we can differ-
entiate the above equation once more to obtain

DOV(f)(-,-)(t) = ADV()(), DV(H)())(E) = A V() o DIV, (2:84)

for all f € L*([0,1],R) and t € [0, al.
In the remaining estimates we will denote by C a generic deterministic positve constant
that may change from line to line.

Taking L®) (L?)-norms on both sides of (2.84) and using an argument similar to the proof
of (2.71), we get

IDEV(NOIF < CIQIE sup IDVO®] 1
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1

+CllQI% /0 m!l‘/(f)(S)Hiz (IDOV(f)(s)] ds,

(2.85)

for all f € L([0,1],R) and t € [0, a]. Let n(t), t € [0, al, be defined as in (2.72). Define

3() 1= sup DOV 0<t<a.

0<s<t
If1I<p

From (2.75), we know that
n(t) < [1+C[Q)%]e”I9=", o<t <a.

Hence (2.85) implies

t
< 8 ORI 2/ “i<a
Bt) < Ol Qe + Q% =) ds, 0<t<a

[terating the above inequality gives

56) < Cllalte e ol [ 2 as 0si<a
=

and iterating once more, we obtain

t
B(t) < ClQIMCI9 1 CQIE / Bs)ds, 0<t<a,
0

Then Gronwall’s lemma implies
B(t) < ORI, o<t <a.
Since () has finite moments of all orders, the above inequality implies

Elog™ sup ||D(2)V(f)(3)||2L(2)(L2) < .
0<t<a
lflI<p

(2.86)

(2.87)

(2.88)

(2.89)

(2.90)

(2.91)

(2.92)

To complete the proof of (2.55), one may take higher-order Fréchet derivatives of (2.84) and

then repeat the above argument to obtain

Elog™ sup HD(k)V(f)(S)Hiw)(Lz) <oo, k=1,

0<t<a
If11<p

by induction on k. This completes the proof of assertion (iv) of the theorem.
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3  Stability

Our objective in this section is to characterize the local behavior of solutions of Burgers spde
(1.1) near its zero stationary point.

A trivial stationary solution of (1.1) is U(¢,0,w) = 0 corresponding to the zero initial
function f = 0 € L?([0,1],R). Linearizing the cocycle U : RT x L*([0,1,R) x Q —
L2([0,1],R) at f = 0 gives a solution of the linearized Burgers equation:

DU(#,0,w) = Q(¢,w)DV(0,w)(?)

where
DV0.0)0) =i~ [ Qo) T [VO)(5) 5 DVO)(S) + DV0)6) 7V (0))] s
- DV(0,w)(t) = T), t>0,
because V(0)(s) = 0 for all s > 0. Hence,
DU(t,0,w) = Q(t,w)T; (3.1)
= exp {fyt + Z(aiWi(t,w) — %aizt)}Tt, t>0. (3.2)

i=1

Recall that T} : L*([0,1],R) — L2([0,1],R), t > 0, is the heat semigroup of the Laplacian
vA with Dirichlet boundary condition on [0, 1]. Now vA has a discrete spectrum of simple
eigenvalues p, := —vr?n?, n = 1,2,3,... and a complete orthonormal system of correspond-
ing eigenfunctions e, (¢) := v/2sin(n7é), ¢ € [0,1], n > 1. Let F, be the one-dimensional
eigenspace of vA corresponding to the eigenvalue pu,, viz. F, = {v/2rsin(nz()) : r €
R}. We now apply the Oseledec-Ruelle spectral theorem to the compact linear cocycle

(DU(t,O,w),@(t,w)), t>0,w e Q. This gives

Theorem 3.1 (The Lyapunov spectrum). Let (U(t, ~,w),(9(t,w)) be the smooth cocycle
on L*([0,1],R) generated by the stochastic Burgers equation (1.1). Then the following limit

exp {7 - % ; a,‘i}Tl = lim {[DU(t,0,)]" o [DU(,0,w)] y (3.3)

exists in the uniform operator norm in L(L*([0,1],R)). The operator in (3.3) is compact,
self-adjoint and non-negative with discrete simple spectrum

M >eM>eM > et > (3.4)
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The Lyapunov exponents {\, =y —vr*n® — 1 3~ 621> | correspond to values of the almost
i=1

sure limit

1 1 -
Jim —log||DU(t,0,w)(9)lz2 € {y —vr*n® — 2 3 ot}

i=1

for g € L*([0,1],R). Indeed, set

1
E; :=L*([0,1,R), En::[@Fj] ., n>1.

Then codim E,, =n — 1,

EnCEn_1C"'CE2CE1, n>1,

Jim < 1og | DU(10,0)(9)|2 = 7 = v = 5 3 o2 (35
for g € E\Eni1,
i 2 log | DUt 0,01y = 7 — v — 232 (3.6
t—oo ¢t 2 —
DU(t,0,w)(E,) C E, (3.7)

forallt>0,we, n>1.

Proof. Recall the Oseledec integrability condition

Elog™ sup ||DU(t2,0,0(t1,"))|rz2) < oc. (3.8)

0<t1,t2<a
for any 0 < a < oo, which follows directly from (3.66) in Theorem 3.2. Using the above
integrability condition and the Ruelle-Oseledec theorem (Theorem 2.1.1, [M-Z-Z]), there is

a random family of compact self-adjoint positive operators A(w) € L(L?), defined perfectly
in w, and satisfies

A(w) := lim {[DU(t,0,w)]" o [DU(t,0,w)] }/* (3.9)

t—o0

The above almost sure limit exists in the uniform operator norm in L(L?), perfectly in w.
The operator A(w) has in discrete non-random spectrum

An

M >eM>eM s> et > (3.10)

due to the ergodicity of the Brownian shift 6.
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In order to evaluate the Lyapunov spectrum {\, : n > 1} of the linearized cocycle
(DU(t,0,w), 6(t,w)), we first compute the Oseledec operators A(w). To do this, use relation
(4.2) to obtain

1/2t

zWﬂzgﬁ{WU@Q@FowU@Q@H

1/2¢
= tlim [exp 29t 4+ Y (20:Wi(t) — azt)}(Tt* o Tt)]

k=1
[ Wit) o}
— thm exp {7 + Z (ak l;( ) _ %) } tlim (T o T,) /%
k=1
1 o0
- {” “32 Ui} lim (77 0 T;)"/2. (3.11)

Now, it is easy to see that
(TF o Ty)(en) = exp{—2vr*n’*tle,, n>1

for all n > 1. Therefore,
(Ty o T,)V? =Ty (3.12)
for all t > 0. By (3.11) and (3.12), we get (3.3) and (3.5). In particular, (4.3) implies

o

1
that the Oseledec-Ruelle operator exp {fy ~ 5 Z O']%}Tl is non-random. Consequently, the

k=1
Oseledec spaces {E,, : n > 1} are also non-random.

The assertions (3.6) and (3.7) of the theorem follow from the Oseledec-Ruelle spectral
theorem (Theorem 2.1.1, [M-Z-Z]). Cf.[11, Thm. 3.1]. O

Remark.

(i) The Oseledec spaces {E,}5°, in Theorem 2.1 are non-random because the Oseledec-

Ruelle operator

1
A(w) = exp {7—§ZU£}T1, weQ, (3.13)

k=1
is deterministic.
(i) When the top Lyapunov exponent \; = v — vr? — % >~ o of the linearized cocycle
k=1
(DU(t, 0,w), G(t,w)) of Burgers equation (1.1) is negative, this suggests that the zero
solution of (1.1) is globally a.s. asymptotically stable with exponential decay rate A
(for solutions starting with deterministic initial functions in L*([0, 1], R)).

For the remainder of the article we will adopt the following convention:
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Definition 3.1 (Perfection). A family of propositions {P(w) : w € Q} is said to hold
perfectly in w if there is a sure event Q* € F such that 0(¢,-)(2*) = Q* for all t € R and
P(w) is true for every w € Q.

We next describe the concepts of a stationary point and hyperbolicity for the Burgers
spde (1.1).

Definition 3.2 (Stationary point/equilibrium). An F-measurable random variable Y :
Q — L?([0,1],R) is said be a stationary random point or equilibrium for the cocycle
(U,0) if

Ut,Y(w),w) =Y (0(t,w)) (3.14)

for all t € R*, and w € Q.

Let Y : Q — L?([0,1],R) be a stationary random point for the cocycle (U, #) of (1.1)
with Elog™ [|Y]|z2 < co. It is easy to see that (DU(t,Y (w),w),0(t,w)) is a compact linear
cocycle. So by the integrability condition (2.55) and the Ruelle-Oseledec theorem, it has a
discrete fixed Lyapunov spectrum

{ <A <A< <A<\

The stationary point Y is said to be hyperbolic if \; #0 forall ¢ > 1.

Our next result gives necessary and sufficient conditions for hyperbolicity of the zero
equilibrium Y = 0. It is a consequence of the nonlinear multiplicative ergodic theorem ([13,
Theorem 4.1]).

Theorem 3.2 (Hyperbolicity of equilibrium). In Burgers spde (1.1), the zero equilib-
rium is hyperbolic if and only if the following conditions hold

(i) —vm® +~y— 330, 0f > 0;
(i) —vm?n® +y — 230 of #0 for alln > 2.

Proof. The result follows immediately from the formula \,, = —vm2n? —1—7—% S ok, n>1,
for the Lyapunov exponents of the linearized cocycle (DU (t,0,w), 0(t,w)) (Theorem 3.1). O

Theorem 3.3 below is a consequence of the nonlinear multiplicative ergodic theorem ([13,
Theorem 2.2.1]). It establishes a saddle-point property for the random semiflow near a
hyperbolic zero equilibrium.

Recall that B(0, p) denotes the closed ball in L%([0, 1], R) with center 0 and radius p > 0.

Theorem 3.3 (The local stable manifold theorem). In Burgers spde (1.1), assume that
the zero equilibrium is hyperbolic. Define io := min{i : —vr*® +~v — 3317, 0f < 0}.

Fiz ey € (0,073 — v+ 3 > pey01) and e € (0, —vm?(ip — 1)> + v — £ >3, 07). Then
there exist
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(i) a sure event Q* € F with 0(t,-)(Q*) = Q* for all t € R,

(ii) F-measurable random variables p;, 3; : 0 — (0,1), 5; > p; > 0,1 = 1,2, such that for
each w € Q*, the following is true:

There are C*™ submanifolds S(w), U(w) of B(0, py(w)) and B(0, pa(w)) (resp.)
with the following properties:

(a) S(w) is the set of all f € B(0, p1(w)) such that

1 o0
U0, fell < (o) exp{ (= vntig 0= 5 Y ot v )
k=1

for all integers n > 0. Furthermore,
t—o0

1 I
lim sup p log |U(t, f,w)l||2 < —vais + v — 5 Z o} (3.15)

forall f € S’(w) The stable subspace S of the linearized cocycle
(DU(t,0,-),0(t,-)) is tangent at O to the submanifold S(w), viz. ToS(w) =S8. In

i0—1
particular, codim S(w) = codim S = Z dim F} is fized and finite.
j=1
1 Ult, fr,w) —Ul(t, fa, 2 =
(b) limsup — log{sup{ [UC f1||u}) f(H fo )l ch#F S fi f GS(W)H
t—00 1 — fallr2

< —vr’i} fy——g 7.

(¢) (Cocycle-invariance of the stable manifolds):
There exists T1(w) > 0 such that

Ult,-,w)(S(w)) € S(B(t,w)) (3.16)

for allt > 1 (w). Also
DU(t,0,w)(S)C S, t>0. (3.17)
(d) U(w) is the set of all f € B(0, po(w)) with the property that there is a discrete-time

“history” process y(-,w) : {—n:n >0} — L?([0,1],R) such that y(0,w) = f and
for each integer n > 1, one has U(1,y(—n,w),0(—n,w)) = y(—(n — 1), w) and

o)l < sa)exp { = (= vio = 12+ Zak—@) b
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(9)

Furthermore, for each f € I;{(w), there is a unique continuous-time “history”
process also denoted by y(-,w) : (—oo, 0] — L2([0, 1], R) such that y(0,w) = f,
Ut,y(s,w),0(s,w)) =y(t+ s,w) for all s < 0,0 <t < —s, and

1 Ly
I 2 - <= mvrtlo =1+ =52 oi).
lﬂi‘jpt og |ly(—t,w)]| 2 < < v (ig )+ 2;@

FEach unstable subspace U of the linearized cocycle (DU(t,0,-),0(t,-)) is tangent
io—1

at 0 to U(w), viz. ToU(w) = U. In particular, dim U(w) = Z dim F} is finite
j=1

and non-random.

Let y(-, fi,w),i = }, 2, be the history processes associated with
fi = (0, fi,w) €U(w), i =1,2. Then

Hy(_t? f17 w) - y(_t7 f27 W)HLQ
[S“p{ If1 = fallze

1 o
§—<—V7r2(i0—1)2+”y—520,§).

k=1

1
lim sup — log

t—o0

:fl 7é f2a fz eI;{(w),i = 172}}

(Cocycle-invariance of the unstable manifolds):
There ezists To(w) > 0 such that

Uw) C UL, -, 0(—t,w))UO(—t,w))) (3.18)
for allt > mo(w). Also
DU(t,0,0(—t,w))U) =U, t>0;
and the restriction
Du(t,0,0(—t,w)|U) U - U, t>0,

s a linear homeomorphism onto.

The submanifolds U(w) and S(w) are transversal, viz.

L([0,1],R) = ToU (w) @ TpS(w).

We will only give an outline of the proof of Theorem 4.3. Full details of the proof may
be obtained by adapting the arguments in [12] and [13].
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An outline of the proof of Theorem 3.3:

e Develop perfect continuous-time versions of Kingman’s subadditive ergodic theorem
as well as the ergodic theorem ([13], Lemma 2.3.1 (ii), (iii)). The linearized cocycle
(DU(t,0,-),6(t,-)) at the zero equilibrium can be shown to satisfy the hypotheses of
these perfect ergodic theorems. As a consequence of the perfect ergodic theorems,
one obtains stable/unstable subspaces for the linearized cocycle, which will constitute
tangent spaces to the local stable and unstable manifolds of the nonlinear cocycle

(U, 6).

e We use hyperbolicity of the zero equilibrium, the continuous-time integrability condi-
tion (2.55) on the cocycle and perfect versions of the ergodic and subadditive ergodic
theorems to show the existence of local stable/unstable manifolds for the discrete co-
cycle (U(n,-,w),0(n,w)) near 0 (cf. [14], Theorems 5.1 and 6.1). These manifolds
are random objects and are perfectly defined for w € 2. Using interpolation between
discrete times and the (continuous-time) integrability condition (3.66), it can be shown
that the above manifolds for the discrete-time cocycle (U(n,-,w),0(n,w)),n > 1, also
serve as perfectly defined local stable/unstable manifolds for the continuous-time co-
cycle (U(t,-,w),0(t,w)), t >0, near 0 (see [12],[13], [14]).

e Again, by using the integrability condition (2.55) on the nonlinear cocycle and its
Fréchet derivatives, it is possible to control the excursions of the continuous-time cocy-
cle (U(t,-,w),0(t,w)), t > 0, between discrete times. In view of the perfect subadditive
ergodic theorem, these estimates show that the local stable manifolds are asymptoti-
cally invariant under the non-linear cocycle. The asymptotic invariance of the unstable
manifolds is obtained via the concept of a stochastic history process for the cocycle.
The existence of a stochastic history process is needed because the (locally compact)
cocycle is not invertible.

This completes the outline of the proof of Theorem 3.3. O

Our next result gives sufficient conditions on the parameters of Burgers spde (1.1) to
guarantee that the zero equilibrium is its only stationary point.

Theorem 3.4 (Uniqueness of the stationary solution). Suppose that
7r21/>'y+1§:<72 (3.19)
2 k_l k- .

Then the zero equilibrium uw = 0 is the only stationary solution of Burgers spde (1.1).

Proof. Assume that Burgers spde (1.1) admits a non-zero stationary solution ug(t). By
Aug(t) |
23

stationarity, a := E[|Juo(t)[|32] > 0 and b := E{

} > 0 are independent of t.
L2
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Suppose t > s > 0. Then from (1.1) and Ito’s formula, we have

Oug(r) 2

t e t
@) = a5 —20 [ 52| dr+23 [ oluntr) s i)
s L2 k=1"S$

t 0 t
+27/ o (r) 72 dT+Z/ ailluo(r)|1z2 dr. (3.20)
S k=1 S

Taking expectations on both sides of the above identity, we obtain

a=a—2v(t—s)b+ i oi(t — s)a+2y(t — s)a. (3.21)

Hence -
2wh = {Z ol + 27] a. (3.22)
k=1

Combining the above equality with Wirtinger’s inequality:

b
a< — (3.23)
it follows that
1 o
T <yt g ; ol (3.24)

This proves the theorem.
O

We conclude this section by stating the Local Invariant Manifold Theorem and the Global
Invariant Foliation Theorem for Burgers spde (1.1) when v = 0 (Theorems 3.5 and 3.6 be-
low). These results are also consequences of the nonlinear multiplicative ergodic theorem
([13, Theorem 2.2.1]). The Local Invariant Manifold Theorem (Theorem 3.5) characterizes
the almost sure asymptotic stability of the random flow of Burgers spde (1.1) in the neigh-
borhood of the zero equilibrium, in the special case when the linear drift vanishes (y = 0).
On the other hand, the Global Invariant Foliation Theorem (Theorem 3.6) gives a random
cocycle-invariant foliation in L?([0,1], R). The invariant global foliation is characterized by
the Lyapunov exponents {\; : i > 1} of the cocycle (U, 6).

Theorem 3.5 (Local invariant manifolds). Let (U, 0) be the cocycle generated by Burgers
spde (1.1) with v = 0. Fiz e; € (0,vn® + >332 07). Then there exist

(i) a sure event Q* € F with 0(t,-)(Q*) = Q* for all t € R,
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(ii) F-measurable random variables p;, 5; - Q@ — (0,1), B; > p; > pix1 > 0,1 > 1, such
that for each w € Q*, the following is true:
For each i > 1, there is a C* submanifold S;(w) of B(0, pi(w)) with the following

properties:

(a) Si(w) is the set of all f € B(0, p;(w)) such that

NU(n, f,w)|lz: < Bi(w) exp { ( — % — % iaz + el)n}
k=1

for all integers n > 0. Furthermore,

1 1 o
limsup = log [|U(¢, f,w)]|z2 < —va?i? — 5 Zag (3.25)

t
t—o0 k=1

for all f € S;(w). Each Siyq(w) is a submanifold of S;(w). Furthermore, each
Oseledec space E; of the linearized cocycle (DU(t,0,-),0(t,-)) is tangent at 0 to the
submanifold S;(w), viz. ToS;(w) = E;. In particular, codimS;(w) = codim E; =
i — 1 (fized and finite).

u HU(t:fhw)_U(taf%w)”L?
[S p{ i — fall e

1
(b) limsup - log

t—o0 t

cfi# fas f1, ]2 € Sz(W)H

. 1¢
< —vri? — 5 Z or.
k=1
(¢) (Cocycle-invariance):
There ezists T;(w) > 0 such that
Ult,-,w)(Si(w)) C Si(0(t,w)) (3.26)
for all t > 7;(w). Also

Congecture:

Burgers spde (1.1) has a family of cocycle-invariant (one-dimensional) smooth curves
{Tn(w)}e2, foliating B(0, p1(w)) and passing through 0 with tangents {F,}52, at 0. On
each I';(w), the mild solution of Burgers spde (1.1) decays expeonentially fast with rate

1 [e.9]
Ay = —vmPn? — 3 g ot
k=1

32



Proof of Theorem 3.5. Let €, € <0, vi? + % > a,%). Then there exists 2* € F such that
k=1
0(t,-)(Q*) = Q* for all t € R, and F-measurable random variables p;, 5; : Q2 — (0, 1) such

that (;(w) > pi(w) > 0, and C* stable local submanifolds S;(w) C B(0, pi(w)) given by

Si(w) :== {f : f € B(0,pi(w)), |U(n, f,w)|lz2 < Bi(w)e = Von> 1}

(3.28)
Furthermore,
lim sup — log||U(t fow)|lze < —vr?i? Z (3.29)
t—00 k

for all f € S;(w).
Also, TyS;(w) = E;, the Oseledec space for the linearized cocycle (DU(t,O,w),@(t,w))

corresponding to the Lyapunov exponent \; :== —vr?i? — 1 Z o2, i>1.

Following the argument in [12] and [14], the random Varlables pi(w), Bi(w) may be selected
such that

pi(w)eNTI < p (6t w)) (3.30)
and
Bi(w)eX Tt < g,(0(t,w)) (3.31)
for all t > 0 and w € Q* (where ); := —vn?i? — 1 3" 07). We now show that there exists
k=1
Ti(w) > 0 such that
Ul(t, -,w)(Si(w)) cS; (H(t,w)) Vit>1(w) (3.32)

and all w € Q*.
Let f € S;(w), t > 0 and let n > 0 be any integer. Consider (by the cocycle property):

10 (0, Ut £.0), 00, 0) |22 = U + 8, F,0)] 12 (3:33)

From [12] and [14], we have

1 Ut
lim sup — log [ sup M] <\ . (3.34)
t—oo fes;i(w) ||f||L2
1#0

From the above estimate, for any € € (0, ¢;), there exists Ny = Ny(€¢’) > 0 such that

1 Ut
sup — log [ sup M] <\N+€, YVN>N,.
>N resiwy  fllee

f#0
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Thus
U S92 e

~ ) t Z NO .
resiw)  Ifllze

f#0
Define -
6;'(&)) = sup sup M . 6_(>\i+6/)N0.
0<t<No fesiw) [ flle2
f#0
Therefore,

M9 f. ez o ey oren g > 0.
o e
f#0

Since f € S;(w) C B(0,1), then [|f]| <1 and
IUC fow)llze < B (@)et
for all ¢ > 0. Therefore, from (3.33) and (3.35),

U (n, Ut f,w), 00t 0))llz2 < B (w)e T

< /626, (w)e()\i—i-e’)t . e()\i-‘rsl)n ]

Consider / o ,
t—00 /62 (w)e()‘zJ"El)t t—o0 ﬁ(u))

because € < €;. Thus there exists 7;(w) > 0 such that

. 6(6/—61)t — 0

35 (w)eNTI < gi(w)eitalt v > F(w).

By (3.36), (3.37) and (3.31), we get

||U(TL, U(t7 f; W), 9(t7 (,d)) H S 6i(w)e()\i+€1)t . e()\i+61)n
S /61 (H(t7 w))e()\ri-ﬁl)n

for all n > 1 and all ¢t > 7;(w). Furthermore,

e’ (Ni+€)t ¢ (Ni+€)t
f BT gy A

Therefore, there exists 7;(w) > 0 such that
G5 (@) < py (6(t,w))
for all ¢ > 7;(w). Hence U(t, f,w) € B(0, p;(0(t,w)) for all t > 7(w).
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Define 7;(w) 1= 7;(w) V7i(w). Then U(t, f,w) € B(0, p;(0(t,w)) and satisfies (3.38) for all
n >0 and all ¢ > 7;(w). By definition of S;(6(t,w)), it follows that U(t, f,w) € S;(0(t,w))
for allt > 7;(w). Thus U(t, -, w)(Si(w)) C S;(0(t,w)) for all ¢ > 7;(w). Note that 7;(w), 7;(w),
7i(w) are all independent of f € S;(w) because f;(w), B¢ (w) and p;(w) are independent of

f € S;(w). This completes the proof of asymptotic invariance of S;(w), i > 1.
U

In Theorem 3.6 below, we use the Lyapunov spectrum {\;}$2, of the linearized cocycle
to establish the existence of global invariant flag manifolds for the (nonlinear) cocycle (U, 0).

Theorem 3.6 (Global invariant flag). Consider Burgers spde (1.1) with v = 0. Define
the random family of sets {M;(w) : w € Q*, i > 1} by

M) = {se PR T T os UGSl <X @
fori > 1, w € QF, where \; == —vr%i® — %iai. For fized i > 1,w € QF, define the
sequence {SI"(w)}>, , inductively by: )

Si(w) : = Si(w) (3.42)
W) = {Z;g(-:)u?*[& O] 7 hsw<w> C U @) S0 )] (g 4

forallm > 2. In (3.42) and (3.43), the S;(w) are the local invariant C* Hilbert submanifolds
of L*([0,1],R) constructed in Theorem 3.5.

Then the following is true for each i > 1 and w € Q*:
(i) The sets {M;(w) :w € Q*, i > 1} are cocycle-invariant:
Ut,,w)(M;(w)) C M;(6(t,w)) (3.44)
for allt > 0.
(ii) SP(w) C S (w) for allm > 1, and

- D SMw), P>, (3.45)

(perfectly in w).
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() For any f € M;(w)\M;11(w),
— 1
thm ; lOg ||U(t, f, w) ||L2 c ()‘i—i-lv >\2] . (346)
Proof. Fix w € 0, where 2* is defined as in Theorem 3.5.
(i) To prove the cocycle invariance property (3.44), let f € M;(w) and ¢; > 0. Then by
definition (3.41) of M;(w), we have
—1
tlim p log [|U(t, f,w)||rz < A (3.47)

By the cocycle property of (U, ), we have

— — 1
tllglo % log ||U(t7 U(t1> fv w)? e(tla w)) ||L2 = tllglo % log ||U(t + 11, fv W)HLZ

t+t
t

= lim 7 Lo Ut + 10, frw)llze - Jim

—1
= tlim glog U, f,w)l[r2
<\
The above inequality implies that U(ty, f,w) € M;(6(t1,w)). Hence U(ty,-,w)(M;(w)) C
M;(0(t1,w)) and so (3.44) holds for all ¢ > 0.

(ii) To prove assertion (ii) of the theorem, observe first that (3.43) implies that
SP(w) C S (w) for all n > 1. Next, we show that

SHw) C M;(w) (3.48)
for all n > 1. We prove (3.48) by induction on n > 1.
Let f € S}(w) = S;(w). By Theorem 3.5 and assertion (3.25), it follows that
—1
tlim p log |U(t, fyw)||zz < N\ (3.49)

perfectly in w. Therefore, f € M;(w). Hence S} (w) = S;(w) C M;(w). Assume, by induction,
that

forall 1 <k <n. If S/ (w) ZU(n+1,-,w) ' [S;(0(n + 1,w))], then S/ (w) = SP(w) C
M;(w), by inductive hypothesis. Otherwise, S/ (w) = U(n + 1,-,w) ' [S;(0(n + 1,w))].
Let f € S (w) =U(n+1,-,w)'[Si(f(n + 1,w))]. Then by the cocycle property and the
definition of S;(f(n + 1,w)), it follows that

[U(R +n+1, f,w)ll < B:(0(n+1,w))e™™ (3.50)
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for all n’ > 1. This implies that

— 1
lim ;logHU(n’—l—n—l—l,f,w)HLz <\

Hence )
lim ﬁ IOg ||U(TL//, f7 W)HLQ

n/'—oo

—_ 1
= lim ———log ||U(n/ 1
/

1
Jim g I S log [U(n' +n 1, f,w) e
<\

Therefore, f € M;(w), and S (w) € M;(w). So, by induction, it follows that

SMw) C Mi(w) (3.51)
for all n > 1. Thus .
U Si'w) € Mi(w). (3.52)

In order to prove the converse inclusion
Mi(w) € | SMw), (3.53)
n=1

we establish the following:
Claim:
There exist an increasing (random) sequence of integers n* 1 oo such that
S (w) = Un*, - w) ' [Si(6(n*,w))]
for all £k > 1.
Proof of Claim. Define n' :=inf {n > 1: S*'(w) C U(n,-,w) ' [S;(A(n*,w))] }. Then
S w) S UM w) H[Si(6(n" . w)]}
and by definition (3.43),
SM(w) = U(ny, -, w) ' [Si(0(n1,w))]. (3.54)

Furthermore, S ' (w) Z U(n,-,w)~'[S;(f(n,w))] for all 1 < n < n', and so by definition
(3.43),
S = 817 W) = §7w) = .. = SH(w) = i(w)

7
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for all 1 < n < n'. In particular,
Silw) = 57 w) S UM, w) 7 [Si(0(n',w))].

Therefore,

Un',-,w)(Si(w)) C S;(8(n',w)).

Hence

n' =inf{n >1:U(n,-,w)(S(w)) C Si(6(n,w))}. (3.55)

Since S;(w) is asymptotically cocycle invariant (Theorem 3.5(c), (3.26)), it follows from
(3.55) that 1 < n' < oo. Next, define n? > n' by

n®:=inf {n>n": S (w) CU(n,,w) ' [Si(0(n,w))]}. (3.56)

As before, the definition (3.43) implies that

S w) = SP T w) = U ', w) 7 [Si(8(n!,w))] (3.57)
and
SP(w) = U(n?, -, w) " [Si(0(n?, w))]. (3.58)
Since
SN w) CUR?, -, w) S (0(n2, w))], (3.59)

it follows from (3.57) that
U(n', -,w)_l[Si (Q(nl,w))} C U(n?, -,w)_l[Si (Q(nz,w))}.

Therefore,
{UR?, - w) oU(n', -, w) ' }[S:(0(n',w))] C Si(6(n*,w)). (3.60)

Using the cocycle property (Theorem 3.2(iii)), (3.60) implies
U(n*—n',-,0(n',w))[Si(0(n",w))] C Si(0(n* —n',0(n",w))). (3.61)

By the asymptotic cocycle invariance of S;(6(n',w)), it follows from (3.61) that
n' < n? < co. Hence by induction, there exists an increasing sequence of integers {n*}%°,
such that n* T oo as k — oo and

S (W) = U(n*, -, w) 1 [Si (0(n*, w))] (3.62)

for all integers k£ > 1. This completes the proof of our claim.

We now proceed to prove the inclusion (3.53). Let f € M;(w). Then by definition of
M;(w), we have

— 1
T~ log Ut £,w)22 < A (3.63)
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Fix €; € (0,—A;1) as in Theorem 3.5. Let 0 < € < €. Then, using (3.63), there exists a
positive integer ng such that

1
sup — log||U(t7 frw)llze < A+ e
t>n

for all n > ng. In particular,
U (n, f,w)]|2 < e*ito
for all n > ng. Define

K(w):= max Uk, f,w)]| 2 -

1<k<n,

Therefore,
1U(n, f,w)|lz2 < K (w)e" A+ (3.64)

for all n > 1.
Pick mq sufficiently large such that

K(w)e" =) < 8,(0(n,w)) (3.65)
for all n > mqg. Let n > mg, n’ > 0. Using the cocycle property and (3.64), we obtain

|U(n,U(n, f,w),0(n,w))||lz2 = U + n, f,w)] 2
< K(w)e(n-l—n’)()\i—i-e)

< K(w)emee) . gn'Gaten) (3.66)
Pick m; > mg and sufficiently large such that
K(w)eMe) < Bi(0(n,w)) (3.67)
for all n > my . From (3.66) and (3.67), we get
U, U(n, f.w),0(n,w))llz2 < Bi(0(n, w))e” X+ (3.68)

for all n” > 0 and n > m; . Since U(n, f,w) — 0 as n — oo, then there exists my > 0 such
that U(n, f,w) € B(0, p;(w)) for all n > m,. Thus (3.68) implies that

Uln, f,w) € Si(ﬁ(n,w))

for all n > max(my,my); i.e. f € U(n, L w) L[S (0(n,w))], for all n > max(my,my). Now
pick k sufficiently large such that n* > max(mi, ms) and f € U(n*,-,w)™'[S;(0(n*,w))] =

S (w). This proves that f € U SP'(w); and so the inclusion (3.53) holds. The proof of

(3.45) is complete; hence assertlon (ii) of the theorem holds.
Assertions (iii) and (iv) of the theorem follow directly from the definition (3.41) of the
flag M;(w), i > 1. O
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Remarks:

It is not clear if the M;(w), 7 > 1, in Theorem 3.6 are C*° immersed submanifolds in
L*([0,1],R). This would require transversality of the global semiflow U(n,-,w) versus the
local stable manifold S;(6(n,w)).
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