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ABSTRACT. In this paper, we develop a large deviations principle for stochastic
delay equations driven by small multiplicative white noise. Both upper and
lower large deviations estimates are established.

1. Introduction. Large deviations were studied by many authors beginning with
the fundamental work of Donsker and Varadhan [4],[5],[6]. Subsequently several
issues concerning large deviation principles and their applications to stochastic dif-
ferential equations were studied by many authors, e.g. Freidlin and Wentzell [8],
Stroock [18], Deuschel and Stroock [3], den Hollander [2], and others.

However, there is little published work on large deviations for stochastic systems
with memory. The problem of large deviations for such systems was first studied
by M. Scheutzow [16] within the context of additive white noise.

Stochastic systems with memory (or stochastic differential delay equations (sdde’s))
serve as viable models in a variety of applications, ranging from economics and fi-
nance to signal processing (Elsanosi, fksendal and Sulem [7], Kolmanovskii and
Myshkis [10]). The origins of the qualitative theory of stochastic systems with
memory goes back to work by Ité and Nisio [9], Kushner [11], Mizel and Trutzer
[13], Mohammed [14], Scheutzow [17], Mao [12] and others.

In this paper we examine the question of small random perturbations of systems
with memory and the associated problem of large deviations. Our analysis allows
for multiplicative noise with possible dependence on the history in the diffusion
coefficient. Our approach is similar to that in [1] and [18], but introduces a new
induction argument in order to handle the delay.

2. Basic Setting and Notation. Let W; := (W}, W2, ..., W/) denote a standard
l-dimensional Brownian motion on a complete filtered probability space

(L F, (Ft)i0, P), with Wy = 0. Let b = (b1, ba,...,bq) : RT x RIx R? - R, 0 =
(0ij)iz1,dj=1,.1: RT x R? x R? — R? ® R! be Borel measurable functions. We
introduce the following conditions:
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(A1) The functions b, o satisfy a Lipschitz condition. That is, there exist con-
stants Ly, Lo such that for all z1,22,y1,y2 and ¢ € [0, 00),

llo(t,z1,y1) — o(t, 22, y2)||Reer: < La(l1 — 22| + 11 — v2|), (1)

1b(t, @1, 91) = b(t, @2, y2)[|[Re < La(|z1 — 22| + [y1 — v2|). (2)

(A2) The functions b(-,z,y), o(-,x,y) are continuous on [0,00), uniformly in
z,y € R%, ie.,

lim sup |[b(s,z,y) —b(t, z,y)| =0, (3)
s—t :L’,yERd
lim sup |o(s,z,y) —o(t,z,y)| =0. (4)
5=t 4 ycR

Let 7 > 0 be a fixed delay, and ¢ be a given continuous function on [—7, 0]. Consider
the following differential delay equation (dde):

AX(t) = b(t, X (t), X (t — 7)) dt, te (0,00)

5}
X(t) =), tel-r0], )

and the associated perturbed sdde:
dXE(t) = b(t, X°(1), X(t — 7))dt + e2 0 (t, X*(t), X (t — 7)) dWs, t € (0,00) ©

Xg(t) = w(t)’t € [77—7 O]a

with solution X*.
Throughout this paper, we will assume, without loss of generality, that the delay
T is equal to 1.

3. Statement of the Main Theorem and Proofs. Let (g ([0, m], Rl) denote the
space of all continuous functions g : [0,m] — R! with g(0) = 0. If g € C’o([O, m], Rl)
is absolutely continuous, set e(g) = [;" [§(t)|*dt. Otherwise, define e(g) = co. Let
F(g) be the solution to the dde

Fla®) = F@)O)+ [ b5 F(a)(s). Flo)ls — 1)ds
+ [ PO P =) 0<t<m (1)
Flg) = (1), -1<t<o.

Denote by Cd,([fl, m), Rd) the set of all continuous functions f : [-1,m] — R?
such that f(t) = ¢ (¢) for all t € [-1,0].

Theorem 3.1. Let p. be the law of X°(-) on C,/,([—l,m],Rd), equipped with the
uniform topology. The family {pe,e > 0} satisfies a large deviation principle with
the following good rate function

1) =t e Flo) = 1} 1€ Cull-Lml R, 0
That 1is,
(i) for any closed subset C' C Cy([—1,m],R%),
limsupelog i (C) < — inf I(f), (9)

e—0 feC
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(ii) for any open subset G C Cy(|—1,m], R%),

lim inf & log p1e (G) > — Jgggf(f)- (10)

The rest of the paper is devoted to the proof of this result. The proof is split
into several lemmas.
For any € > 0 and any n > 1, denote by XZ(-) the solution to the sdde:

X:(t) = X:(0) +/O b(s, X5 (s), X5(s—1))ds

o[l (o
X:o(t) =(t), te[-1,0].

We need the following lemma from Stroock [18] (p. 81).

Lemma 3.2. Let a: [0,00) x Q@ — RY@ R and 3 : [0,00) x Q — R? be (F;)i>o0-
progressively measurable processes. Assume that ||a(-)|| < A and ||3(")|| < B, where
the norm ofa is the Hzlbert Schmzdt norm and the norm of (3 is the usual norm in

Re. Set £(t) fo s)dWy + fo s)ds fort > 0. Let T > 0 and R > 0 satisfy
dz BT < R. Then
P( sup |€(t)] > R) < 2dexp (— (R — d? BT)?/2A%dT). (12)
0<t<T

Lemma 3.3. In addition to (A.1) and (A.2), assume that b,o are bounded. Then
for any m > 1,8 > 0, the following is true:

lim limsupelog P( sup [X°(t) — X (t)| > 0) = —oo. (13)

n—oo —0 —1<t<m

Proof. We prove (13) by induction on m. We first prove it for m = 1. Set Y,2(¢) :=
Xe(t) — X:(t), t > 0. Then

YE(t) :/O [b(s, X=(s), X=(s — 1)) — b(s, X=(s), X5 (s — 1))] ds

te3 /Ot [a(s,X‘f(sLXa(s—l)) _a(mj,xgof}), (14)
e (20w, 0

For p > 0, define 75, := inf{t > 0;|X5(t) — X5(2)| > p}, and set Y, (t) ==

n,p
Yi(tAT,,), t>0,& inf{t > 0, Y} ,(t)| > 0}. Then

np.

P( sup V()] > 0) = P( sup [Vi(0)] > 8., <1)

bl n o —
0<t<1

+ P( sup [Yi(t)| > 6,7 ,>1) (15)
0<t<1

< P(Tﬁ’p <1)+ P( fw <1).
Observe that
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Using Lemma 3.2, there exists a constant c, > 0 such that

P(Tﬁ’p <1) <nexp(—ncy/e), n>1. (17)
Hence,
lim limsupelog P(7; , < 1) = —oc. (18)
n—oo e—0 ’

For A > 0, define ¢y (y) := (p? + |y|?)*,y € R%. By It&’s formula,

tATS

M= oV 0) = [ i (s)ds = (19)
is a martingale with initial value zero, where,
Ya(s) = 2007+ Y ()T (9), bls, X (s), X (s — 1))

—b(s, X5 (s), X5 (s — 1)))
+2AA = De(p? + [V (5)2 [ (0 (s, X¥(5), X¥(5— 1))

Xe
_a<[n] Xf([’f]),x,ﬂ[”j—l))) veeo?

+2e (0 + [VE()2) o (5, X5 (s), X5 (5 = 1))

U([T;S] Xz [ZS]>,XE<[7:]1 >*|le_

for s <t A7 ,. Noticing that X (u) = ¢(u) and X*(u)
that

K(s) < Ad(YE(s))
H{AAA = De(p? + V()P Y (s)? + 2xe (0 + V()P

x{(a(s,Xf(s),XE(s -1)) - 0<[7:LS]7X5(3),XE(5 - 1)))2 (20)
i+ i - xa () e s - - o (B - 1)

By uniform continuity, there exists an integer N so that
o (s, X5(s), X*(s — 1)) — J(M,Xa(s),XE(s -1))|<p
n
and
ns
s - 1) - (2 1)) <,
for s <1 and all n > N. Thus forn > N,

Y3(8) < e(A + e + A%e)pa (Y5 () (21)

Choose A = g and take expectations in (19) to obtain

El(p* + Y, ,(1)*)/°] < p*/° */ E[(p* + Yy ,(s)]*)"/<ds.
Hence,
El(p* + Y5 ()] < p*/ee =
Since
(0? + 0% P(&,, < 1) < E[(p* + [, (D)),
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we have
5 2o\ .
P(gn,p <1< m es. (22)
Therefore,
2
li logP(&  <1) <1 —_— C. 23
msupelog P(&5, < 1) < log (75 ) + (2

Given M > 0, first choose p sufficiently small so that log(p;’%) +C < —-2M , and
then use (18) to choose N so that limsup,_,,elog P(7; , < 1) < —2M for n > N.
Combining these two facts gives

lim limsupelog P( sup |X*(t) — X;(¢)] >6) < —M.

n—oo e 0 —1<t<1

Since M is arbitrary, we have proved (13) for m = 1. Assume now (13) holds for
some integer m. We will prove it is also true for m + 1. Let Y7, 7; , be defined as
before. In addition, introduce two new stopping times:

Talp = If{t > 0; | X°(t = 1) = X5 (¢ — 1)| > p},

np T

Tg:; = inf{t > 0; {Xﬁ(t— 1) —XZ([nnt] — 1>‘ > p},

and define Z7 (t) :==YS(t ATy ATRS A TS ) and &, = inf{t > 0;|Z; (t)| > 6}
We then have

P( sup |Y(t)]>6) (24)
t<m+1
1, 2,
< P(Tn; A Tn’; A Ti’p <m+1)
+P( sup Y (t)] >4, Ti:; A 7'2:; ANTpp>m+ 1) (25)
t<m+1
< P(T}L:; <m+1)+P(r; , /\'rfbf) <m+1)+ P(_fw, <m-+1).
As in the proof of (18),
lim limsupelog P(7; , A Tﬁ’; <m+1)=—o0. (26)
n—oo  -_,( ’ ’
By the induction hypothesis,
nILnC}O lirg:s(l)lpslog P(T,i:; <m-+1)
27
< lim limsupelog P( sup [X°(¢t) — X, ()] > p) = —oc. 27)

n—o0 =0 —1<t<m

Again by Itd’s formula,

. _ EATS AT SATES E o
N = g5 (25, (1)) — / "5 (s)ds — p (28)
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is a martingale with M** = 0, where
Wa(s) < 2007 + Y ()Y (9)[(Yes (8)] + [ X (s — 1) = X5 (s = 1))
H{AAA = De(p® + |V ()P 2 |Yes ()] + 220 + |V ()N}

[ns]

X {(a(s,XE(s),Xf(s -1) - a(,Xf(s%XE(S - 1))2

n
HVEOP + i - xi ()P (20)
+ [ Xi(s = 1) — X, ([”ns] — 1) X5 (s — 1) — X5(s — 1)|2}
2(p% + Y5 ()Y () (155 (5)] + p)
HAAA = De(p? + Y ()Y (5) 2 + 22e (0 + [V ()}
(Y5 (s)]* + 4p%)
< oA Ae + \%)p(YE(s))

for s <75 JATVS ATES A (m+ 1), and sufficiently large n.

Using (25), (26) and following the proof of the case for m = 1, we see that (13)

IN

is also true for m + 1. This completes the proof of the lemma. O
For n > 1, define the map F,(-) : Co([0,m], R!) — Cy([-1,m],R%) by
F,(w)(t) :==v(t), -1<t<0
¢
F,(w)(t) :==F,(w) <fz> +A b(s, Fr(w)(s), Fn(w)(s — 1))ds (30)

n

k k k k
co(ere () re (o) (o))
for £ <t < EEL Tt is easy to see that F, : Co([0,m],R!) — Cy([—1,m],R9) is

continuous.

Lemma 3.4. lim  sup sup  |Fn(g)(t) — F(g)(t)| = 0.
N=0 fge(g)<a} —1<t<m

Proof. Note that for g with e(g) < «,
t

F, (9)(t) =Fa(g)(0) + / b(s, Fu(9)(s), Fu(g)(s — 1))ds
(31)

= /Ot o ([n?j] Fu(g) (@) Fulg) (mj - 1))9(8)618'

Fa(9)(t) — F(9)(t)

= [ B, Pua)(0). Pula) s = 1) = (s, F(a)5). Flg) s = 1) s

+ /Ot [U(mj,Fn(g)<mj>,Fn(9)<[nj _ 1)) (32)

- 0{s Fla)(s) Fla)ls - 1) ats)as

Thus,
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By the linear growth condition on b and o, we have

HM@@\S\MW+CA(LW sup | Fu(g)(u)])ds

—1<u<s

+C/0 (1+2 sup |Fn(g)(u)\)|g|(s)ds

—1<u<s
Using Grownwall’s inequality, this implies that

sup sup |F,(g)|(u) < Cexp (2m + 2¢(g)).
n>1—-1<u<m

In particular,

Mo = sup sup sup [F,(g)(u)|)] < Cexp(2m + 2a) < oco.
gie(9)<an>1—1<u<m

Again by the linear growth condition and (30), we have

Fo0 - Fulo) (1)

n
t

< [, bl a6 Ealo)s— )ids + [, [o( 1m0 (1),

[nt]

ns .
Rt (- 1)) it
n
1\ 2
< C,M, () —0
n
uniformly over the set {g;e(g) < a}. Thus,

[Fn(9)(t) — F(g)(1)]

< c / IF(9)(s) — Flg)(s)lds + C / IFu(g)(s — 1) — F(g)(s — 1)|ds

HE @1 - Rl (2= 1) gl e)as

< Ca|:<1> +supsup|a<[ns],x,y)—J(s,x,y)ﬂ
n s Ty n

12 / sup || Fu(g)(u) — F(g)(u)lds

—1<u<s

2 / sup || Fn(9)(u) — F(g)(u)][](s)ds.

—1<u<s

887

(37)
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This gives,
sup  |F(g)(u) — F(g)(u)]
—1<u<m
1
i 1\ (38)
< C'Ca () +’8upsup‘0([ns]7$ay> —U(S,l‘,y)’2‘| .
n s z,y n
Hence,
lim sup  sup [Fy(g)(t) — F(g)(t)] = 0.
o0 {gie(g)<a} —1<t<m
This proves the lemma. O

Proof of Theorem 3.1 when b, o are bounded. Notice that X2 (s) = F,(e2W)(s),

where W is the Brownian motion. The theorem follows from Lemma 3.3, Lemma
3.4 and the generalized contraction principle (Theorem 4.2.23 [1]) in large deviations
theory.. O

Next, we remove the boundedness assumptions on b and 0. We begin with

Proposition 3.5. Assume that

lo(t,z,y)| < C(L+ |z| + |y]), (39)
[b(t, 2, y)| < C(1 + [x] + |y]), (40)

for all z,y € R®. Then for each integer m > 1,
1%5[100 llgljélp€10g P(_lséut[;m |X*(t)| > R) = —o0 (41)

where X¢(-) is the solution to equation (6).
Proof. We use induction on m. We first prove (40) for m = 1. For A > 0, set
oa(y) == (1 + |y|*)*,y € R% By Ito’s formula, the process

t

M = 6 (X5(0) ~ [ R()ds = (14 PP ez 2)
0
is a martingale with initial value zero, where
Yi(s) = 2X(1 + | X°(s)] ) <Xs ,b(s,X%(s), X°(s — 1)))

+ 20\ = De(1+[X5(s) )A *(0(s, X5 (s), X° (s — 1)) "X (s)[?
e (1+ X5 ()[) o (5, X5 (5), X5 (5 = 1) s

for s < 1. Since X¢(u) = 9(u) for u <0, it follows that

75(5) 201+ X)) T IX )| [1+ [X(s)| + sup_[1(t)]

—1<t<0
20— De(1+ [X5(s)2) 21X ()| [1 + |X(5))|
+ osup [0 + A (1 + X)) 1+ | X5 (s)]

—1<t<0

+ sup [p()]]7 < Cp(A+ AN+ 1)2)éa (X5(5)).

—1<t<0

(43)



LARGE DEVIATIONS FOR STOCHASTIC SYSTEMS WITH MEMORY 889

Let &5 := inf{t > 0,|X¢(t)| > R}. Choosing A = 1, it follows from (42) that
B[A+]X*(tnER)17) 7]
1 C t 1 (44)
<A+ |zP)= + ;/ E[(1+[X°(s AER))<]ds.
0

Hence,
€ e\2\ L 2\1 <
Bl1+|X(tAER)IP)F] < A+ [af*)ex. (45)
This implies
P( sup [X°(t)] > R) < (&, < 1)

C

<1+ B2 (1+ [af?) e
Hence,
lim limsupelog P( sup |X°(t)| > R) = —oc. (47)
R—oo 0 —1<t<1
Assume now that (40) holds for some m. We will prove that it is also true for
m+ 1. For Ry > 0, set £ :=inf{t > 0,|X°(t — 1)] > Ry} and X§(t) := X°(t A &5).
Define &5, := inf{t > 0, |X$(¢)| > R}. Then,

P( sup |X°(t)] > R) (48)
—1<t<m+1
<P <m+1)+ PG <m+1) (49)
=P( sup |X°(t)|> R1)+P(Er<m+1). (50)
—1<t<m

As before, by Itd’s formula,

B tAES
W= (XE0) - [ K- 4P tz0, ()
0
is a martingale with initial value zero, where
g g A— g g
5(s) 21+ X)) X)L+ (X5 (5)] + Ri]
HAAA = De(L+[X5(s)[)M 21X () P[1 + [ X7 (s)] + Ra]?
+22e(14]X5(s)) N 1+ X5 ()| + Ry
< Cr, (A + A+ 1)e) g (X5(s)).

for s < 1AE.
Using (51) and the proof of (46), we get

(52)

limsupelog P(§x < m +1)
e—0
< —log(1 + R?) +log(1 + |x|*) 4+ Cg, (m +1).
Thus it follows from (49) that

limsup elog P( sup |X°(t)| > R)
e—0 t<m-+1

<(limsupe log P( sup | X5(t)| > Ru)) (54)
t<m

e—0

V( —log(1 + R?) +1log(1 + |z|*) + Cg, (m +1)).
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Hence,
lim limsupelog P( sup |X°(t)| > R)
R—oo  ¢0 t<m-+1

<11msup£10gP(sup |X¢(t)| > Ry).

e—0
Using the induction hypothesis and lettlng R; — oo we obtain (40) for m + 1. This
completes the proof of the proposition. O
For R > 0, define mp := sup{|b(t, x,y)|,|o(t, z,y)|;t € [0,m],|z] < R,|y| < R}
and b* := (—=mr—1)Vb;A(mpr+1), ol := (—mr—1)Vo; jA(mp+1),1 < i,j < d.
Put bp = (b, 08, ... bF) and op : ( Y

bR(tax7y) = b(taxay)v O—R(tvmvy) = O'(t,.’E,y)7

for t € [0,m], |z|] < R, |y| < R. Furthermore, b and op satisfy the Lipschitz
condition (A.1) with the same Lipschitz constant.
Let X%(-) be the solution to the sdde

1<4,5<d- Then

X5(t) = X5(0) + / br(s, X5(s), XGu(s — 1))ds

S (55)
+e2 | op(s,X7(s), XR(s—1))dWs, t >0,
0
X%(t) = 7/1(75)7 le [717 0}
O
Proposition 3.6. Fix m > 1. Then
hm limsupelog P( sup |X°(t) — Xi(t)] > J) = —o0. (56)

R—oo 0 —1<t<m

Proof. Again we will use induction. We omit the proof for the case m = 1 since it
is similar to that of Lemma 3.3. Let us assume that (55) holds for some m. We will
prove that it also holds for m + 1. Set Yj;(¢) := X°(t) — X5(t). For Ry > 0, define
£k, = inf{t > 0;|X*(t)| > R:1}. For any R > Ry we have

Ya(t AER,)
tAES,
:/ [br (s, X*(5), X°(s — 1) — ba(s, X5(s), X5(s — 1)]ds
0 ints (57)
+E%/ lor(s, X*(s), X"(s — 1))
0
—or(s, Xi(s), Xg(s — 1))}dVVS7 t>0.

For p >0, let ¢a(y) := (0*+|y[*)* and 75 , := inf{t > 0; | X°(t—1)- X5 (t—1)| > p}.
Set Y5 ,(t ) YRt AER, ATk ,) and pr inf{t > 0; Y ,(t)| > 0}. Then

P( sup |Yi(t)| > 5) (58)
—1<t<m+1
< PR, <m+1)
+P(15 p<m+ 1)+ P(¢ Ry < +1) (59)
< P< sup | X°(¢ |>R1>
—1<t<m+1
+P( sup [X°(t) = XR(1)] > p) + P(Eg, <m +1).

—1<t<m
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By the induction hypothesis,

lim limsup 510gP< sup | X°(t) — XRp(t)| > p) = —0o0. (60)
R—oo  c0 —1<t<m ]
By It6’s formula,
tNER AR, N n
Vi ) [ K (s)ds — o = M2 (61)

is a martingale with initial value zero, where, as in the proof of Lemma 3.3, for
s < t/\ffa1 /\Tf—i,p,

1 (8) < CA+ A+ 1)e)da(Yr(s))- (62)
As before, this implies that
2
: p
hr;lj(l)lpslog PR, <m+1)<log (M) +C. (63)

Hence, it follows from (57), (58) and (60) that
lim limsupelogP(  sup |Yi(t)| > 0)

R—oo <0 —1<t<m+1
<(limsupelog P su X)) >R
_( s_}()p g (—1§t§€n+1| ()‘ 1)) (64)

p2
o (Fm) v}

By Proposition 3.5, letting first p — 0 and then, R; — oo, we obtain (55) for m+1.
The proof of Proposition 3.6 is complete. O

For g with e(g) < oo, let Fr(g) be the solution to the dde

Fr(g)(t) =Fr(g)(0) + / bre(s, Fr(g)(s), Fr(g)(s — 1))ds

[ on Fulo)s). o) - 1)a(s)ds (6)
Fr(g)(t) =¢(t), -1<t<0.
Define
1) = int { 3e(0)sFalo) = 1 (66)
for each f € Cy([-1,m] — R?). If _sup |F(g)(t)] < R, then F(g) = Fg(g).
Therefore,
I(f) = Igr(f), forall fwith sup |[f(¢)] <R. (67)

—1<t<m

Lemma 3.7. I(-) is a good rate function on Cy([—1,m], R?); that is, for any a > 0,
the level set {f;I(f) < a} is compact.

Proof. As in Lemma 3.4, we can show that Rlim sup |Fr(g) — F(g)] = 0. In
TCe(g)<a

particular, this implies that F'(-) is continuous on each level set {g; e(g) < a}. Since
e(+) is a good rate function, this is sufficient to conclude that I(-) is also a good rate
function. 0
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Proof of Theorem 3.1 in the unbounded case. For R > 0 and a closed subset C' C
Cy([-1,m],RY), set Cr = CN{f;||fl|loc < R}. CY% denotes the §-neighborhood of

Cr. Denote by uZ the law of X%. Then we have
1e(C) < pe(Cr,) + P( sup  [X5(1)] > Ry)
—1<t<m
< WB(Ch) + P( sup [XE(t) - X5(0)] > 0) (68)
—1<t<m
+ P( sup |X°(t)| > Ry).
—1<t<m

Using the large deviation principle for {u%, e > 0}, we obtain

lim sup ¢ log p (C)

e—0

< (- inf I V (limsupelog P( su X°(t)| >R
= fecy, =)V seop & (—1§t2m| Gl V) (69)

V (limsupelog P( sup |X°(t) — X&(t)] > 9).
e—0 —1<t<m

Sending R to infinity gives

lim sup ¢ log e (C)

e—0

< (- inf I(f))V (lmsupelog P( sup |X°(t)] > R)). (70)
fec;%1 e—0 —1<t<m

Letting first § — 0, and then R; — 0o, we obtain

li ] O)< —infT
im sup e og 11 (C) < nf, (f)

which is the upper bound (9) in Theorem 3.1.
Let G be an open subset of Cy ([—1,m] — R%). Fix any ¢y € G and choose § > 0
such that B(¢o,d) = {f; ||/ — ¢ollec <0} C G. Then

5
—Ir(¢o) < limsup elog ul (B(¢07 2))

e—0

< (limsupelog 1e(@)) (71)

v((limsupslogP< sup |X6(t)X§(t)|>5>>.

e—0 _1<t<m 2

Note that Ir(¢do) = I(¢o) for all R > ||¢o||eo- So, letting R — oo in the above
inequality, we get

= I(¢o) < limsup elog pe(G). (72)
e—0
Since ¢ is arbitrary, it follows that

— inf I(f) < li 1
jnf, (f) < im sup e og 11 (G)

which is the lower bound (10) in Theorem 3.1. The proof of Theorem 3.1 is now
complete. O
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Remark. The results in this paper can be easily extended to the case, where
different delays 71, 72 are allowed in (6):

AXE(t) = b(t, X°(t), X5(t — 70))dt + 20 (t, X°(1), X°(t — 72))dW;, ¢ € (0,00),

1
[2
3

[4

10

11
[12
[13
[14

[15

[16

(17

18
19

20

Xe(t) =9¢(t), te[-(nVm)0
(73)
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