THE SUBSTITUTION THEOREM FOR SEMILINEAR
STOCHASTIC  PARTIAL DIFFERENTIAL EQUA TIONS ¥
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Abstra ct. In this article we establish a substitution theorem for semilinear stochastic evolution equa-
tions (see's) depending on the initial condition asan in nite-dimensional parameter. Due to the in nite-

dimensionalit y of the initial conditions and of the stochastic dynamics, existing nite-dimensional results
do not apply. The substitution theorem is proved using Mallia vin calculus techniques together with new
estimates on the underlying stochastic semiow. Applications of the theorem include dynamic char-
acterizations of solutions of stochastic partial dieren tial equations (spde's) with anticipating initial

conditions and non-ergodic stationary solutions. In particular, our result givesa new existence theorem
for solutions of semilinear Stratono vich spde's with anticipating initial conditions.

1. Intro duction. Statemen t of the substitution theorem.
The main objective of this article is to answer the following simple (but basic) question:

Given a non-anticipating stochastic partial di er ential equation with its initial condition as an
in nite-dimensional parameter, is it justi e d to replae the initial condition/p arameter by an arbi-
trary random variable?

An answer to the armativ e for the above question is well-known for a wide classof nite-
dimensional sde's via the substitution theoremsin [Nu.1-2] and [M-S.2]). Howeer, the existing
substitution theoremsin ([Nu.1-2],[M-S.2]) do not apply to in nite-dimensional systems. There are
two seriousobstructions to this approad:

The substitution theoremsare basedlargely on nite-dimensional selectiontechniquesthat
are known to fail in in nite-dimensional settings, asindicated by the failure of Kolmogorov's
continuity theoremfor in nite-dimensional random elds ([Mo.1-2], [M-Z-Z]) and the failure
of Sobolev inequalities in in nite dimensions.

The in nite-dimensionalit y of the dynamics rendersthe conditions of the substitution the-
oremsin [Nu.1-2] inapplicable (cf. Theorem 3.2.6[Nu.1], Theorem 5.3.4 [Nu.2]).

Both obstructions are resoled using ideas and techniques of the Malliavin calculus together with
new global estimateson the semi ow generatedby the spde (Section 2) ([Ma]). The useof Malliavin
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calculus technigues in this cortext seemsto be necessitatedby the in nite-dimensionalit y of the
underlying stochastic dynamics.

The dicult y in proving the substitution theorem for stochastic systemswith memory was
pointed out by M. Scheutzov and one of the authors in ([M-S.1], Part 1); but no rigorous proof
or counterexamplesare known. The purposeof the discussionin [M-S.1] is to provide a dynamic
characterization of stable/unstable manifolds for stochastic systemswith memory near hyerbolic
stationary states.

In work by Grorud, Nualart and Sanz-Soé ([G-Nu-S]) a substitution theoremfor Stratonovich
integrals in Hilb ert spaceis developed under the restriction that the substituting random variable
takesvaluesin a relatively compact setin the Hilb ert space. The substitution result in [G-Nu-S] is
obtained within the context of Hilb ert-space-alued stochastic ordinary di erential equations,using
metric entropy techniques. Cf. also[A-1], wherethe substituting random variable takesvaluesin a

-compact space.

In this article we establish a substitution theorem for semilinear spde's for a large classof
in nite-dimensional Malliavin smooth random variables. We strongly believe that the techniques
deweloped in this article will yield a similar substitution theorem for semi ows induced by sfde's.

We expect the results in this article to be usefulin establishing regularity in distribution of
the invariant manifolds for semilinear spde’s.

In order to formulate our results, considerthe following semilinear It stochastic ewolution
equation (see):

du(t;x) = Au(t;x)dt+ F u(t;x) dt+ Bu(t;x)dW(t); t>0 ) 2:1)
uiO;x)=x2H '
in a separablereal Hilb ert spaceH .
In the above equation A : D(A) H ! H is a closedlinear operator on the Hilbert

spaceH. Assumethat A has a complete orthonormal system of eigervectorsfe, : n  1g with
corresponding positive eigervaluesf ,;n  1g;i.e., Ae, = n€,; n 1. Suppose A generatesa
strongly corntinuous semigroup of bounded linear operators T : H! H;t 0. Furthermore, we
let F :H ! H bea (Fredet) C} non-linear map, that is F has a globally bounded cortinuous
Fredet derivative DF : H' ! L(H).

Let E be a separableHilbert spaceand W (t);t 0; be an E-valued Brownian motion
de ned on the canonical ltered Wiener space( ;F;(F(): o;P) and with a separablecovariance
Hilb ert spaceK . In particular, K E is a Hilb ert-Schmidt embedding. Furthermore, is the
spaceof all cortinuouspaths! : R ! E sud that ! (0) = 0 with the compact open topology, F is
its Borel -eld, F; isthe sub- -eld of F generatedby all evaluations 3! 7!'!(u)2 E;u t,
and P is Wiener measureon . The Brownian motion is given by

W(!)y=1@@); !2 ;t2R;
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and may be represened by

b3
W)= WK, t2R; (1:2)
k=1
whereffy : k 1gis a completeorthonormal basisof K, and W*;k  1; are standard independert
one-dimensionalWiener processeq[D-Z.1], Chapter 4). Note that, in general, the above series
convergesabsolutely in E but not in K.

Denoteby L,(K;H) L(K;H) the Hilbert spaceof all Hilb ert-Schmidt operatorsS : K !

H, given the norm
X 1=2
kSkp == jS(fia
k=1
where | jy is the norm on H. SupposeB : H ! Ly(K;H) is a bounded linear operator. The
stochastic integral in (1.1) is de ned in the following sense([D-Z.1], Chapter 4):

Let :io;a] I Lp(K;H) be(B([0;a]) F;B(L2(K;H))-measurable,(F); o-adapted

and such that ~ Ek (t)kf, 4, dt< 1. Dene
0

z % Z,
() dW(t) = (O(f) dWH(t);
0 k=1 O

a

wherethe H -valued stochastic integrals on the right-hand sideare with respectto the one-dimensional
Wiener processesV¥; k 1. Note that the above seriescorvergesin L?( ;H) because

N Z, 2 Zg4
E OF)AWEE) = Ek (K, oy dt< 1 :
k=1 0 0

Throughout the rest of the article, we will denoteby : R ! the standard P-
preserving ergadic Wiener shift on :

! )s) =1 (t+s) (), ts2R:
Hence(W; ) is a helix:
Wit + t2;1)  W(ts;!) = W(tz; (ta;!)); tiit 2R 2

As usual, we let L(H) be the Banadc spaceof all bounded linear operators H ! H given the
uniform operator norm k k(. Denoteby L>(H) L(H) the Hilb ert spaceof all Hilb ert-Schmidt
operators S: H ! H, furnished with the Hilb ert-Schmidt norm:
X 1=2
kSkp = jS(en)jA

n=1
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A mild solution of (1.1) is a family of (B(R*) F;B(H))-measurable, (F;); o-adapted

processesi( ;x; ) :R” I H; x 2 H; satisfying the following stochastic integral equation:
Z t Z t
u(t; x; ) = Tex + T¢ sF(u(s;x; ))ds+ T¢ sBu(s;x; )dW(s); t 0 (1:3)
0 0
([D-z.1-2)).
The see(1.1) hasthe equivalent Stratonovich form
M 9
Cv) — . . 1 2,1 (+ . 2
du(t;x) = Au(t;x)dt+ F u(t;x) dt > Biu(t; x)dt + Bu(t; x) dw(t) (1:4)
k=1 :

u@O;x) = x2H '

whereBy 2 L(H) aregivenby By (x) := B(x)(fx), x 2 H, k 1.
Condition (A,):

o KB (en)kY, k) < 1

n=1
Conditions (A»):
X
() A !isatrace classoperator, i.e., i<l
n=1

(i) Tt2L(H);t O isastrongly cortinuous cortraction semigroup.
Conditions (B):
() The operator B : H ! L,(K;H) can be extended to a bounded linear operator H !
L(E;H), which will alsobe denotedby B.
(i) The series:l;‘l kBkkE(H) corverges,wherethe boundedlinear operatorsBy, : H'! H;k 1,

are de ned asin (1.4).

Remarks.
(i) Note that Condition (A,) is implied by the following two requiremerts:
(@) The operator B : H! Ly(K;H) is Hilbert-Schmidt.
(b) liminf , > 0.
n'l
(i) Requiremert (b) above is satised if A = , where is the Laplacian on a compact

smooth d-dimensional Riemannian manifold M with boundary, under Dirichlet boundary
conditions.

(iil) SupposeA = where is the Laplacian on a compact smooth d-dimensional manifold
with Dirichlet boundary condition. Then Condition (A,) implies that d = 1. This follows
easily from the fact that , = O(n%™9) for large n ([T], Theorem 3.1, p. 89).

(iv) Unlike Condition (A), note that Condition (A1) does not entail any restriction on the
spatial dimension of the underlying spde.
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Under Conditions (B) together with either (A1) or (A;), the see(1.1) (or (1.4)) admits a
perfect (B(R*) B(H) F;B(H))-measurablecocycle (U; ), U:R* H I H, with the
following properties:

(i) Foreahh! 2 , themapR* H 3 (tx) 7! U(t;x;!) 2 H is cortinuous; and for xed

(t;')2R* , themapH 3 x 7! U(t;x;!)2 H isC?.

@iy Ut+s;;1)=U(t; (s;!)) U(s;;!)foralls;t2R* andall! 2 .
(i) U@O;x;!')y=xforall x2H;! 2 .

For proofs of the above properties see([M-Z-Z], Theorem 1.2.6); cf. [F.1-2].

An F-measurablerandom variable Y : ! H is said be a stationary point for the cocycle
(U; ) if

Uy )st)=Y((!))
forall (t;!')2 R™

For any integerp 2, denoteby DYP( ;H) the Sobolev spaceof all F-measurablerandom
variablesY : | H which are p-integrable together with their Malliavin derivativesDY ([Nu.1-2]).

We now state the main substitution theorem in this article.

Theorem 1.1. Assume that the see (1.1) satis es Conditions (B) together with either (A1) or
(A2). SupmseF is Ci. LetY 2 D¥4( ;H) be a random variable,and U : R* H I H be
the C! cocycle geneated by all mild solutions of the Stratonovich see (1.4). Then U(t;Y), t 0,
is a mild solution of the (anticipating) Stratonovich see

9
X
du(t; Y)= AU(t;Y)dt+ F U(t;Y) dt % B&U(t;Y)dt+ BU(t;Y) dw(t);t> O;E
k=1 >
uio,yY)=1Y: :
(1:5)

In particular, if Y 2 DY4( ;H) is a stationary point of thesee (1.4), thenU(t;Y) =Y (t);t O,
is a stationary solution of the (anticipating) Stratonovich ses

9
X
dy( (1)) = AY( (t))dt+ F Y( (1) dt % BZY( (t))dt+ BY( (1)) dw(t);t> O;E
k=1 >
Y((0)=Y: '
(1:6)

Furthermore, assumethat F is C2. Then the linearized cocycle DU(t; Y) is a mild solution of the
linearized anticipating see

dDU(t;Y) = ADU(t Y)dt+ DF U(tY) DU(t Y)dt

b3

= BZDU(tY)dt+ B DU(Y) dw(t); t> 0; (1:7)
k=1

DU(O,Y): idL(H):

=W INW ©
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In the subsequeh sectionswe will detail the proof of the above theorem. In Section 2, we
beginby o ering a seriesof estimateson the cocycle U(t; x; ), its Fredhet derivative DU(t; x; ) and
its Malliavin derivative DU(t; x; ). These estimates-irteresting in their own right-will be usedin
the proofs of the substitution theorem (Theorem 1.1) and its nite-dimensional version (Theorem
3.1). In Section 3, we prove a special caseof Theorem 1.1 in casethe random variable Y is nite-
dimensional (Theorem 3.1). This result is then usedto give a detailed proof of Theorem 1.1 in
Section 4. Section 5 contains an alternative proof of one of the estimatesin Section 2, using a
chaos-lype expansionin the Hilb ert spaceL,(H). In Section 6, we show existenceand regularity
of solutions for semilinear spde's with anticipating initial conditions.

2. Momen t estimates of the cocycle.

In this section, we dewelop new estimateson the non-linear cocycleU :R* H I H,
its spatial Fredet derivative DU(t; x; ) and its Malliavin derivatives D U(t; x; ) for u;t 2 [0;a]
and x 2 H. The derivations are basedon results in [M.Z.Z], Gronwall's lemma and the fact that
W hasindependert incremerts.

As before, assumethe notation and hypothesesof Section 1.

Let (t;!);! 2 ;t O; bethe linear cocycle assa@iated with the see(1.1). That is for
eah x 2 H, (t )(x);t 0;isamild solution of the linear see

d(6)00= AL )0)dt+ B (€ )0)dW(D); t>0

(0;)(x)=x2H: 1)

Recallthat (F{); ¢ isthe ltration generatedby Brownian motion W.

De ne
Vg!)=(t!) Tyt 0! 2

Then V(t; );t  0; is the corntinuous L »(H)-valued solution of the following stochastic integral
equationin Lo(H):
z t Z t
V(t )= Ti sBV(s; )dW(s) + T sBTsdW(s); t O (2:2)
0 0

Fix s 0, and denote
V)=V s (s;!)); t s
Then ¥ is a solution of the following integral equation:

Zt Zt
V(t; )= T, BYU; )dW(U)+ Ty uBTy sdW(u); t s: (2:3)

S S

in Lo(H). Seethe proof of Theorem 1.2.4in [M-Z-Z].

We will needthe following Gronwall-type lemma:
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Lemma 2.1.
Fix a2 (0;1). Letf;g:[0;a] I R* benon-negative (B([0;a]) F;B(R*))-measurable
processesand h : [0;a] [0; a] I R an(B([0;a] [0;a]) F;B(R*))-measurablerandom eld

satisfying the following hypotheses:
() Fora.a.! 2 andall s2 [0;a], thepathsf (;!);g(;!);h(;s;!) are continuous on [0; a].
(i) The processf is (Ft)210;aj-adapted; and whenever0< s< 't a, the randomvariablesh(t
S;s; ) are measurable with respect to the -algeba generted by the Brownian increments
W(sz2) W(s1);s s1 st
(i) E Ostjp o(t; )+ Osup E sup h(t;s; )< 1:
a

s a 0Ot a

Suppsethat Z
t
f(t) oft)+ h(t s;s;)1+f(s;)lds (2:4)
0
a.s. for all t 2 [0;a]. Then sup f (t; ) is integrable and there exist positive constantsK 1; K, such
0t a
that
E sup f(s;) Kqeft (2:5)
0 st

for all t 2 [0; a].

Proof.
Use Conditions (i), (iii), put t = t%in (2.4), and take sup to obtain
0 t0 t
z t z t
sup f(t%) sup g(t% )+ sup h(u;s; )ds+ sup h(u;s;) sup f(s® )ds
OX;‘Lt 0 t0 a 00 u a 00 u a 0 s% s (226)

a.s. for all t 2 [0; a].
For ead integerN 1, and any s 2 [0; a], de ne the ewerts

sn = sup F(s%) <N
0 s% s

Sincef isis (Ft)i2[0.a)-@dapted, then N 2 Fs for all s2 [0;a]; N 1. Furthermore,
tN sNy S 6N 1

and
1

o 1 s tN I (2:7)

s;N ’
Sincef hasa.a. sample-pathsbounded on [0; a] (actually cortinuous), we have

[

N 1

sN = (28)
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for eath s 2 [0; a].

De ne
fn( )= supf(t%) 1,; 0 t aN 1
0 to t

Clearly jfn(t; )] N as.andEfy(t; )] N forallt2 [0;alandall N 1.

Now multiply both sidesof (2.6) by 1 ., , use(2.7), take expectations, use hypothesis (iii)

together with the independenceof sup f(s% ) 1 . and sup h(u;s; ), to obtain
0 s s 0 u a

Zt
Efn(t ) Ki+Kj Efn(s;)ds; 0 t a; (2:9)
0

forall N 1. The positive constarts K 1; K, in (2.9) are independentof N. By Gronwall's lemma,
(2.9) gives
Efn(t; ) K€€t 0 t a; (2:10)

forall N 1. Letting N ! 1 in (2.10), using the fact that
; C) = 0.
Jim- () 0sgjlotf(t > )
a.s., and applying the Monotone ConvergenceTheorem, we get

E sup f(t%) K, ekt
0 t0 t

forall 0 t a. This proves(2.5).

Now considerthe random integral equation
Z t
uit;x; )= (t)H)x)+ (t s; (s;))F U(s;x; ) ds; t 0;x2H; (2:11)
0

whereF :H ! H is C} (asin Section1).

Theorem 2.2.
Adopt the set-up of Section 1. Assume Hypotheses(B) and (A1) or (A,). LetU : R™
H I H be the cocycle geneated by the mild solutions of the see (1.1). Fix any a2 (0;1 ).

Then the following assertions hold:

(i) The estimate
Ut % )i _

E sup —5— (2:12)
o 1 (1+ jXiE)
holdsfor all p 1
(i) LetF beof classC{. Then
E sup kDU(t; x; )k < 1 (2:13)

0t a
X2 H
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for all p 1. In the alove estimate, D standsfor the Frechetderivative of U in the spatial
variable x.
(i) LetF be C2. Then
E sup kD2U(t; x; )k? < 1 (2:13)
0t a

X2 H

forallp 1.

Proof.
AssumeHypotheses(B) and (A1) or (Ay).

Wewill rst provethe estimate (2.12). Fix any p 1. By asimple application of Gronwall's
lemma, (2.3) gives

E sup kv(t s; (s; ))kLZ(H) <1 (2:14)
st a
for any xed s 2 [0;a]; and hence,
E sup k(u; (s; ))kL(H) <1 (2:15)

0O u a

for eath s 2 [0; a].
By (2.11) and the linear growth property of F, we get
Z t
U X )i KK )X+ C k(t s (s )kihy, 1+jU(s;x; )i ds
0 (2:16)

as. for0 t a;x 2 H, and C is a deterministic positive constart depending only on a. In
(2.16), divide both sidesof the inequality by (1 + jxjﬁp) and take sup to obtain

X2 H
Z
JU(t; x; )J' ‘
sup —————— t; k2P k(t s; (s; k%P
x2|—F|) (1+]Xj P) k¢ Z) Liny ™ 0 ( (5 Dk @
t ; iy )i2
ju(s;x; )jP
+ C k(t s; (s; k2P sup—————=—ds 2:17
o < (5 My 0 1+ jxj%) (@17)

as.for0O t a. Now set

f(t):= supJU(t' X; )i

oh L+ ) ot )= k(6 )KTys h(Es;) = k(6 (s Dkh);

as.for0O s t a. Then (2.17) becomes
z t

f(t) o)+ h(t s;s;)1+f(s;)ds (2:18)
0

a.s. for all t 2 [0; a].
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We will now verify that the processed ; g; h satisfy all the conditions of Lemma 2.1. First,
note that f;g;h are nite a.s. ((M-Z-Z], Theorems1.2.4,1.2.6). Secondly the processes ;g; h( ;s)
are sample-cotinuous for eat s 2 [0; a] ([M-Z-Z], Theorems1.2.1,1.2.2,1.2.3,1.2.6). Thirdly, the
processf is (Ft)i20.aj-adapted. Fourthly, from (2.3), it follows that V)=Vt s (s;)) =
(t s; (s;)) T¢ s is measurablewith respect to the -algebra generated by the Brownian
increments W(s;) W(s1);s s1 S t, and hencesois h(t;s; ). Finally, Hypothesis (iii)
of Lemma 2.1 is satis ed becauseof (2.15) and the measure-preservingproperty of . Hencethe
conditions of Lemma 2.1 are satis ed; thus (2.12) follows from (2.18). In fact, one gets

iU tO. - \i2p
E su U i XZ)J K efet (2:19)
o0 (14 ixieh)

for all t 2 [0; a] and somepositive constarts K 1; K, (depending possibly on a).

To prove part (ii) of the theorem, assumeHypotheses(B) and (A,) or (A1); and let F be
of classC}. Fix any p 1. Take Frechet derivatives with respectto x 2 H on both sidesof the
random integral equation

Z t
ux;!)= (1)x)+ (t s; (s;P)F U(@ssx;t) ds; t O x2H;! 2
0

This gives
Zt
DU(tx; )= (t )+ (t s; (s; DFE@U(s;x; N(DU(s;x; ))ds; t O
0

As in the proof of part (i), obsenethat (t s; (s;)) is measurablewith respectto the -algebra
generated by the Brownian incremerts W(s;) W(s1);s S S, t, while DU( ;x; )) is
(Ft)t210;a1-adapted (and DF is bounded). Using this obsenation together with the above equation
and Lemma 2.1, one obtains

E sup kDU(t; x; )k*® ., < 1:

0t a L(H)
X2 H

This provesthe rst assertionin (ii) for all p 1. The proof of the secondassertionin (ii) follows
by a similar argumert.

If F is C2, assertion (jii) of the theorem may be proved by an argumert similar to the
above.

The next theorem givesglobal spatial estimateson the Malliavin derivativesof the stochastic
semiow U:R* H I H andits linearization.



THE SUBSTITUTION THEOREM FOR SPDE'S 11

Theorem 2.3.

Assumethe setting of Section 1. In the see (1.1), assumeHypotheses(B) and (A1) or (A»).
Then the following assertions hold:

() Letu;t2[0;a]. Then V(t; ) 2 DY?P( ;L,(H)) and

E sup kDyV(t kP, <1: (2:20)

ut a

forallp 1.
(i) SupmwseF is C. Thenfor all p 1, we have

H cue V2P
sup DU X5 )ig

' a . 2p
ot & (L+]Xjy)

E 1; (2:21)

where D standsfor the Malliavin derivative.
(i) LetF be C2. Then

kD,DU(t; x; )k?°
E Sup u LZ(H)

o<u;t a (1 + JXJap)

X2 H

<1 (2:219

forallp 1.

Proof.
AssumeHypotheses(B) and (A1) or (Ay) throughout this proof.

We prove the rst assertionin part (i) of the theorem. Let p 1. Fix u 2 [0; a] and take
Malliavin derivativesin (2.2) to get the following stochastic integral equationin L ,(H):

Zt
DyV(t, )=T¢ (BV(u; )+ Ty BTy + Te sBDyV(s; )dW(s); t u: (2:22)

u

De ne the sequenceof everts

“en = sup KDV(s% kP ) < N

u s® s

foru s aN 1. Now, from (2.22) and Proposition 7.3 in [D-Z.1], we obtain

0. \[.2P - \Kk2P
E us,tjoptkDuV(t Ky L K1EKV (U5 k() + Ko
Zt
0. \[.2P
*Ks u = usgpskDuv(S’ )kLz(H) 1~s:N ds
forallt u.

Using (2.14) together with Gronwall's lemma and the Monotone ConvergenceTheorem, the
above inequality implies (2.20).
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To provethe rst assertionin (i) of the theorem, let F be C. Rewrite the random integral
equation

z
uix; )= (t!1)x)+ t (t s; (s;P)F U(@s;x;t) ds; t O;x2H;! 2 (2:11)
0
in the form
Z t
U x!) =V ))+Tx)+ [V s (S5 )+ Ty ]JF U(s;x;!) ds; t Opx2H;! 2
° (2:23)
Taking the Malliavin derivative on both sidesof (2.23), we get
Z
DuU(t x; ) = DyV(t; )(x) + tDuV(t s; (s N(F(U(s;x; ) ds
~ 0
+ t[V(t S, (s;)) + Tt sIIDF(U(s;x; ))N(DyU(s;x; ) ds; t O
0 (2:24)

As in the proof of Theorem 2.2, obsenethat V(t s; (s;)); DyV(t s; (s;)) are measurablewith
respect to the -algebrageneratedby the Brownian incremerts W(s,) W(s1);s sS1 S
while U(;x; );DyU(;x; ) are (Ft)i210.aj-adapted. Using this obsenation together with (2.24) and
Lemma 2.1, one obtains
£ sup 10U )i
o 12 (L+ixi)

X2 H

forallu?2 [0;a] and all p 1. This implies (2.21).

<1; (2:25)

Let F be C2. Then assertion (i) of the theorem follows by a similar argumert to the
above.

3. Finite-dimensional  substitutions.
Assumethe notation and hypothesesof Section 1.

In this section, we will prove assertion (1.5) of Theorem 1.1 in the special casewhen the
random variable Y 2 DY4( ;H) is replacedby its nite-dimensional projections on H. The proof
of (1.7) (in this special case)is analogousto that of (1.5) and is left to the reader. Relation (1.6)
follows immediately from (1.5).

Recallthat fe, : n  1g is a complete orthonormal system of eigervectors of A. For eadh

integern 1, denoteby H, .= Lfeg :1 i ng, the n-dimensionallinear subspaceof H spanned
by fe :1 i ng. Dene the sequenceof projectionsP, :H! H,,n 1, by
X
Pn(x) := < X; &> e; X2 H: (3:1)
k=1
Dene Y,: ! Hj by

Yo =Py Y, n 1L (3:2)
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Note that Y, ! Y a.s..

The main result in this section is the following nite-dimensional substitution theorem
(Theorem 3.1). Note that the proof of this theorem still requires Malliavin calculus techniques,
largely due to the underlying in nite-dimensional semi-groupdynamicsin fT;g; o.

Theorem 3.1. Assumeall the conditions of Theorem 1.1. Then for eachintegern 1, (1.5) and
(1.7) hold whenY 2 D%4( ;H) is replacd by Y,. In particular,

9
1 R
du(t; Yn) = AU(t Y,)dt+ F U(t; Y,) dt > BZU(t; Yp)dt+ BU(L; Y,) dW(t);t > 0;E
k=1 >
U@©;Yy) = Yn: '
(3:3)
for eachn 1.
Proof.
In this proof, we denoteby C;;i = 1;2; ; 19; positive dterministic constarts.
Rewrite (1.4) in its mild form
Z, 1 X Z,
U(t;x) = Te(x)+  T¢ F U(s;x) ds = T, sB2U(s;x)ds
0 2|<:1 0
z t
+ Ty sBU(s;x) dwW(s); t>0: (3:4)
0

Using the fact that ead Y, 2 DY4( ;H,) is a nite-dimensional random variable, we will
show that x in (3.4) can be replacedby Y, to get
Z, 1 X Z,
Ut Yn) = Te(Yn) + Tt sF U(s;Yn) ds 2 Tt SBEU(S;Yn)dS
0 z. k=1 O
+ T sBU(s;Y,) dW(s); t>0;n 1, (3:5)
0
foreacr n 1 (cf. [Nu.l], Section3.3.2,[M-S.2]). To justify (3.5), it is sucient to prove that the
random eld Y

Te sBU(s;x) dW(s); X2 Hy;
0

has a versionH, I H satisfying
z t z t
Ty sBU(s;x) dW(s) = Ti sBU(s;Y,n) dW(s) (3:6)
0 0

X=Yn
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a.s.for xed t > 0. To prove (3.6), we will rst establishsomeestimateson U(t;x),t 0,x2 H.
Let x;x°2 H and t 2 [0;a]. Then (3.4) implies

EjU(tx) UG X9®  CiTe(x)  Te(x9j®
Z, 2p
+ C,E T sF U(s;x)  T¢ sF U(s;x%  ds
z,
+ C3E  Tp B U(s;x) U(s:xY dw(s)
0 z,
Cijx x5+ Cs  EjU(s;x)  U(s;x9j? ds
Z, ° p
+ Cg EjU(s;x) U(s;x%j?ds
0
Zt
Ciix xY%P+ C;  EjU(s;x)  U(s;x9j?P ds:
0

2p

Gronwall's lemma implies

EjU(t;x) Ut x9j?  Cgix xY%P; x;x°2 H; t2][0:a]: (3:7)

Fix 0 t a< 1,anddene
Zt
T¢ sPmBU(s;x) dW(s)
0
Z, 1 R Z+
Tt sPmBU(s;x)dW(s) + 5 Tt s(PmBy)?U(s;x)ds (3:8)
k=1 O

Sm(X) :

0
for all x 2 H. Sinceeat H, is invariant under T;;t 2 [0; a]; then Sy, (x) 2 Hy, forall x 2 H.

Claim. Assume Condition (B) of Section 1. Fix t 2 [0;a] in (3.8). Then there is a constant
Cgy > O independentof m and t 2 [0; a] suchthat

EjSm(X) Sm(x9® Cojx x4 (3:9)
for all x;x°2 H andallm 1.

Proof of Claim. Let x;x°2 H and x t 2 [0;a]. AssumeCondition (B) of Section1. Then
Z t Z t

E Tt sPmBU(s;x) dW(s) Tt sPmBU(s;x9 dW(s)
0 0

2p

Z, 2p
E  Ti sPmB U(s;x) U(s:xy dw(s)
2,
Cio kT sPmBKEjU(s;x) U(s;x9j? ds
ya
Cu  Eju(s;x) U(s;ix9j%ds  Cpjx  x§%:
0 (3:10)
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The serieson the right-hand-side of (3.8) is absolutely convergert (uniformly in m) becauseof
Condition (B) and the a.s. estimates

R Ly X Z
kT: s(PmBk)2U(s;x)kds Ciz3  kPmByk®  KkU(s;x)kds
k=1 O k=1 0
Ciz  kU(s;x)kds kB k?
0 k=1
<1:
Furthermore,
w Z w Zy 2p
E Tt s(PmBi)?U(s;x) ds T s(PmBk)?U(s;x%ds
k=1 O k=1 O
* Ztn 2 . . 20120 %P
E Tt s(PmBk)? U(s;x) U(s;x9 ds
k=1 ©
% Zy n ,,01=2p 2
Cu kBck? E U(s;x) U(s;x9) P ds
k=1 O
R
Cu Csg kB k? jx x9%P = Cisjx  xG4?P: (3:12)
k=1

Therefore (3.10) and (3.11) imply (3.9). This provesour claim.

We next show that in (3.6), onecan replaceB by P, B:
Z t z t

T¢ sPmBU(s;x) dW(s) = T: sPmBU(S;Yy) dW(s) (3:12)
0 X=Yn 0
a.s.forall mjn 1.
To prove (3.12), write
Z, % Ly
Tt sPmBU(s;x) dW(s) = Tt sPmBkU(s;x) dwWX(s); x2 H: (3:13
0 k=1 O
Let
w
Ry (X) = Tt sPmBkU(s;x) dWX(s); N 1; x2H, (3:19)
k=1 ©
(for xed m 1). Then
X 2t
Jim Ry (x) = Tt sPmByU(s;x) dWX(s) (3:15)
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in L2, becausethe serieson the right-hand-side of (3.15) corvergesabsolutely in L2( ;Hny). Also
for x; x°2 H,

W Z, 2p 1=2p 2p
EjRn (X) Ry (x9j%P E T sPmBx U(s;x) U(s;xy  dwk(s)
k=1 0
Cisix  x§%°

were Cy5 is independert of m; N (by the proof of the Claim and Condition (B)).

Now apply Lemma 4.1 ([M.S-2], or [Nu.2], Lemma 5.3.1) to the sequenceof random elds
fRy(X) :x2 Hpg, N 1. This implies the following limit in probability:

R 2y
im Rn(X) _, = Tt sPmBkU(s;x) dWX(s)
N1 =Yn k=1 O X= Y
Z t
= T¢ sPmBU(s;x) dW(s) : (3:16)
0 X=Yn
We next show that, for eadh k 1, the following substitution rule holds:
Z t Z t
Tt sPmBkU(s;x) dwWk(s) = T sPmByU(S;Yn) dwWK(s) (3:17)
0 X=Yn 0

a.s. ([Nu.2], Theorem 5.3.3).

From (3.14), (3.15), (3.16), (3.17), and the nite-dimensional substitution theorem for
Stratonovich integrals (Theorem (5.3.4) in [Nu.2]), we get the following limits in probability:

Zt
o Tt stBU(S;X) dW(S) - = Nlllm RN (X) x=Yy
X 2 )
= nggn e Ty sPmBxU(s;x) dW*(s) =Y,
w
= Jim Tt sPmBrU(S;Yn) dwWX(s)
NI o
% 2y
= Tt sPmBkU(s; Yn) de(S)
=1 0
Z\
= T¢ sPmBU(S;Y,) dW(s): (3:18)

0

The last equality in (3.18) follows from the de nition of the Stratonovich integral in in nite-
dimensions. This proves(3.12). Recall that

Sm(x) = . Ty sPmBU(s;x)dW(s) + % . T s(PmBk)ZU(s;x) ds: (3:19)
k=1
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De ne
Z t
S(x) = T¢ sBU(s;x) dW(s)
0
Z 1 X Z,
= T; sBU(s;x)dW(s) + 5 T, sBZU(s;x)ds: (3:20)
0 k=1 O
We will show that
lim Spn(X) = S(x) (3:21)
m!l
in probability for all x 2 H. Now, for every x 2 H,
lim PnB U(s;x) =B U(s;x) ;
m!l
a.s.,
PmB U(s;x) B U(s;x) ;
and
Z, Z, 2p
E Tt sPmBU(s; x)dW(s) Te sBU(s;x)dW (s)
0 0
Z, 2p
= E Tt s(PmB B)U(s;x)dW(s)
0
Z, 2p
= E T s PmB U(s;X) B U(s;x) dwW(s)
2,
Cis EPnB U(s:x) B U(s:x) Pds (3:22)

0

as.forallm 2landall x 2 H. Then by the dominated corvergencetheorem, it follows that

Z, Z, 2p
mIilgn E Tt sPmBU(s;x)dW(s) Te sBU(s;x)dW(s) =0; x2 H:
: 0 0

Also, foreac m 1l andany x 2 H, we have

ET s(Pm Br)2U(s;x) T sBRU(s;x) P
=ET, s (Pn B2 U(sx) B2ZU(sx)
CiE (Pm Bk Pm B U(six) (Pm By By Usix)
+ CigE (Pm Bk By) U(s;x) B2 U(s;x) 2P
Ci7kBKKE Pm By U(s:x) By U(six) P
+ C18E Py B2 U(s;X) B2 U(s;x) (3:23
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and

Te s(Pm Br)2U(s;x)  Ti sBZU(s;x)
Cig kPm Bik?+ kBxk? U(s;x)
2C10kByk? U(s;x) (3:24)

a.s.. The right-hand side of (3.23) corvergesto O a.s.asm! 1 (for eahh xed k 1). Hence,by

(3.24), Theorem 2.2, the convergenceof kB k? and the dominated corvergencetheorem, we
k=1
obtain % Z % Z
lim Tt s(Pm By)?U(s;x)ds= T, sBZU(s;x)ds (3:25)
T ok=1 O k=t O

in L2P forall x 2 H.

Using (3.19), (3.20), (3.22), and (3.25), we get (3.21). By (3.21), we may apply Lemma
5.3.1in [Nu.2] (Lemma 4.1, [M-S.2]) to get

mIilgn Sm(Yn) = S(Y,) in probability (3:26)

foreadhin 1.
Using (3.26), wemay let m! 1 in (3.18) to get

Z t Z t
Iwn T¢ sPmBU(s;x) dW(s) lim Ti sPmBU(S;Yn) dW(s)
m: 0 0

X=Yn ;I:
= T: sBU(s;x) dW(s) X (3:27)
0 X=Yn
Obsene that
m'!gn Tt sPmBU(S;Yn) = Tt sBU(S;Yn)
in L2 [0;T]

Using a truncation argumert, one can show that the process[0;t] 3 s 7! Ty sBU(s;Y,) 2
L,(K;H) is Stratonovich integrable, and
z t z t
ml!gn T: sPmBU(S;Y,) dW(s) = Te sBU(s;Yn) dW(s): (3:28)
; 0 0
Details of the truncation argumert are given in Section 3 (replacing B by P, B). (Note that this
truncation argumernt doesnot depend on (3.28)). Combining (3.27) and (3.28) gives
Z t Z t
Te sBU(s;x) dW(s) = Te sBU(s;Y,) dW(s): (3:29)
0 x=Yn 0

This proves(3.6) and hence(3.5) holds.
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4. Pro of of the substitution theorem.

In this section,we will completethe proof of the main substitution theorem(Theorem 1.1)in
Sectionl. Our argumert will appealto the estimatesin Section2 onthe cocycleU(t; x);t ;x 2 H,
its Frechet and Malliavin derivativesD U (t; x); DU(t; x), respectively

Proof of Theorem 1.1. Assumethat Y 2 DY4( ;H), and the see(1.1) satis es Hypothesis (B)
together with either (A;) or (A,). We will prove the equality (1.5) in Section1. Equality (1.6) is
a special caseof (1.5). The proof of (1.7) is similar to that of (1.5), and is left to the reader.

Fix t > 0 throughout this proof.

To prove (1.5) in Sectionl1, we will show that the anticipating processU(t; Y) satis es the
Stratonovich integral equation

Z, 1)4 Z,
Ut Y)=T(Y)+ Ti sF U(sY) ds > Tt sB2U(s;Y)ds
0 z. k=1 O
+ T: sBU(s;Y) dwW(s): (4:2)
0

We start with the mild Stratonovich form of the see(1.1):

Ut x) = Te(x)+  T¢ sF U(s;x) ds 1 Ty sBZU(s;x)ds
0 2 k=1 O
Z t
+ T: sBU(s;x) dW(s): (4:2)
0
Denote by L2 the classof all processes : IL?; I H sud that v 2 L?([0;1] H),

v(s; ) 2 DY2( ;H) for almost all s 2 [0;t] and E[ Ot JkDuv(s; )kZ duds] < 1 . We sa that v

belongsto Lﬁjcz if there exists a sequencg n;v™) 2 F L2 with the following properties:

@i m" asm! 1,

(i) v=v™ on .
We rst show that the Stratonovich integral in (4.1) is well-de ned. To prove this, it is su cien t
to verify that the processv(s) ;= T; sBU(s;Y);s t, belongsto Lﬁjcz ([Nu.2], Theorem 5.2.3).
For any integerm 1,let 2 C2(R;R) beabump function suc that n(z) = 1forjzj m
and ,(2) = Oforjzj > m+ 1. Dene v"(s) := Vv(S) m(jYjn);s t. Clearly, v = v™ on

m:=fl 1jY(")jy mgfor eahh m 1. Thusv is Stratonovich integrable if we can shav that

v™ 2 LY? for evlery m 1. To seethis, note rst that the estimate

vm"(s)jn C sup jusix)in; s &

ixjy m+l
together with Theorem 2.2 (i) imply that v™ 2 L?([0;t] ) for eaca m 1. On the other hand,

Duv™(s) = Tt sB[DuU(S;Y) + DU(S;Y)DuY] m(iYjn) + T sBU(S;Y) 1 (Yjn)DujYijn



20 S.-E.A. MOHAMMED AND T.S. ZHANG

for all u;s 2 [0;t]. Therefore,

jDuV"(S)iH  Cm sup  jDyU(s;X)jn + Ciy sup jjDU(S;X)jiL(H)iDuYjH
jXju m+1 iXjy m+1
+Cm  sup jU(S;X)juDujYju; u;s2 [Ojt]: (4:3)

iXju m+l

Using the fact that Y 2 DY4( ;H), Theorem 2.3 (ii) and Theorem 2.2 (i),(ii), it follows from (4.3)
that Z.Z,

E jiDuv™(s)j4 dsdu < 1 :
0o o0

Hence,v™ 2 LY2 foreah m 1.

Next we prove that U(t; Y) satis es the equation (4.1). For any integer n 1, dene
Y, := P, Y asin (3.2). Then by Theorem 3.1, we know that for every n 1,

Z, 1)@ Z,
Ut Yn) = Te(Ya)+  Ti sF U(s:Y,) ds 5 T, sB2U(s;Y,)ds
0 z k=1 O
+ T sBU(s;Y,) dW(s); t> O (4:4)
0

We wish to passto the limit a.s.asn! 1 in (4.4). To do this, rst note the following easya.s.
limits:
nIlilm U(t; Yn) = Ut Y)
lim Te(Ya) = Te(Y)

Zt Zt
nIlilm Te sF U(s;Y,) ds= T: sF U(s;Y) ds
! 0
1X St 1% L
lim = Ty sB2U(s;Y,)ds= = T, sBZU(s;Y)ds:
nil 2k:l 0 2k:1 0

Therefore, (4.1) will hold provided we shaw that
z t z t
lim Te sBU(s;Y,) dW(s) = Te sBU(s;Y) dW(s) (4:5)
0 0

n'l

in probability.
To prove (4.5), we usethe following truncation argumen:
By the local property of the Stratonovich integral ([Nu.1]), we have
Z t Z t
. Tt sBU(s;Yn) dW(s) = ; Te sBU(S;Yn) m(Yin) dW(s);

on p:=fl:jY(")jy mg, and
Zt Zt
Tt sBU(s;Y) dW(s)= T sBU(S;Y) m(jYijn) dW(s);
0 0
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on p forany xed m 1. So,to establish(4.5), it is enoughto prove that
z t z t
lm o T sBU(SIYn) m(iYju) dW(s)= T sBU(SY) m(jYin) dW(s) (4:6)
: 0 0

in probability foreach m 1. To seethis, x m 1 andlet
On(S) = Tt sBU(S;Yn) m(jYin): 9o(s) := Tt sBU(S;Y) m(jYin)

for all s2 [0;t]. We rst show that g = nIlilm g, in LY2, Sinceboth g, (s) and g(s) are bounded by

C sup jU(s;X)ju, then by Theorem 2.2 and the Dominated ConvergenceTheorem, it follows
jXju m+1

that the sequencefg,gl., convergesto g in L2([0;a] ;Lo(K;H)) for eath a2 (0;1 ). Notice
that

Dugn(s) = Tt sB[DyU(S;Yn) + DU(S;Yn)DuYnl m(jYin)
+ Te sBU(S;Yn) m(Yin)DuiYin; (4:7)

for all s2 [0;t]. SincejYnju jYju and Dy Yajn  jDuYjn, we have

IDuOn (S)jH Cm sup  DyU(s;X)ju + Cn sup jkDU(S;X)kL(H)jDquH

jXju m+l iXjy m+1
+Cmn  sup jU(S;X)ju DujYjn (4:8)
iXju  m+l
Applying Theorem 2.2 (i), (ii), Theorem 2.3 (ii) and the Dominated ConvergenceTheorem again,
we concludethat
Z+Z+
lim E o iDuth(s) Dug(S)K?, k44, duds = O (4:9)

For a given processv, recall the following notations from [O-P]:

(DsV)y = S‘Iirun+ Dyv(s);
(D V), = S‘Iirun Dyv(s)
(rv)y = (Dsv)y + (D V)

We now nd the expressions(r g,)y and (r g),. Replacingx by Y, in (2.24), we obtain
Z S
DyU(s;Yn) = DuV(s; )(Yn) +  DuV(s I; (I; )(F(U(; Yn; ) di
Z 0
+ V(s L (5E)+ Ts 1 (DFEU(;Yn; (DU Yn; ) di
0 (4:10)

By (2.22), we have
(D+V)y = slIiT+ DuV(s;)=BV(u; )+ BT,
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a.s.. Similarly, we obtain

(O+V a( (GE))u = Jim DuV(s [ (151))

BV(u I; (I;1)+BTy |

fora.a.! 2 . Thus,it follows from (4.10) that
Z u
(D+U)u(Yn) = BV + BTl(Yn) + [BV(u I (I;)) + BTy (J(F(U(I;Yn; ) dl
Z, 0
+ Vu I (1) + Ty (DE(U; YR (DU Ya; ) dl
0 (4:11)

a.s.. Now taking limits ass! u+ in (4.7), we get

(D+Gn)u =Tt uB[(D+U)u(Yn)+ DU; Ya)DuYn] m(Yin)
+ Te wBUU;Yn) HGYin)DujYijn: (4:12)

Note that D U(s;Y,) = Owhenu > s. Therefore, letting s! u in (4.7) gives
(D gn)u =Tt uBDU(;Ya)DuYnl m(Yin)+ T uBU(U; Yn) R(Yju)DujYjn:  (4:13)
Becauseof the cortinuity of the functions involved, it is easyto seefrom (4.12) and (4.13) that
lim (r gn)y = M [(D+Gn)u + (D Gn)u]

=(r9u=(D+9u+ (D gu; (4:14)

where (D+ g), and (D g), are given by

(D+ @)y = Tt yB[(D+U)u(Y)+ DU Y)DyY] m(jYin)
+ Te WBUUY) 3GYiR)DujYin;

and
(D 9u= T «BDUW;Y)DyY] m(Yin)+ Te oBUMUY) 3GYin)DujYin:

Now, (4.9) implies that z, z,

im g (s)dW(s) =  g(s) dW(s)
n'l 0 0

in probability, where the stochastic integral is the Skorohod integral. Therefore, (4.6) (and (4.5))
will hold, and hencethe theorem, if we can shaw that
z t z t 1 z t
, O (s) dW(s) = , Gn (S)AW(s) + 5 . (r gn)sds; n 1 (4:15)
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and Z, Z, 1 v
. g(s) dW(s) = . 9(s)dW(s) + 5 , (r g)sds (4:15)

a.s.. We will prove (4.15). The proof of (4.15)° is very similar. It seemsdicult to verify the
known su cien t conditions in the literature for proving (4.15) (cf. [Nu.1l] and [Nu.2]). Instead, we
will prove (4.15) from rst principles, using approximations by Riemann sums. Following [Nu.1],
chooseany partition = fto=0< 1ty < ::<t, 1<t,=tgof[0;t], with meshj j, and introduce
the following step process:

K1 1 z ti+1

9= g(s)ds I, 1(r); 12 [0t
izg 1*1 i ti

Consider the Riemann sums:

D(l 1 Zti+1
S = e g(s)ds (W(ti+a) W(t))):
i=0 i+1 1 t;

From the de nition of the Stratonovich integral, it follows that
Z t

Iim S = g(s) dw(s)
o 0

wheneer the above limit in probability exists. On the other hand, by (3.4) in [Nu.1], we have

Zt K 1 1 Zti+1 Zti+1
S = g (s)dw(s) + S Dyg(s) duds
0 i=0 ti+1 t; t ti
Since IiAmog = gin LY? (see[Nu.1]), then
i

z t Z t

lim g (s)dW(s) =  g(s) dW(s)

itoo 0

in probability. So,to complete the proof of (4.15), it remainsto show that
X 1 1 g L Z,
im _— Dyg(s)duds = (r g)sds:
o, ot by ti 0

To simplify the notation, set

K 1 1 Z tiv1 Z ti+n

= _ Dy9(s)duds
i=0 tivr ti ti
Split I into two integrals,
D( 1 1 Zti+1 Z u D( 1 1 Zti+1 Zti+1
= . du Dyg(s)ds+ . du Dy9(s) ds:
i=0 i+1 [ ti i+1 [ u

i=0
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Denote the rst and secondterm on the right-hand-side of the above equality by Il and 111
respectively. Write,

Ti sB[DU(S;Y)DuY] m(jYju)ds
ti

Tt sBU(S;Y) 2 (Yjn)DujYiju ds:
ti

We will prove that

lim
pro, otk

1 o
=5 T «B[DU(U;Y)DyY] m(jYju)du (4:17)
0
and
K 1 1 Z ti+1 Z u
lim du T sBU(SY) (Yju)DyjYjn ds
o, ot by t;
1Zt
=5 T uBUY) R(YiH)DuYin du: (4:18)
0

We will prove (4.17). The proof of (4.18) is very similar. Rewrite the left-hand-side of (4.17) in the
form

K1 1 Z ti+1 Z u

du

ti
Z

o Ti sBIDU(S;Y)DuY] m(Yin)ds
i=o '* bt

K1 1 ti+1

u
= ¢ o fTOBDUSYIDGY] m(Yik) T wBIDUWY)DY] m(i¥in)gds
iz0 't ot ti

K1 1 Zti+1 o
(U )T uBDUUYIDLY] (Y du:
i=0 1+ | ti

+

(4:19)

Sincethe sequenceof functions

rxl
[0;t]3 u 7!

- t_(u i)l (W 2R N 1
i=0 '* !

corvergesweakly to the constart function % in L2([0;t];R), then
ti+n

(U t)Te «B[DU(U;Y)DuY] m(jYjn)du
z t

T «B[IDU(U;Y)DyY] m(jYjn)du:
0

Xt
lim
pro, otk

ti

NI =

(4:20)
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For a given partition =fto=0< ty < i<ty 1 <ty =tgof[0;t], and any u 2 (tj;ti+1 ],
denote

+

u =t u T o=t
We now estimate the rst term of (4.19) as follows

K1 1 z i+l YA u
du Ty sB[DU(S;Y)DyY] m(jYju) Tt uB[PUY)DuY] m(jYin)gds

i=0 ti+1 ti ti ti
X 1Z tis1
sup fiTy sBIDU(S;Y)DuY] m(jYju) Tt «B[DUU;Y)DyY] m(jYjn)jgdu
- t; u s u
£

= sup fiTe sB[DU(S;Y)DuY] m(jYjn) Tt uB[DUW;Y)DuY] m(jY ] )igdu:
Ou su (4:21)

By the cortinuity of T; sBDU(s;Y) in s 2 [0;t], we seethat

lim —sup fj Ty sB[DU(S;Y)DuY] m(Yju) Ti uB[DUUY)DuY] m(YjH)ig=0

jit 0oy s u
forany xed u2 (tj;ti+1]; 0 i n 1. On the other hand,

sup fiTe sB[DU(S;Y)DuY] m(Yjn) Te wB[DU(U;Y)DuY] m(jYin)ig

u S u

2OSUIOt iTe sBIDU(S;Y)jiiDuY] m(Yin)
S

a.s. for all u 2 [0;t]. Applying the Dominated ConvergenceTheorem, we seethat the right side of
(4.21) tends to zeroasj j tendsto 0. Thus, (4.17) follows from (4.19) and (4.20). This givesthe
a.s. limit

z
_ 17t . o
lim 11 =5 T uBDU(WY) 0 (iYin)DujYjn du
] ) 0
z
17t . .
t3 Ty BUWY) 8 (Yjn)DujYjn du: (4:22)
0
Totreat 111 , write it in the form
K1 1 Z tis1 Z i+l
e du Ti sB[DLU(s;Y)+ DU(S;Y)DuY] m(jYju)ds
ottt by u
D( 1 1 Zti+1 Zti+1
+ du Ty sBU(S;Y) 2 (Yjn)DujYjn ds: (4:23)
o livn Uy u

We will prove that

X ! 1 z tiv Z ti+1
im du T: sB[DLU(s;Y)+ DU(S:Y)DyY] m(jYjn)ds
P04 i Gy u
zZ
1 t . .
=5 T uBI(D+U)u(Y) + DU(U; Y)DuY] m(jYjn)du (4:24)
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and

du Ty sBU(S;Y) 2 (jYjy)DujYjn ds

1 o
=5 T uBUUY) R(Yin)DuiYin du: (4:25)
0

The proof of (4.25) is similar to that of (4.24). We will complete the proof of the theorem by
proving (4.24). To do this, consider

K 1 1 Zti+1 Zti+1

T du Tt sB[DyU(s;Y)+ DU(S;Y)DyY] m(jYju)ds
i=o " bt u
=J, + 35,
where
K 1 1 Z ti+1 VA tis o
Jy = T du fTe sB[DyU(s;Y)+ DU(S;Y)DyY] m(iYin)
i=0 I+ I ti u
Tt uB[(D+U)u(Y)+ DU Y)DyY] m(jYjn)ods
and

K 1 1 Z ti+1
L= o (e WTWBIOLU(Y) + DU YIDLY] m(Yiw) du
i=o 't bt

As noted before, the sequenceof functions

K1
[0;t]3 u 7!
i=0

(ti+l U)I (tistie ](u) 2R

i+1 i

corvergesweakly to the constart function % in L2([0;t];R). Therefore,

Z

Gim 3, =2 Ty uBI(D+U)u(Y) + DU Y)DLY] m(Yin)du: (4:26)
0

jjro E
Now we shaow that J; tendsto zeroasj j! 0. First note that

Zt
1911 sup fj Ty sB[DyU(s;Y)+ DU(S;Y)DyY] m(iYin)
0 u s ut
Tt uB[(D+U)u(Y)+ DU(U;Y)DyY] m(jYjn)ig du:
(4:27)
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Furthermore, there is a positive random constart C suc that

sup fjTy sB[DyU(s;Y)+ DU(s;Y)DyY] m(jYin)

u s ut

T uB[(D+U)u(Y)+ DU Y)DuY] m(jYin)ig
2 sup fj Ty sB[DyU(s;Y)+ DU(s;Y)DuY] m(jYin)ig

u st

C[ sup jD,U(s;Y)j+ jDuY]] (4:28)

u st

a.s.. Let ﬁ(u;a) = sup jDyU(s;Y)j. Replacingx by Y (!) in (2.24), there is a positive random
u s a
constart ¢ sud that

z t
fu;ia) gYj sup jiDV(s; )jj+ sup jiDyV(s I; (I; )ijdl
u st 0 %S t
a
+c osupfiiVv(s I, (I )i+ iiTs wigh(u; 1) di

0l s a

a.s. for all a2 [0;t]. By Gronwall's inequality, the above inequality implies

Z,
fi(uit)  GYj  sup jiDuV(s; )i + sup jiDyV(s I; (I; )iidl
u s t Ou st
Z t
exp Isuptfjj V(s I; (I5)ii+iiTs 1jjgdl
0 S

Using the above estimate and Theorem 2.3 (i), it is easyto seethat

Z,
(R(u;t))?du< 1 : (4:29)
0

By the de nition of (D: U), the integrand in (4.27) approacheszeroasj j! 0 for any xed u.
Applying the Dominated ConvergenceTheorem, it follows from (4.28) and (4.29) that

lim J;, =0 (4:30)
jiro
This together with (4.26) implies (4.24). The proof of equality (4.15) is now complete.

5. Alternativ e pro of of Theorem 2.3 (ii).

In this section we give an alternativ e proof of the estimate in Theorem 2.3 (ii). This proof
is basedon a chaos-type expansionin the Hilbert spaceL,(H). The argumert we presen is of
independen interest.

Proof of Theorem 2.3 (ii).

In the see(1.1), assumeHypotheses(B) and (A1) or (Az). SupposeF is Cl. In this proof,
C will denote a genericpositive constart which may changefrom line to line.
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Recall the equation

z t
DuU( x; ) = DyV(t )(X)+  DuV(t s; (s;)(F(U(s;x; ) ds
Z, 0
+ V(s (s)) + T sI(DE(U(s;x; ))(DuU(s;x; ) ds; (2:24)
0
foru2[0;al; a2 [0;t];t O.
Fix any p 1. Set
iDuU(t X)iH
h(u;t) == sup ————+—; O:
() le-ﬁ) (1 + jxjn)
From (2.24) it follows that there are positive constarts M ; C sud that
Z t
h(u;t) MKDyV(t )ki,ny+ C  kDyV(t s; (S;))KL,n)ds
Z, 0
+C KV(t s; (s; Dke,vy+ 1 h(u;s)ds; t O (5:1)
0
De ne Z,

g(u;t) ;= MKDV(t; )ki,vy + C kDV(t s; (s )k, 1)ds
0
and
L(s;t) == kV(t s; (s; Dk,n)+10 s
Iterating the inequality (5.1) n times, we obtain

Z, z Z

S1 Sk 1
h(u;t)  g(u;t) + ck L(sy;t)ds; L(s2;s1) ds L(sk;sk 1)g(u;sk)dsg + Rp+1;
k=1 0 0 0
where
Z t Z S1 Z Sn
Rp+1 = C™ L(spit)dsy  L(sp;s1)ds, L (Sn+15Sn)h(U; Sn+1) dSnsa
0 0 0
1 n+l
n+1l . .
su L(us;u sup h(u;s)! 0
(n + 1)' 0 u; El)l t ( 2 l) 0 u g t ( )
almost surelyasn! 1 . This implies that
Z, Z, Zg ,
h(u;t) o)+ CK L(syt)ds L (s2;s1)ds; L(sk;sk 1)9(u;sk)dsk  (5:2)
k=1 0 0 0
Next we estimate E[(h(u;t)?P]. First obsene that
z t YA S1 Z Sk 1 2p
E L(sy;t) dsg L (s2;s1) dsy L(sk;sk 1)9(u; Sk)dsk
0 0 0
Z 2p 1
dsy:::dsg

O<s g <iii<s <t
Z k 1

E[L(s1;t)?PL(s2;81)%®  L(sk;sk 1)?Pg(u;sk)®]dsc  dsy:
0O<s (<ii<s 1<t (5:3)
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Since L(si;si 1) is measurablewith respect to the -algebraFg . , = fW() W(s) 12
[si;si 1]g and W hasindependert incremerts, it follows that the random variables

L(si;t)?P;L(s2;s1)%;  sL(skisk 1)%;o(u;sk)?
are independert for 0 < s¢ < i1 < s1 < t. Hence,

E[L(s;)®L(s2;851)®®  L(sk;sk 1)%g(u; sc)?P]

= E[L(si;)PIE[L(s2;81)%®]  E[L(sk;sk 1)*PIE[g(u; sk)*]:

Therefore, (5.3) gives

Z t Z S1 Z Sk 1 2p
E L(s1;t)ds; L(sz;s1)ds, L(sk;Sk 1)9(u; sk)dsk

0 0 0
tk tk 1Mtk z t 5
_ . p . .
KKk 1) E[g(u; s)“F]ds; (5:4)

where
M::= sup E[L(uz;u;)?]:

0 uz u; t

Combining (5.2) with (5.4), we arrive at

) ., R tktk Ik 7 Z, =
(Elth(u;)*®Dz  (E[(g(u;t)®)z +  C* — t Elg(u;s)®lds ; t O
Kk D .
Hence,
Z
f . :2p t
E M C  E[h(u;t)?*]du
x2H (1+ jXji) 0
Zt tht
C E[g(u; t)?P]du + E[g(u;s)®*]duds ; t O
0 0 0 (5:5)

We shav now that the right side of (5.5) is nite. It is easyto seethat

Zt Zt
Vit s; (s;)) = T BV s; (s;))dw(l) + T (BT, sdW(l):

S S

ThusD V(t s; (s;)) = 0for u64s;t]; and for u 2 [s;t],

Z
DuV(t s; (s;)) = tTt BD V(I s; (s;))dw(l)

S

+ Ty yBV(U s; (s;))+ Ty BTy &
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By the It isometry we get
Z t Z tZ |
EkDuV s( (s: )" pyldu € EIkTe 1BDLV (I s; (s )k, ]dud
S S ZSt
+C E[KT; ¢yBV(u s; (s; ))kL (H)]du
S Zt

S

This implies that, for any T > 0,
Z t Z t Z |
EkD V(t s; (s;))k p(H)]du cC+C E[kD,V({ s; (s; ))kZp(H)]dudI
S S S

and all t 2 [0; T]. By Grownwall's inequality, we have

y
tE[kDuV(t s; (51 )Pl C (5:6)

S

forall t 2 [0; T]. Now,
z t z t z t z t
E[g(u;t)?®]du C E[kD V(t; )kL (H)]du+ C E[KD V(t s; (s; ))kL (H)]dsdu:
0 0 O

Soit follows from Theorem 2.3(i) and (5.6) that the right side of (5.5) is nite, which completes
the proof of (2.21).

6. Anticipating semilinear spde's.
As a corollary of Theorem 1.1, we show existenceand regularity of solutions to a semilinear

Stratonovich seewith anticipating initial conditions. The proof is essetially a reformulation of the
corresponding argumert for Theorem 1.1. It is not clear whether the solution of (6.1) is unique.

Corollary 6.1. Assumethat Conditions (B) togetherwith either (A1) or (A;). SupmseF is C}
and let Y 2 DY4( ;H) be a random variable. Consider the following anticipating semilinear see

dv(t) = Av(t)dt+ F v(t) dt+ Bv(t) dw(t);t> 0;)

viO)=Y (6:1)

Then the anticipating semilinear see (6.1) hasa pathwisecontinuous (B(R*) F;B(H))-measurable
mild solutionv: R* I H with the following properties:

(i) v(t)2D%2( ;H) forallt O.
(i) sup EjDv(t)jﬁ <1 foralla2 (0;1).
(iii) sup vt D)jp - KM+ jY()ju]foraa. ! 2 ,

t2[0;a]
wher K is a random positive constant suchthat K 2 L2°( ;R™*) for all integersp 1.
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Proof.
Assumeall the conditions of the corollary.

In (6.1), replacethe initial condition Y by a deterministic vector x 2 H. Then with this
replacemen, (6.1) is equivalert to the semilinear It see

9

b3
du(t; x) = Au(t;x)dt+ F u(t;x) dt+ % BZU(t; x) dt + Bu(t; x)dW(t); t > 0;E 6:2)

k=1 :
u(0; x) = x: ’

Set
X
Fo(u) = F(u++5  Biu
k=1

for all u2 H. By Condition (B), it is easyto seethat Fo:H ! H is Cl. Therefore the (adapted)
see(6.2) satis es all the requiremerts of Theorem 1.1. In particular, its mild solutions generatea
C! cocycleUp : R*  H I H. Moreover, the cocycle Up satis es all the estimatesin Section
2 (Theorem 2.2 (i),(ii)), Theorem 2.3 (ii)). Now setv(t;!) := Up(t; Y(!');!) forallt O;! 2 .
Using the substitution theorem it is not hard to ched that v is a mild solution of (6.1) which
satis es all the estimatesin Corollary 6.1.

Remark.

A similar result for anticipating stochastic ordinary di erential equationsin a Hilb ert space
H is givenin ([G-Nu-S], Theorem 4.4) under the restriction that the initial random variable takes
valuesin somerelatively compact setin H. Cf. also[A-]] where the substituting random variable
takesvaluesin a -compact space.
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