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Abstract. We give several examples and examine case studies of linear stochastic functional
differential equations. The examples fall into two broad classes: regular and singular, accord-
ing to whether an underlying stochastic semiflow exists or not. In the singular case, we obtain
upper and lower bounds on the maximal exponential growth rate bV (o) of the trajectories
expressed in terms of the noise variance o. Roughly speaking we show that for small o, A (o)

behaves like —”—22, while for large o, it grows like log o. In the regular case, it is shown that a
discrete Oseledec spectrum exists, and upper estimates on the top exponent A; are provided.
These estimates are sharp in the sense they reduce to known estimates in the deterministic
or non-delay cases.

1. Introduction and Some Preliminaries.

Lyapunov exponents for linear stochastic ordinary differential equations (without
memory) have been studied by many authors; cf. for example, [AKO], [AOP], [B], Pardoux
and Wihstutz] PW1], Pinsky and Wihstutz [PW2], and the references therein.

Issues of asymptotic stability of stochastic functional differential equations (sfde’s)
were treated in Kushner [K], Mizel and Trutzer [MT|, Mohammed [M1]-[M4], Mohammed
and Scheutzow [MS], Scheutzow [S], Kolmanovskii and Nosov [KN]. In ([Ma], Chapter
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5), several results are given concerning the top exponential growth rate for a class of
stochastic delay differential equations driven by C-valued semimartingales. The results
in [Ma] assume (among other things) that the second-order characteristics of the driving
semimartingales are time-dependent and decay to zero exponentially fast in time, uniformly

in the space variable.

In an earlier paper, we established the existence of stochastic flows and an Oseledec
Lyapunov spectrum for a large class of linear sfde’s in Euclidean space ([MS]). The present
article is a sequel to [MS]. Our aim is to examine closely a variety of examples of linear
sfde’s. These examples fall into two distinct classes: regular and singular, depending on
whether stochastic flows exist or not. We shall be concerned with whether our examples are
regular or singular. For singular equations we obtain estimates on the mazimal exponential
growth rate \; as defined at the end of this section. In the regular case we shall study
questions of existence of the stochastic semiflow and its Lyapunov spectrum. Furthermore,

we obtain sharp upper bounds on the top Lyapunov exponent ;.
We begin by summarizing the main results from [MS] that we will need in this
article. In order to do so, we will adopt the following assumptions and notations.

Let (2, F, (Ft)t>0, P) be a complete filtered probability space satisfying the usual

conditions. Consider the following class of linear one-dimensional sfde’s

d(t) = { /[ e s)y(t)(ds)} dt

A K(8)(s)z(t + s)ds AN(£) + =(t) dL(t) ¢>0( ()

bt

z(0)=veR, z(s)=n(s), —-r<s<0, r>0

driven by continuous one-dimensional semimartingales N and L on (2, F, (F¢)¢>0, P) with
stationary (ergodic) increments. The process v is stationary, measure-valued and satisfies
mild regularity hypotheses. The process K is stationary and C!([—r,0], R)-valued. The

reader may refer to Hypotheses (C) in [MS] (Section 2, pp. 74-77) for full details of the
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conditions needed. These hypotheses allow for a multi-dimensional version of (I), together

with jumps in the process N and (the bounded-variation part of) L.

Let My := R x L?([-r,0],R) denote the Delfour-Mitter Hilbert space with the

norm

10, m)llae, = {v2 + /O n(S)Qdé‘] 1/2, v€R, n€ L*[-r,0,R).

bl

Define the trajectory of (I) by (z(t),z¢), t > 0, where x; denotes the segment
x¢(s) = z(t +s), s € [-r,0], t > 0.

Recall the following definition of regularity introduced in [M4].
Definition:

A linear sfde is said to be regular with respect to My if its trajectory random
field {(z(t),z¢) : (2(0),z9) = (v,n) € My, t > 0} admits a (Borel R™ ® Borel My ®
F, Borel My)-measurable version X : RT x My x Q — M, with a.a. sample functions
continuous on R x M. The sfde is said to be singular otherwise.

Theorem 4.2 in ([MS]) identifies a large class of regular sfde’s. Indeed one gets a
semiflow consisting of bounded linear operators X (¢,-,w), t > 0, w € , on Ms. Further-
more, for ¢ > r, and a.a. w € (2, these operators are compact.

Under fairly general moment and ergodicity conditions on the driving processes v,
K, N, L in (I), one can establish the regularity of (I) and the existence of a discrete

non-random Lyapunov spectrum
1
tl_i)m . log || X (¢, (v(w),n(w)),w)||rs,, a.2. w € Q, (v,n) € L*(Q, My).
o0

See Theorem 5.2 of [MS] and its hypotheses. In particular the above limit takes up a
countable fixed set of values {\;}32, called Lyapunov exponents . This Lyapunov spectrum

is bounded above, and the top exponent \; is given by

1
A= lim ;10g||X(t,-,w)||L(M2)
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for almost all w € €, where || - |1 (ar,) denotes the uniform operator norm on M,. This
result is proved in [MS], using the compactness of X (¢,-,w) : My — My, t > r, together
with an infinite-dimensional version of Oseledec’s multiplicative ergodic theorem due to
Ruelle ([R]). In the white-noise case, the result was previously established by the first
author in [M3], (Theorem 4). Note that the Lyapunov spectrum of (I) does not change if
one uses the state space D([—r, 0], R) of cadlag functions, with the supremum norm || - ||oo

([MS], Remark following Theorem 5.3).

In Section 4 of this article, we derive upper bounds on A; for various special cases
of (I). These upper bounds are expressed in terms of the coeflicients of the equation. See
Theorems 4.1, 4.2, 4.3. The upper bounds are sharp in the sense that they reduce to the

corresponding well-known bounds in the deterministic and/or non-delay case.

In the singular case, however, there is no stochastic flow (Theorem 2.1) and we do

not know whether a set of Lyapunov exponents

M@, n),) = lim ~og e (t, (0, ) e, 0 m)llae, (v,m) € My

exists. The existence of Lyapunov exponents for singular equations seems to be a hard
problem, even in the linear case. Nevertheless, we can still define the mazimal exponential

growth rate

— . 1
Avi= sup limsup - log||(z(t, (v, 1), z:(, (v,n)))laz,
(v;meMy t—o0

for the trajectory random field {(z(t, (v, 7)), z:(-, (v,n))) : t > 0, (v,n) € My}. In general
A1 may depend on w € Q. Note however that A\; = A; in the regular case, as is evident
from Proposition 1.1 below. In Section 2, we look at possibly singular equations of the
form

() = o /[ ) WD), >0

(2(0),x0) € M,
where W is a Wiener process and v is a fixed finite Borel measure on [—r,0]. For the

above equation we specify a growth condition on the Fourier coefficients of the measure v
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under which the equation becomes singular (Theorem 2.1). Theorem 2.1 thus underscores
the extremely erratic dependence on the initial path of solutions of one-dimensional delay
equations driven by white noise. In contrast, it is shown in Theorem 2.2 that for small
noise variance, uniform almost sure global asymptotic stability still persists in spite of the
erratic solution field. Indeed for small o, one has A\; < —02/2 + o(0?) uniformly in the
initial path (Theorem 2.2, and Remark (iv)). For large ¢ and v = §_,., we show that
2 log |o| + o(log|o|) < Ay < 1log|o| (Theorem 2.3, Remark (ii)). This result is also in
sharp contrast with the non-delay case (r = 0), where one has A\; = —02?/2 for all values
of 0. The proofs of Theorems 2.2 and 2.3 involve very delicate constructions of new types

of Lyapunov functionals on the underlying state space.

In Section 3, we characterize the Lyapunov spectrum for delay equations driven by
Poisson noise (Theorem 3.1). This class of equations is interesting because it is regular
but does not satisfy the set-up in [MS]. The characterization of the spectrum in this case

study is effected without using the Oseledec Theorem.

We end this section by stating a proposition that we will use frequently in the

sequel.

Proposition 1.1.

Suppose that the sfde (I) satisfies the hypotheses of Theorem 5.2 in [MS], and let

A1 be its top Lyapunov exponent. Suppose there exists a real number [ such that

P(nm sup L log [(2(t, (v, ), 22, (v,1))) sy < 6) 1

t—o0 t

for all (v,n) € My, where 3 is independent of (v,n). Then \; < 8. In particular A\; = \;.

Proof.

Denote by X : Rt x My x Q — M, the stochastic semiflow of (I). Let {E;(w)}$2,

be the underlying Oseledec spaces in My, with Fy(w) = Ms, and

. 1
E2(w) = {(’0;77) € M2 : hinsup Z log ||(X(t7 (van)aw)||M2 < )\1}
—00
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for almost all w € Q ([MS], Theorem 5.2). Pick a countable dense subset H of M. Since
Es(w) is a closed proper subspace of My and H is dense, it follows that for almost every

w € Q there exist (vo(w),no(w)) € H N Ey(w)€. Therefore

1
P(tlim 7 log [[(X (¢, (v,m),-)||a, < A1 for all (v,n) € H) = 0.
—00

But by our hypothesis,

1
P(lim Zlog”(X(t, (v,m), )|, < B for all (v,n) € H) = 1.

t—o00

Therefore A\; < . This proves the proposition. [

We now proceed to look at our examples in some detail.

2. Delay Equations Driven by White Noise.

Consider the one-dimensional stochastic linear delay equation
dz(t) = ox(t —r)dW(t), t>0
(I1)
(x(0), o) = (v,7m) € M3 := R x L*([~r,0], R),
driven by a standard Wiener process W, where o € R is fixed and r is a positive delay.

It is known that (II) is singular with respect to My for all non-zero o ([M1], [M2]).

Here we will examine the regularity of the more general one-dimensional linear sfde:

dz(t) = /[_ . z(t+ s)dv(s)dW(t), t>0

(2(0), z0) € My := R x L*([-7,0],R)

(I11)

where W is a Wiener process and v is a fixed finite real-valued signed Borel measure on
[—7,0].
In this section and throughout the paper, we shall denote by (F}¥ )t>o the filtration
generated by W; viz. F}V is the o-algebra generated by {W (u) : 0 < u < t} for each t > 0.
It follows from Theorem 4.2 of [MS] that (IIT) is regular if v has a C! density with

respect to Lebesgue measure on [—r,0]. The following theorem gives conditions on the

measure v under which (III) is singular.
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Theorem 2.1.

Let r > 0, and suppose that there exists ¢ € (0,r) such that supp v C [—r, —¢].

Suppose 0 < tg < e. For each k > 1, set

vk == V1o / e?miks/to gy (s)|.
[_7'70]

Assume that
e 2
> wrt/h = oo (1)
k=1

for all z € (0,1). Let Y : [0,¢] x My x @ — R be any Borel-measurable version of the
solution field {z(t) : 0 <t <€, (x(0),z0) = (v,m) € Ma} of (III). Then for a.a. w € Q, the
map Y (to,-,w) : M — R is unbounded in every neighborhood of every point in Mj, and

(hence) non-linear.

Remark.

(i) Condition (1) of the theorem is implied by
lim vg+/logk = oo.
k—oo
(ii) For the delay equation (II), v = §_,, € = r. In this case condition (1) is satisfied
for every to € (0,r].

Proof.
This proof is joint work with Victor Mizel.

The main idea is to track the solution random field of (a complexified version of)

(II) along the classical Fourier basis
ne(s) = e2™ks/to  _p<5<0, k>1 (2)

in L?([—r,0],C). On this basis, the solution field gives an infinite family of independent

Gaussian random variables. This allows us to show that no Borel measurable version of the
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solution field can be bounded with positive probability on an arbitrarily small neighborhood
of 0 in M, and hence on any neighborhood of any point in My (cf. [M1], [M2]). In order
to simplify the computations we shall complexify the state space in (III) by allowing (v, n)
to belong to M := C x L?([~r,0], C); i.e., we consider the sfde

d(t) = / (L + 8)dv(s) AW (£), > 0,
[—r,0] (I11°)
(2(0), z0) = (v,m) € My
where z(t) € C, t > —r, and v, W are real-valued.

We prove the theorem using a contradiction argument. Let Y : [0,¢] x My x Q2 — R
be any Borel-measurable version of the solution field {z(¢) : 0 <t <, (x(0),zo) = (v,n) €
My} of (III). Suppose, if possible, that there exists a set ¢ € F of positive P-measure,
(vo,m0) € Ms and a positive 6 such that for all w € Qq, Y (¢o,-,w) is bounded on the
open ball B((vg,n0),0) in M of center (vg,no) and radius . Define the complexification
Z(-,w): M — C of Y(ty,-,w) : Ms — R by

Z(£1+i£27w) = Y(tﬂaglvw)—i_iy(tO)gZaw)a 1= \/__17

for all &1, & € My, w € Q. Let (vg,19)C denote the complexification (vg,10)¢ := (vo,n0) +
i(vg,mo). Clearly Z(-,w) is bounded on the complex ball B((vg,n0)%,d) in MS for all

w € Q. Now define the sequence {Z;}72 ; of complex random variables by

Z(w) :== Z((nk(0), k), w) — nk(0), we), k>1

Then

to
Zy = / / e (u+ s)dv(s)dW(u), k> 1.
0 [—7,—¢€]

By standard properties of the It6 integral, together with Fubini’s theorem, one has

to
EZy7; = / / / ni(u+ s)m(u+ 8') dudv(s) dv(s’) =0
[-r,—€] J[—r,—€] JO
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for k # [, because

to
/ ne(u~+ s)m(u+s') du=0
0

whenever k # [, for all s,s’ € [—r,0]. Furthermore
to - ' ’
/ ne(u + )Nk (u + §7) du = tge? =3/t
0

for all s,s’ € [—r,0]. Hence

E|Z,|* = /[ /[ ]ter”ik(s_S')/tO dv(s) dv(s')

/ e27rz'k:s/t0 dl/(S)
[_T70]

2
=t

_ 2
Now Z(-,w) : M§ — C is bounded on B((vg,10)¢,d) for all w € Qq, and ||(nx(0), nx)|| =

vr+ 1 for all £ > 1. Hence by the linearity property

)
o1

a.s., it follows that

)

ﬁz((nk(o)ank)a')a k>1,

Z(<vo,no>0 n (160, 7m0), ) — Z((wo,m0)%, ) +

P(sup | Zy| < o0) > 0. (3)
k>1

It is easy to check that {ReZy, ImZ; : k > 1} are independent N(0,v3/2)-
distributed Gaussian random variables. We now follow the computation in ([D], p. 317)

in order to reach a contradiction to (3). More specifically, for each integer N > 1, we have

(sup\Zk\ < N) < H P<|ReZk\ < N) 1-— —/ e /2 4y
k>1 k1 V2w V2N

k>1
2 > o0 2/2
< e — - .
< exp{ N Z /@ e d:c} (4)
k=1 Vi
It is easy to see that there exists Ny > 1 (independent of k£ > 1) such that
oo Vg _ 1\1_22
e /2 dg > e ‘i (5)
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for all N > Ny and all k£ > 1.

Now, combining (4) and (5) and using hypothesis (1) of the theorem immediately
yields

P(sup | 7| < N) =0
k>1

for all N > Ny. Hence

P(sup | Zk| < oo) =0.
k>1

This clearly contradicts (3).

Since Y (%o, -,w) is locally unbounded, it must be non-linear because of Douady’s

Theorem ([Sc], Part II, pp. 155-160).

The proof of the theorem is now complete. Il

Note that the pathological phenomenon in Theorem 2.1 is peculiar to the delay
case 7 > 0 . The proof of the theorem suggests that this pathology is due to the Gauss-
tan nature of the Wiener process W coupled with the infinite-dimensionality of the state
space M,. Because of this, one may expect similar difficulties in certain types of linear
stochastic partial differential equations driven by multi-dimensional white noise (Flandoli

and Schaumléffel [FS]).
Problem:

Classify all finite signed measures v on [—r, 0] for which (III) is regular.

Note that (II) automatically satisfies the conditions of Theorem 2.1, and hence its
trajectory field explodes on every small neighborhood of 0 € Ms. In view of the singular
nature of (II), one notes the following striking fact when the variance o of the noise is
small. It is shown in Theorem 2.2 below that the maximal exponential growth rate A of
(IT) is negative for small o and is bounded away from zero independently of the choice of

the initial path in Ms.
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Theorem 2.2.

Let v be a probability measure on [—1,0], and consider

dz(t) = a(/ z(t+ s) dV(S)) dw(t), t>0 (I11")
[_170]
g =1
where o € R\{0}, n € C := C([-1,0],R), W (t), t > 0, standard one-dimensional Brown-

ian motion, and z(-,n) is the solution of (II11") through n. Then there exists ooy > 0 and a

continuous, strictly negative function ¢ : (0,00) — R~ such that

. 1
P(hmsupz log ||z¢(-s )| oo < ¢(|0|)> =1
t—o0

for all n € C and all o with 0 < |o| < 0¢, where || - || denotes the sup norm on C. The

constant oy and the function ¢ can be chosen independently of v and of n € C.

Remark.

(i) The conclusion of the theorem is equivalent to the following statement

) 1
P (s 1o (1) (o)l < 60 ) = 1
)
for all (v,n) € M3 and all o with 0 < |o| < gp. See the remark following Theorem
5.3 in [MS].

(ii) If (I11I') is regular, then Proposition 1.1 and Theorem 2.2 imply that the top Lya-

punov exponent A\; < ¢(|o|) for 0 < |o| < g¢ and oy sufficiently small.

Proof of Theorem 2.2.

Without loss of generality, we may and will assume throughout this proof that

o> 0.
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For n € C define R(n) := —n, the diameter of the range of n, where 77 := sup 7(s)
- —1<s<0

and 7 := s). Fix a € (0,1) and let 8 > 0 be a parameter to be specified later. All
n

inf
—1£s§077
future “constants” may depend on «. Define the continuous functional V : C — R™ by

V(n) == (R(n) vV [n(0))* + BR(n)*, neC.

We will show that V' is a Lyapunov functional for (III’) in the sense that
EV(z1(-,m)) < 6(a)V(n) (6)

for some continuous function ¢ : (0,09) — [0,1) and all € C.

Let us first show that if (6) holds for 0 < o < 0y, then the assertion of the theorem
follows. Suppress n € C' and write = := z(-,n). By the Markov property of (z)n>0, (6)

implies that §(o) "V (z,,),n > 0, is a nonnegative (FV

o Jn>o0-supermartingale. Therefore

there exists a random variable Z taking values in [0, 00) such that
(o) "V (z,) > Z

as n — 0o, almost surely. Hence limsup: log V(z,,) < logd(c) a.s.. Furthermore,
n—0o0

lim sup 1 log |z(t)| < limsup log(|z(n)| + R(zn))
t—00 n—00

= Llimsup log V(zyn) < Llogé(o) =: ¢(c) < 0.
n—00

This implies the assertion of the theorem.
We now proceed to prove (6). Fix n € C' and define

Il = | [ 1{n(o>u<<—s,01> ~ f n(s+u)du(u>}2ds} "

[_17_3]
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Let Y (t) := z(t) — n(0), 0 <t < 1. It follows from ([M1], Theorem 4.3, p. 151-152) that

sup E(Y(t)?") < oo for all positive integers n. By standard properties of the Ito integral,
0<t<1

we get

var(Y (1)) = E(Y(1)?) = 0—2E/01 (/[_170] z(t + s) du(s))2 dt
=o? /01 E</[—1,—t] n(t+s)dv(s)+ n(0)v((—t,0]) + /(—t,o] Y(t+s) dl/(S)>2 dt
> o?|nllg (7)

because Ef(_t o Y (t+ s)dv(s) =0.

Next we want to show that E(Y (1)*) < Do?||n||s where D > 0 is a constant (not

depending on 7, v and o € (0, 1]). A simple application of It&’s formula gives

EYA(t) = 602 /0 B [YZ(S) < /[—1,01 (s + u)dy(u))2] ds

< 1202 /Ot EY?(s) (/[_17_51 n(s +u) dv(u) + n(0)v((—s, 0])) 2 ds

+120” /0 tE[Y2(s) ( /( » Y(s+u)du(u))2] ds (8)

for 0 <t <1.

Define the continuous functions g, h : [0,1] — RT by

g(s) = (/[_1,_51 n(s + w)dv(u) + 77(0)1/((—5,0]))2, 0<s<1

h(t) := sup EY*(s), 0<t<1.
0<s<t

Then, using Hélder’s inequality, (8) implies

h(t) < 1202 /Ot h(s)ds + 120 /Ot(h(s))1/2g(s) ds

t
< 1202 / h(s)ds + 1202 (h(t)) 2|72
0
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for all t € [0,1]. Dividing through by (h(t))'/? (when non-zero) and using the fact that

h(t) is non-decreasing in ¢, we obtain the inequality
t
()" < 120% [ (5" ds + 120%
for all ¢ € [0, 1]. Hence applying Gronwall’s lemma to the above inequality, we get

sup EY*(s) = h(1) < Do||n]|4 (9)
0<s<1

for all o € (0, 1], where D is a positive constant independent of the choice of n € C,v and
o€ (0,1].
If ||n]|o = O then z(t) = 0 a.s. for all ¢ > 0, and the assertion of the theorem follows

trivially. Hence we will assume that ||n||o > 0. Without loss of generality, we also assume

that 1(0) > 0. Define ¢ := |7|77§ﬁ()) > 0.

We will devote the rest of this proof to establishing the inequality

R(Y1)
E( o

Y (1)
7o

\/‘q-l-

)+ p(H00) <o) (1 am vy 1 ar) (a0

for all ¢ > 0, and suitably chosen 3, o, (o). It is not hard to see that

R = Il ~ 10|

Using this, (10) clearly implies (6).
First, observe that P(R(Y1) > u) < P(Yy1 > %)+ P(Y, < —%) for all u > 0. Then,

by Chebychev’s and Doob’s inequalities, we have

. 46 -
for all u > 0, where D = 3 Similarly, P(Y; < —%) < Du*E(Y(1))*, u > 0. Hence

P(R(Y1) > u) < 2DDo*||n||gu"* (11)
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for all uw > 0.

Next, observe that

Y1)\ “ > Y]
E(M) :/ P(R( ) t1/0‘> dt
Il 0 Inllo
S/ (% )dt Dyo,
0 t4/
~ le% -1
where D; := (2DD)*/4 <1 - Z) :
Furthermore, since R(Y7) > |Y (1), then
Y Y(1)[\*
E(R( 1)V‘qu ()) <L+
[Inllo Inllo

where

e ] )

R(Y1)1”

Ilg/ [3 ] dP < 3“Dy0“.
(205 4y [ Tll

From (11) we also get

(

Tnllo

Iy = / (q—i—

R(Y7) <4

)

Y1)
[Illo

) ar

15

(12)

I :/OOP<R(Y1) > (a/2) v (tl/“—q)> dt < 2DD"4/OOO[(Q/2)V(t1/"—Q)]_4 dt

[Illo

=2DDo* ( ) < ) + /;(u—q)—‘*aua—l du]

< 2DDo* [ a—dgi-aga | / a(u —q)~+re ! du]
ot

3q
2

where D := 25—2DD [3“ + @ } )
4 —
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Next, we derive two estimates for I5. The first one is the obvious inequality

3 a
I, < (g) .

The second estimate will be required in order to handle large values of ¢q. To derive this

estimate, we first observe that there exists ¢ > 0 (depending on «) such that
(14+y)*<1+ay-—cy?

for all y € [—1/2,1/2].

Y (1)

Assume that ¢ > 0. Setting Z := almlo

and using (9), we have

/ (14+ Z)*dP < / (1+aZ —eZ?*) dP,

(1z1<1/2) (1z1<1/2)
/ (1+aZ)dP=1- / (1+aZ)dP <1+ / zZ*dpP
(1z1<1/2) (1z1>1/2) (121>1/2)

<1+ EZ*<1+ Da4q_4;
and, by (7),

/ Z?2dP =EZ? - / Z2dP > 02¢ 2 —AEZ* > 6%¢2 — 4Do*q¢™*
(1z1<1/2) (1z1>1/2)
for all ¢ > 0. Therefore
o o2 o\ T

I, < ¢* 1+D——E<——4D—> ]

2= [ ¢t q° q*
Next choose Dy > 3*7'¢, B = (o) := Dyo? and 6(0) := (1 — ico?). Using (11), (12) and
the above estimates for I and I, (10) will follow once we have proved that there exists
oo € (0,1) such that

. 30\ ¢ 4 2 a\ +
(3%D10®) A (Dg®40*)+ g) A <qa [1 +pZ - 5(0—2 - 4DJ—4) D + Dy Dyo?+e
q q q
<o) (1 =" v + 601 - %) (13)
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forall g > 0 and 0 < 0 < 0gy.

We prove (13) by pure (elementary) analysis using a case-by-case argument for
different ranges of values of ¢q. In each case below, ¢ is sufficiently small and independent

of the choice of g in the respective range.

Case (i): 0 < ¢ < 1/3. The left hand side of (13) is dominated by
« « 3q “ 24« 1 = 2 «@ «@
3*Dyo” + 5} + D1Dyo*™* < l—gca (1-¢)*=0d()1—9q)
for all o € (0,0¢) where op > 0 is sufficiently small.

Case (ii): 1/3 < g < 3/2. The left side of (13) is dominated by
A 0'2
Dqg® ot 4 ¢° <1 — 6—2) +¢*~*Do*(1 4 4¢€) + D1 Dy0o™ < §(0)¢”
q

for all o € (0,00), and oy > 0 sufficiently small.

Case (iii): 3/2 < ¢ < co. Observe that

§(o) (1 + %) = (1 — %002) (1 + D;f) =1 +a2<% — g) — ;a—112104. (14)

Therefore, there is a positive constant D3 = D3(a) and a sufficiently small og > 0, (both

independent of ¢), such that the left hand side of (13) is dominated by

4
an—40_4+qa (1+D0—4> +D1D20.2+a < D30.4+qa +D1D20_2+a
q

<0°60) (1+ 52 < s e + plo)a— 1

for all o € (0,00) and sufficiently small oo > 0. Note that the second inequality follows

from (14)and the fact that Dy > 3*712. The last inequality holds because ¢ > 3.

This completes the proof of the theorem. 1
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Remarks:

(i)

(i)

(iii)

For any positive delay » > 0, we can rescale the equation

dz(t) = 0(/[_T’O] z(t+s) du(s)) daw(t), t>0 (111"

ZTo =1

by a linear time scale t — t/r. This reduces the question of stability of (I11") to

the case r = 1. Therefore (I11") also satisfies the conclusion of Theorem 2.2.

Now consider the delay case v = §_,., where r > 0 is fixed. Then (II) also satisfies
Theorem 2.2. The choice of oy depends on r. The above scaling argument has
the effect of replacing r by 1 and ¢ by /7. In fact, if A;(r,o) is the maximal
exponential growth rate of (II), then it is easy to see that Ai(r, o) = %Xl(l, a\/r).
Hence o decreases (like \/LF) as r increases . In particular, (for a fixed o), a small

delay r tends to stabilize equation (ITI") or (II), while on the other hand (and in

view of Theorem 2.3 below) a large delay in (II) has a destabilizing effect.

We conjecture that, even in the singular case, the following almost sure limsup

im sup %mg I@(t, (0,m)), 22 (-, (0,7))) ]t

is actually a limit whose value is non-random and independent of all n € C' with
Inllo > 0.

Using a Lyapunov function(al) argument, we will show in Theorem 2.3 below that
for sufficiently large o, the singular delay equation (II) is unstable. This result is

in sharp contrast with the corresponding result in the non-delay case r = 0, where
lim — log |z(t)] = —02/2 < 0
iz, 7 logle(®)] =~

for all 0 € R, even when o is large.
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(iv) The growth rate function ¢ in Theorem 2.2 satisfies
$(0) = —0?/2+ o(0?) (15)

as ¢ — 0T. This agrees with the non-delay case » = 0. In order to see (15), one

may modify the proof of Theorem 2.2 by making the following choices

V(n) = [(MR(n))V n(0)]*+ BR(mn)*, neC,
c:=(a/2)(1 —a)—c¢,

§(o) :=1—2o?(1 —e¢),
for sufficiently small €, & > 0 and sufficiently large M.

Theorem 2.3.
Consider the equation
dz(t) = ox(t —r)dW(t), t>0
(I1)
(x(0),z0) = (v,n) € My := R x L*([-r,0], R),

driven by a standard Wiener process W with a positive delay r and o € R . Then there

exists a continuous function 1 : (0,00) — R which is increasing to infinity such that

P (tmnt  tog (e, (0, 1), 2 (0,0 s, = (o)) =1 (16)

for all (v,m) € M2\{0} and all o # 0. The function 1 is independent of the choice of

(v,n) € Mx\{0}.

Remark:

It is easy to see that || - ||as, can be replaced by the sup-norm on C.
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Proof of Theorem 2.3.

We break the proof up into two main steps. In Step 1, we prove a discrete version
of (16). In Step 2, we use an interpolation argument to obtain the continuous-time limit
(16).

Step 1:

We shall first prove that

P (tmint *tog o(n (1), . (01)las, 2 () ) =1, &

for all (v,n) € M2\{0} and all o # 0.

In view of Remark (i), following the proof of Theorem 2.2, we will assume that

r = 1, without loss of generality. We will also assume that o > 0.

Define the continuous functional V' : M>\{0} — [0, 00) by

Vi = (o 4o | 1) ds)_l/ '

-1

We will show that for (v,n) # 0

EV((z(L, (v,m), 21( (v,m))) < Ko™ V4V ((v, 7)) (18)

for all o > 0, where K is a positive constant suitably chosen independently of (v,n) €
M>\{0}. We show first that (18) implies the assertion of the theorem. Set X (t) :=

(x(t, (v,m)), z(, (v,m)), t > 0. Then (18) and the Markov property imply that

K~"¢™4V (X (n)), n > 0 is a nonnegative (FV

. Jn>o0-supermartingale, which therefore con-

verges almost surely to a non-negative random variable. Therefore limsup log V(X (n)) <
g n

n—00

log K — % log o. Hence

1 1
lim inf — log || X (n)|| s, > < logo — 21log K
n—oo N 2

almost surely. This in turn implies (17) with ¢ (o) := 1 logo — 2log K, o > 0.
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Let us now show that (18) holds for (v,7n) # 0. Define [|n||s := (fill n?(s)ds)' /2. If

Inl|]2 = 0, then (18) holds with K = 1. Without loss of generality, we shall assume that

v > 0 and ||n||2 > 0. Define y := 5T+ Then (18) is equivalent to

E<a/01 (u+ ”771”2 /Otn(u —1) dW(u))zdt + (p+ B)2>_1/4 <K(1+op?)™ Yt (19)

for all u > 0, where B = m fol n(u — 1) dW (u). Note that B is an N (0,1)-Gaussian

random variable.

Case (i) op? < 1. The left-hand side of (19) is dominated by

~1/2 1 o 19 g2 1A T _
E|u+ B / :\/—2_7r/_ i+ x| V2% 2 dr < 274K < K(1 + op?)~ V4

~ /4 ) 2
where K := 2 sup ly + 2|72 /2 dg < .
myERﬂL f_oo

Case (ii) op? > 1. Tt suffices to show that there exists K’ < oo such that

E[a/ol <u+ m /Otn(u _1) dW(u)>2 dt} T K ) (20)

supE[/Ol (1+ m/;n(u— 1)dW(u))2dt]_1/4 < 0,

where the supremum is taken over all n € L2([-1,0],R)\{0}, and u > 0. Set

1.e.

1

Y(t) =1+ ———
2

/t n(u—1)dW(u), t>0.

Then Y (¢) is Gaussian with mean 1. It is easy to see that there exists a positive constant

B independent of ¢ (and the variance of Y (¢)) such that
P(Y(t)] < u) < Bu

for all 0 < u < 1/2. Hence P(Y2(t) < u) < By/u for 0 < u < 1/4. Now

E</01Y2(t) dt>_1/4 = /OOOP(/OlW(t) dt < u—4) du
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and

P(/O Y3(t)dt < z) < P(I(s:Y?(s) < 22) >1/2)
<2(l® P){(s,w) : Y?(s,w) < 22}

=2 /1 P(Y?(s) < 22)ds < 2V2By/z

for all 0 < z < 1/8. The symbol [ denotes Lebesgue measure on [0, 1].

Therefore

1 —1/4 0o 00
E(/ Y2(t)dt> < gl/4 +/ 2V26Vu—* du = 81/4 —I—/ 2V2Bu" 2 du =: K' < .
0 8 8

1/4 1/4
This proves (17).
Step 2:

We now show (16). In view of (17), it suffices to show that a.s.

limsup Y, <0, (21)
n—>00
where
X(t
Y, := —log inf IX@llaz,

n<t<n+1 [| X (n)||ag,

For (v,n) € M2\ {0} define

X(t
Z(v,m):=— inf lo M
ost<i 7 [[(v, m)lm,
Fix g > 1. We will show that
sup  E(Z(v,n)") < o0. (22)

(v,m)eM2\{0}

Then by (22) and the Markov property, we get

>0 > E(YP) — _
P(Y, > an) < no < sup E(Z(v,n)? an) P < 0o
HEZI: (Yn ) n§=1: @) = (ymyertn (o) (Z(v,n) );:1:( )



LYAPUNOV EXPONENTS OF LINEAR SFDE’S 23

for every a > 0. Therefore if we prove (22), then (21) will follow from the above relation

and the Borel-Cantelli Lemma.

We now proceed to prove (22). Consider

t
v+o (s —1)dW (s)]® + s)ds
E(Z(Uﬂ?)ﬂ)SE —log inf fo ) (s)] ft 177 .
0<tL1 U2+f 177 ds

When n = 0, the right-hand-side of the above inequality is equal to 0. So we will assume

that 1 # 0. Defining p as before, the right-hand-side of the above inequality is equal to

1 0 o
B~ log inf + s Jo 7€ dW( W+ oz Jyoa 17 (5) ds\ P

(23)

For different o7 and o5 the ratio of the corresponding terms in the above expression is
bounded above and below uniformly in u,7n. Therefore for the rest of this proof we will

assume without loss of generality that o = 1. We will also assume that g > 0.

By a time-change argument, (23) equals

B 2 1— B
E( log inf [(H+ (2)) i t})
0<t<1 e +1
where B(t),0 < ¢t < 1, is an (.7:,5W)0<t<1—standard Brownian motion. Now M(t) :=

(u+B(t))2+1—t, t € [0,1], is a continuous nonnegative martingale. Let M, := . 11;21 M(t).

Using a stopping-time argument and the martingale property, it follows that
P(M, <z)<2P(M(1) < 2z)

for all z > 0. Therefore

o0 M g
EZ(u,n)ﬁg/O P [—1og<u2;1>] 2x>daz

= [ P(M, < (u®+1)exp(—z'/?)) da,
0

< 2/000 [@(—u +[2(p + 1)) ? exp(—2'/# /2)) -

B 2002+ D] exp(-%2) | da, (24)
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2
where ®(x = dy. Now fix 2o > 0 such that 4exp _gl/P < 1. Then the
0

1 T
= \/T_ﬂ— f—OO e
integrand in (24) is dominated by K exp(—z!/#/2) for some K > 0, uniformly for all > 0
and all x > zg. Therefore (24) implies that

sup  E(Z(v,n)?) < .

(v,m)eM2\{0}

This completes the proof of the theorem. Il

Remarks:

(i) Observe that the functional V' in the above proof does not satisfy an inequality of
the type
1

Jm S [EV((2(t), 20)) = V((v,m)] < —KV(v,7)

for some K > 0 and all (v,n) € M3\{0}. To see this, simply pick v =0, n =0 on
[—1,-2/3] U[~1/3,0] and 7 # 0 on (—2/3, —1/3).

(ii) For the singular equation (IT), one can show that
A < gnrft{_(s + (6 + 10® exp(267)) 1} (25)
€

where \; is its maximal exponential growth rate.
To see (25), we modify a technique due to Kushner ([K]). Consider the equation
dz(t) = px(t)dt + ox(t —r)dW(t) t>0

(Ir)
(z(0),z0) = (v,n) € My := R x L*([-r,0],R),

Define the functional V* : My — R* by

V*((v,n)) :==v% + 02/ n(s)*ds, (v,n) € Ms.

bt

Set z(t) = z(t, (v,n),-), t > —r. A simple application of It&’s formula gives

EV*((2(t), 2)) = V*((0,m)) + / EQ(e(w)du  t>0
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where Q(z) := (2p + 0?)22, z € R. The above relation, together with the Markov
property, implies that the process {e~#+o )tV *((z(t),z,)) : t > 0} is a non-
negative (7} );>o-supermartingale. Therefore the maximal exponential growth rate
for (I1') is less than or equal to [u+ (02/2)]*. Using an exponential shift (cf. Sec-
tion 4) and setting 4 = 0 immediately gives (25). Now put § = —I log|o| in (25).

This gives A; < 2 log|o| for large |o|. On the other hand, one can show that a.s.

lim inf 1 log || (z° (t), z7)||

lim inf 4= > 1/(2r).
|o|—00 10g|0’| - /( )

where 27 is the solution of (II) for a given ¢ € R. This follows from the proof of
Theorem 2.3. The above discussion shows that 5 log || +o(log|o|) < A; < 1 log|o]|
for large |o|. It is interesting to observe that the estimate (25) does not yield
stability of (IT) for small o that was demonstrated by the conclusion of Theorem

2.2.

3. Delay Equations with Poisson Noise.
This class of equations was studied in [S].

Consider the one-dimensional linear delay equation

dz(t) = z((t — 1)) dN(t), t>0
(V)
2o =n¢€ D= D([~1,0],R).

The process N(t) € R is a Poisson process with i.i.d. inter-arrival times {T;}$2, which are
exponentially distributed with the same parameter . The jumps {Y;}32; of N are i.i.d.

and independent of all the T;’s. Let

J(t) = sup{j zO:Ej:Ti St}.

=1

Then
i(t)

N(t) =) Y.



26 S.-E.A. MOHAMMED AND M.K.R. SCHEUTZOW

Equation (IV) can be solved a.s. in forward steps of lengths 1, using the relation
5 (t) i

z"(t) = n(0) + ;Y:::((; T; — 1)-) a.s.

It is easy to see that the trajectory {z; : t > 0} of (IV) is a Markov process in the
state space D (with the supremum norm |- ||). It is interesting to observe that equation
(IV) does not satisfy the general set-up in [MS]. In spite of this, the above relation implies
that (IV) is regular in D; i.e., it admits a measurable flow X : Rt x D x Q — D with
X(t,-,w) continuous linear for all ¢ > 0 and a.a. w € Q. It is interesting to compare this
with the singular equation (II) of Section 2. Furthermore, we will show that (IV) has
an a.s. Lyapunov spectrum which can be characterized directly without appealing to the
Oseledec Theorem. This can be done by interpolating between the sequence of random

times:

To(w) :== 0,

k
m(w) := inf{n >1: ZTj ¢[n—1,n] forallk> 1},
j=1
k
Tit1(w) == inf{n > Ti(w) ZTj ¢ [n—1,n] for all k > 1}, i>1.
j=1

It is easy to see that {71,79 — 71,73 — 7o, -- - } are i.i.d. Furthermore Em = eM.

Theorem 3.1.

Let & € D stand for the constant path £(s) = 1 for all s € [—1,0]. Suppose

Elog||X(m1(+),&, )||leo exists (possibly = +ooor — oc). Then the a.s. Lyapunov spectrum
.1
A(n) == tli)m A log || X (t,17,w)|lees, ME D, weQ
of (IV) is {—o0, A1} where

A= e " Elog||X(71(-), &, ) lco-
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In fact,
m gl ={ 2O
Proof.
For simplicity of notation, we shall denote the sup norm || -||o by || - ||, throughout
this proof.
If P(X(7,&,-) =0) > 0, then it is easy to see that tli)Igo % log (X (t,m,-))|| = —o0,

for all n € D, a.s. So we will assume that

Define the i.i.d. sequence of random variables {S;}$2, by

X mel
S & T B

with 7y := 0.

The law of large numbers implies that

lim - log [|(X (7, &,w))]| = e~*(Elog 1)

n—0o0 7'

for a.a. w € Q.

For t > 0 and w € Q, let n = n(w, t) satisfy 7, <t < 7,,41. Then

, ol 2 L 10 NG EWDI
7 108 ll(X (5 & W)l = 3 1og (X (7, & )l + 5 log yre =5 -

1
Since TTH — 1 as t — oo, the term ;log”(X(Tn,&,w))H converges to e #(FlogS;) for

a.a. w € Q by what we showed above.

Let us now assume that E|log S| < oo. We will show that, for a.a. w € Q,

IX &0 |,
1(X G &)
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Let

M(w) := _sup (X (s,6,0)(O),  m:= nf [X(s8w)(0), we.
SS83T1 8%

Then there is a positive number g such that
PS1>a|lM>a)>q¢>0

for all @« > 0. This holds because after a jump to a value greater than « in absolute
value, the probability of staying in that state for another two units of time is positive
(independently of a). Using this and the fact that E'logS; < oo, implies that Flog M <
oo. Similarly it follows that E'logm > —oo. Now by the first Borel Cantelli lemma, we

get
: (X (2 & w))l
lim — sup lo =
n500 1 g idpny | X (o € @)

for a.a. w € 2. Hence (1) follows.

0

The cases ElogS; = oo or (—o0), respectively, can be treated similarly.

The remaining assertions of the theorem can now easily be proved. [

Remarks:
(i) Let p: D — [0,00) be a measurable functional, satisfying
(a) p(An) = |A|p(n) for all n € D (homogeneity).

(b) There exist y1,y2 > 0 such that

inf < <
m_jof In(s)| <p(n) < T2 SUp n(s)|

for all n € D.

For example, p can be any LP-norm (1 < p < oo), but also, e.g., the functional

p(n) == 1i£1f<0 In(s)|. Using the same arguments as in the proof of the theorem, it
_1<s<

can be shown that that the Lyapunov spectrum

L1
tli)Igo ; 10gp(X(t7 777 (.U))
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with respect to the functional p satisfies the conclusion of Theorem 3.1. In par-
ticular, the above spectrum is non-random and is independent of the choice of the

functional p satisfying (a) and (b) above.

(ii) The same methods work (with a few obvious changes) for

d(t) = ( /[ ) du(s)) AN (1)

for any finite signed measure p whose support is bounded away from zero.

(iii) By the same methods we can also treat the equation
dz(t) = ax(t—)dt + z((t — 1)—)dN(t)
for a fixed o € R. Just define z(t) := e~ **z(t) and apply 1td’s formula to get
dz(t) = z((t —1)—) e *dN(t).

The above equation can be analysed using the method of proof of Theorem 3.1.
Let p: D — R be as in Remark (i) above. Suppose n € D and define 7 € D by
n(s) = e **n(s), s € [-1,0]. Let Z(t,n,w) := 2z;(-,n,w). Then

1 1
lim —logp(X(t,n,w)) =a+ lim = logp(Z(t,7,w)).
t—oo t t—oo

Hence the Lyapunov spectrum of X is that of Z shifted by a.

4. A Class of Regular Equations.

In this section we shall outline a general scheme to obtain estimates on the top
Lyapunov exponent for a class of one-dimensional regular linear stochastic functional dif-
ferential equations. After outlining our scheme, we will apply it to several specific examples

within the above class.

Our scheme can be applied to multidimensional linear equations with multiple de-

lays.
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The reader may note that the approach in [K] yields strictly weaker estimates than

ours in all cases.

Let (2, F, (Ft)t>0, P) be a complete filtered probability space satisfying the usual
conditions. Consider the following class of one-dimensional linear sfde’s

do(t) = {mra(t) + ma(t - 1) + / D ot + $)on(s) s} dt
o (V)
+ {maz(t) +/ 5t + 5)oa(s) ds | dM (1),

where r > 0,01, 09 € C'([-7,0],R), and M is a continuous (F;)s>o-local martingale with
(stationary) ergodic increments. By the ergodic theorem, we have the a.s. deterministic
limit 3 := tli)I?o @ Assume that 8 < oo and (M)(1) € L*(Q, R) .

It is easy to see that equation (V) is regular with respect to My because of Theorem
4.2 of [MS]. Hence (V) has a sample-continuous stochastic semiflow X : R x My xQ — M.
Furthermore, equation (V) satisfies all the hypotheses of Theorem 5.2 of [MS]. Therefore
the stochastic semiflow X has a fixed (non-random) Lyapunov spectrum. Let A1 be its top
exponent. We wish to develop an upper bound for A;. In view of the proof of Theorem 5.2

in ([MS]), there is a shift-invariant set Q* € F of full P-measure and a measurable random

field A : My x Q@ —» R U {—o0},
.1 N
)\((Uﬂ?)aw) = tli)I&;lOg”X(t, (Uan)aw)“MQa (Uﬂ?) € M27 w € Q ’ (1)
giving the Lyapunov spectrum of (V).
We introduce the following family of equivalent norms
0 1/2
o= {ar?+ [ ne2ash . et a0 )

on M. Clearly

.1 «
M(v.m),) = Jim £ 10g |X (2, (0.1, @)lar~ (0,1) € Mo, w € 3
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for each a > 0; i.e. the Lyapunov spectrum of (V) with respect to || - || is independent of
a > 0.
Let x be the solution of (V) starting at (v,n) € Ma,, and define the family of
processes pq, « > 0, by
t

a2 = X D2 = az(t)? +/t s idu, >0, a>0. ()

—Tr

For each fixed (v,n) € Mj, define the set Qy € F by Qp := {w € Q : po(t,w) #
0 for all t > 0}. If P(€2p) = 0, then by uniqueness there is a random time 7y such that a.s.
X(t, (v,m),-) =0 for all ¢ > 7¢. This implies that \; = —oo. Hence we may suppose that

P(€p) > 0. Using Itd’s formula and a simple stopping-time argument gives
g

log pa(t) = log pa(0) + / Qu(a(u), b(u), Ty(u)) du + / O la(u), Tn(u)) d(M)(w)

4 /0 Ro(a(w), Io(u) dM(w), ¢ >0, (5)

a.s. on {2, where

2 3
z
Qu (21, 22, 23) = 1122 + Vo 212 + Vo 2123 + %El — %zg

Quler, ) = aly = D) (22 +zg)2 S

0

1/2
Ro(21,28) == va2; +Vaznzy, |oills:= {/ ai(s)st} vi=1,2,

—r )

and

fort=1,2,¢t> 0, a.s. on (2.

In view of the estimate

1 0 1/2
(1) < (/ x(t+s)2ds> loill2 = /1 — a2(8) |loill2s i=1,2, as. onQy

Pa (t) —r
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the variables z1, 29, 23, 25 appearing in (6) must satisfy

] <1, 2 €R, ag|? < (1= z7)llonll3, [25]* < (1= 27)loalf5.

Let 7 := inf{t > 0 : po(t) = 0}. Then the local martingale

/0 " Ru(a(u), L(w) dM(u), t > 0,

is a time-changed (possibly stopped) Brownian motion. In view of this and the fact that
a.s. Ro(a(u),Iz(u)) < [v2| + v/alloa||2 for all u € [0, 71), it follows that
t/\Tl

lim = Rola(w), Ir(w)) dM(u) = 0 a.s. ®)

t—oot 0

Now divide (5) by ¢, let £ — oo, and use the above relation to obtain

A(wm),) < limsupg / Qula(u), b(u), I (1)) du
+limsup ; / Qala(u), To() d(M) (w). )

a.s. on {2, for all a > 0.

Next we proceed as follows:

Scheme 1:

d{(M)(t)
dt

over all 21| < 1, 22 € R, |z3] < /1 —2}|lo1|l2, |25 < /1 —22||o2]|2, and €1 < 7 < €2

for fired oo > 0. Hence for a.a. w € €, (9) gives an upper bound Q% (v1,va, p1,01,02)

If €1

IN

< €9 a.s. for all ¢, then maximize Q,(z1, 22, 23) + 'yQa(zhzé)

for A((v,n),w). It is easy to see (from the cocycle property) that A((v,n),w) = —oco for
all w € Qf N Q*. Therefore one has A((v,n),w) < Q% (v1,va, u1,01,02) for a.a. w € Q.
Since the upper bound Q% (v1, ve, p1,01,02) is independent of (v,n) € M2 and w € , it
follows from Proposition 1.1 that Q% (v, v, 1,01,02) is also an upper bound for the top
exponent A1 of (V) for each o > 0. Hence \; < éI;f(.) Q:(v1,vq, p1,01,02). This upper

bound can be refined further by applying an exponential shift of the Lyapunov spectrum
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by an arbitrary amount ¢, and then minimizing the resulting upper bound over § € R (cf.
proofs of Theorems (4.1)-(4.3)) . The special case ¢; = €3 = 1 corresponds to M being a

standard Brownian motion.
Scheme 2:

Compute the maximal values of @), and Qa for fixed @ > 0 separately over |z1| < 1,
zo € R, z3, 24 as above. Let the maximal values of Qq, Qa thus obtained be denoted by

(o and ¢, respectively. Then, as in Scheme 1 above, we have
)\1 S inf {Qa + qa/g}-
a>0

Again use the exponential shift by 6 and then minimize over 0 € R, in order to further

refine the above estimate (c.f. proof of Theorem 4.3).

The above two schemes will now be used to develop upper bounds on A; in the

following special cases.

Counsider the one-dimensional linear sfde
0

do(t) = {ma(t) + pa(t —r)} dt + { /

z(t + s)oa(s) ds} aw(t), t>0 (VI)
with real constants vy, p; and o € C*([—7,0],R). Tt is a special case of (V). Hence (VI)
is regular with respect to Ms. Observe that the process f?r x(t + s)o2(s) ds has C! paths
in £, and so the stochastic differential dW with respect to the one-dimensional Brownian

motion W in (VI) may be interpreted in the Ité or Stratonovich sense without changing

the solution x.

Theorem 4.1.

Suppose A1 is the top a.s. Lyapunov exponent of (VI). Define the function

1 1
0(6,) == -6+ (l/l +0+ Ea/ﬁe%r + %) \Y <%||02||5626+’">
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for all« € R™,6 € R, where 1 := max{4, 0}.

Then
A < inf{0(5,0): 6 € R, a € R} (10)

Proof.

We follow Scheme 1. Putting vo = 01 =0 in (V), it is easy to see from (6) that

. 1 1 1 *
Qa(21,22,0) + Qal21,23) < (Vl + %>Z% +Va pizze - §Z§ +Of(§ - Z%) (1= 27) o2l
(11)
for all 21 € [-1,1],20 € R, |25]? < (1 — 22)]|o2||3.
For fixed z; € [—1,1], the right-hand-side of (11) attains its absolute maximum

when zo = y/auz;. Hence

- 1 1 1 i
sup  [Qal(z1,22,0) + Qalz1,23)] < 27 (1 + sopl + o | +al 5 =27 | (1=2zi)llozl3,
(z2,25)€A 2 2 2
123
(12)
where A := {(22,2%) : 22 € R, |25|? < (1—22)||02]|3}. We further maximize the right-hand-
side of (12) over 2% € [0,1]. This gives

. 1 1 [0}
sup  [Qulz1, 7,0) + Ouler, 24)] < <u1 L —) v <—||o2||§>, (13)
(z1,22,24)€EB 2 20 2

where the supremum is taken over the set
B = {(21,22,23) : |21] < 1,22 € R, |25 < (1 = 27)]|o23}-

The inequality (13) implies that

1 1 o
n < (i gont+ o0 ) v (Slloal) (11
for every a, vy, 1, 09. Finally we apply an exponential shift to (VI) by an arbitrary amount
§ € R. Shift the Lyapunov spectrum Y. = {\;}$2, of (VI) by setting y(t) = e%x(t),

t > —r, for a fixed § € R. Then y solves the linear sfde

dy(t) = {(v1 + 0)y(t) + pre® y(t — )} dt + / y(t + 8)d2(s) ds dW (t) (VI

—-Tr



LYAPUNOV EXPONENTS OF LINEAR SFDE’S 35

where 65 € C1([-r,0],R) is given by
Ga(s) :=e %% - o9(s), se€[-r0].

Let Y° := {A\!}22, denote the Lyapunov spectrum of (VI*). Then it is easy to see
that AY = X\; + 6 for all 4 > 1. Furthermore, applying (14) to (VI*), and noting that
2 26t

|62]12 < ||o2]| , we immediately get (10). This completes the proof of the theorem. [

The following corollary shows that the estimate in Theorem 4.1 reduces to a well-

known estimate in the deterministic case o9 = 0 ([H], pp.17-18).

Corollary 4.1.

In (VI), suppose p1 # 0 and let 69 be the unique real solution of the transcendental

equation
v+ 0+ e’ = 0. (15)
Then
1lo=2ll3 s
)\1 S —(S() “+ = €| 0|T. (16)
2 |p

If 41 = 0 and v, > 0, then Ay < %(1/1 + /v + ||o2||§) If 41 = 0 and v, < 0, then

M <+ %”0’2“26_”17".

Proof.

Suppose p1 # 0. Denote by f(d), 6 € R, the left-hand-side of (15). Then f(J) is
an increasing function of §. A simple application of Rolle’s theorem shows that f has a

|—le—607‘

unique real zero dg. Using (10), we may put 6 = dg and « = |y in the expression

for (6, ). This immediately yields (16).
Now suppose g1 = 0. Put § = (—v1)" in 6(d, @) and minimize the resulting expres-

sion over all & > 0. This proves the last two assertions of the corollary. U
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Remarks:

(i) Although the upper bounds for A; in Theorem (4.1) and its corollary agree with the
corresponding bounds in the deterministic case (for p; > 0), they still do not yield
the optimal bound when p; = 0 and oy is strictly positive and sufficiently small; cf.

Theorem 2.2, Remark (ii).

(ii) It would be interesting to study the asymptotics of A; for small delays r | 0.

Our second example is the stochastic delay equation
dz(t) = {v1z(t) + prz(t — r)}dt + z(t)dM (t), t >0, (VII)

where M is the helix local martingale appearing in (V) and satisfying the conditions
therein. In particular, (VII) is regular with respect to M. Furthermore, we have the

following estimate on its top exponent.

Theorem 4.2.

In (VII) define 6y as in Corollary 4.1. Then the top a.s. Lyapunov exponent \; of

(VII) satisfies

I}
< — -
AL < —dg + 16 (17)

Proof.
We follow Scheme 2. Here, put 01 = 03 =0, v5 = 1 in (V). Therefore
< i il .
M < nf {ga + GuB}
where

Qo ‘= sup Qa(zlaz2)7 da ‘= sup Qa(zl);
[21|<1,z2€R lz1]<1



LYAPUNOV EXPONENTS OF LINEAR SFDE’S 37

and

2
2 21 2
Qa(21,22) = v12] +Va prz129 + %E — %z2,

Qaln) = (3 - 21)#%, |al <1, m€R.
An elementary computation shows that

NESTS * 4 a2t
= vV —Q — an = .
Qo 1 2 251 20 Qo 16

Using an exponential shift as in the proof of Theorem 4.1, gives

A < ﬁ—l— inf |—6 + 1/1+(5—|—101113625’"4-i ’ .
— 16 aeRT 2 2c

for all § € R. For fixed § € R, the infimum on right-hand-side of the above inequality is
—or
. Therefore

attained when o =
1]

B, . r+
A < E-ﬁ-(sléllf{[—(s-l-(lll-i-(S-l-‘,ul‘e&) .

The above minimum is attained if § solves the transcendental equation (15). Hence the

conclusion of the theorem. O

Remark:

The above estimate for A\; is sharp in the deterministic case § =0 and p; > 0, but
is not sharp when 8 # 0; e.g. M = W, one-dimensional standard Brownian motion
in the non-delay case (41 = 0). On the other hand, when M = v, W for a fixed real

Vg, the above bound may be considerably sharpened as in the following theorem.

Theorem 4.3.

For the equation

dz(t) = {v1z(t) + prz(t — r) }dt + vex(t) dW (1) (VIII)
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set
1 1,\"1°
#(0) := —5+—2[<|,u1|e5’"+1/1—|—5—|——yz2) } , (18)
4vy 2
for vy # 0. Then
M < inf 6(6). (19)
In particular, if 6y is the unique solution of the equation
or 1 2
vi+ 0+ e’ + Jvp =0, (20)
then A1 < —dp.
Proof.

We use Scheme 1. Take 01 = 02 =0, M = W in (V). Then (6) implies that

2

- 1 v 1
Qa(21,22,0) + Qa(21,0) = (Vl toot Ez)z% + Vo prz120 — §Z§ — Va2t (21)

for |z1| < 1,22 € R. For fixed z; € [—1, 1], the right-hand-side of (21) attains its maximum

when 2y = y/a p121. Therefore

)\1 S |Slf‘p {Qa(zla\/alj'lzlao) +Qa(2170)}
z1|<1

1 w2 v2
(e oD

2
1 +
< {(21/1 + o + ,U%O! + I/g) } (22)

16v2
for all « € RT. Now set
o 1 5 2
h(a) := 21y + > +pija+vy, a>0.
Note that

inf h(@) = h(|m| ™) = 20 + 2| + 03,
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Hence

M < —— [0 + 2|m| + 1) *]". (23)

1
16v2
The first assertion of the theorem follows by applying an exponential shift to (VIII) and
using (23). The last assertion of the theorem is obvious. This completes the proof of the

theorem. O

Remark.

The reader may check that the estimate in Theorem 4.3 agrees with the non-delay

case p1 = 0 whereby Ay = 11 — 113 = g?rf{ #(d). Cf. also [AOP], [B], and [AKO].
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