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ABSTRACT. In this paper, we develop two discrete-time strong approximation schemes for
solving stochastic differential systems with memory: strong Euler-Maruyama schemes for
stochastic delay differential equations (SDDE’s) and stochastic functional differential equa-
tions (SFDE’s) with continuous memory, and a strong Milstein scheme for SDDE’s. The
convergence orders of the Euler-Maruyama and Milstein schemes are 0.5 and 1 respectively.
In order to establish the Milstein scheme, we prove an infinite-dimensional It6 formula for
“tame” functions acting on the segment process of the solution of an SDDE. It is interesting to
note that the presence of the memory in the SDDE requires the use of the Malliavin calculus
and the anticipating stochastic analysis of Nualart and Pardoux. Given the non-anticipating
nature of the sfde’s, the use of anticipating calculus methods appears to be novel.

1. Introduction

Discrete-time strong approximation schemes for stochastic ordinary differential equa-
tions (SODE’s) are well developed. For an extensive study of these numerical schemes,
one may refer to ([16]), ([17]), and ([19], Chapters 5 and 6). Some basic ideas of strong
and weak orders of convergence are illustrated in ([11]).

If the rate of change of a physical system depends only on its present state and some
noisy input, then the system can often be described by a stochastic ordinary differential
equation (SODE). However, in many physical situations the rate of change of the state
depends not only on the present but also on the past states of the system. In such
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cases, stochastic delay differential equations (SDDE’s) or stochastic functional differential
equations (SFDE’s) provide an important tool to describe and analyze these systems. For
various aspects of the qualitiative theory of SFDE’s the reader may refer to ([20], [21]) and
the references therein.

SDDE’s and SFDE’s arising in many applications cannot be solved explicitly, and
hence the need for developing effective numerical techniques for such systems. Depending
on the particular physical model, it may be necessary to design strong LP (or almost sure)
numerical schemes for pathwise solutions of the underlying SFDE. Strong approximation
schemes for SFDE’s may be used to simulate directly the a.s. stochastic dynamics of their
trajectories or their random attractors. SFDE’s are used to model population growth with
incubation/gestation period ([21]). In such models, one is often interested in estimating the
actual population rather than its distribution, and hence the need for strong approximation

schemes.

In this article, we will not consider the order of convergence of weak numerical
schemes, although such schemes are useful for some applications of SODE’s (see [11], [16]
and the references therein). In this connection, it is important to note that stochastic
systems with memory do not correspond to deterministic PDE’s (in finitely many space
variables) ([20], [21]). Typically, a stochastic system with memory corresponds to an
infinite-dimensional Feller diffusion whose principal coefficient degenerates on a hypersur-
face with finite-codimension ([20], Chapter IV, Theorem 3.2, [21], Theorem II.3 ). This
aspect of SFDE’s is in sharp contrast with the theory of SODE’s where the latter theory
has traditional ties to diffusions in Euclidean space. In a sense, the numerics of stochastic
systems with memory resemble those of SPDE’s in one space dimension.

A strong Cauchy-Maruyama scheme for a class of SFDE’s with continuous memory,
in the context of the Delfour-Mitter state space R™ x L?([—r, 0], R™), was developed by

T.A. Ahmed, S.A. Elsanousi and S.-E. A. Mohammed ([1]). See also [20], p. 227, and [13].
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In sections 3 and 4 of this paper, we develop strong Euler-Maruyama schemes for
SDDE’s with several discrete delays and for stochastic functional differential equations
(SFDE’s) (with mixed discrete and continuous memory dependence). Our estimates are
formulated using the supremum norm in the state space C([—r, 0], R™) (cf. [1]).

In sections 5-8, we establish the strong Milstein scheme for SDDE’s with several
delays. Although the solution of the SDDE is non-anticipating, methods from anticipating
stochastic analysis and the Malliavin calculus are necessary in order to derive an It6 formula
for the segment of the solution process. The It6 formula is essential for the development
of the Milstein scheme.

In order to describe our set-up, we need the following notation.

Let R™ be m-dimensional Euclidean space with the Euclidean norm
2| = 23+ -+ 22, 2 = (21, ,2Zm) € R™. Denote T := [0,a], J := [-7,0], C :=

C(J;R™), where m is a positive integer, 7 > 0 and a > 0. Furnish C with the supremum

norm:
Inlle == sup [n(s)]
—r<s<0
for all n € C.
Define the projection IT: C' — R™ associated with s1,--- , s, € [~7,0] by
(1.1) () := (n(s1),- - ,n(sk)) € R™
forall n € C.

Definition 1.1.
A function ® € C(T x C(J;R™); R) is tame if there exist ¢ € C(T x R™*, R) and

a projection II such that

(1.2) ®(t,n) = ¢(t,IL(n)).

forallt € T and n € C.
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For any continuous m-dimensional process {X (t)};c[_r,q], define the segment pro-

cess Xy, t € [0,a], by
(1.3) Xi(u)=X({t+u), te|0,a], ue][-r0.

Observe that {X;} may be considered as a C-valued or L?(J; R™)-valued process.

It is important that one should distinguish between the finite-dimensional current
state X (t) and the infinite-dimensional segment X, t € [0, a.

Assume that g : T x R™ — L(R%R™) and h : T x R™2 — R™ satisfy the

following Lipschitz condition for all t € T, z,y € R™* and z,w € R™F2:
(1.4) 9(t,z) —g(t,y)| < Llz —yl,  [h(t,2) — h(t,w)| < Lz —w
where L > 0 is a constant, together with the boundedness condition:

(1.5) Sup [lg(t,0)] + |A(t,0)[] < oco.

Let IT; and and I be two projections associated with two sets of points s 1,---, 815, €
[—7,0] and s21,---, 82k, € [—7,0], respectively. Suppose {W(t) :== (W(t),---,Wi(t)) :
t > 0} is a d-dimensional standard Brownian motion defined on a probability space
(Q,F,P). Let n: Q@ — C([-r,0]; R™) be a random initial path independent of {W (¢) :
t>0}.

We will first consider the following class of 1t6 SDDE’s:

v xw [ r0+ [eemEnane s [ aemoc s, 120
n(t), —-r<t<Do0.
Under conditions (1.4) and (1.5) the SDDE (1.6) has a unique strong solution (c.f.
[20], Theorem I1.2.1, p. 36; and Theorem V.4.3, pp. 151-152). To see this, let G(t,n) :=
g(t,111(n)) and H(t,n) := h(t,1z(n)) for t € [0,a],n € C. It is easy to check that G and

H satisfy the Lipschitz and local boundedness conditions (with respect to the supremum
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norm on C) of Theorems I1.2.1 and V.4.3 of [20]. Therefore, for each m > 1, there exists

a constant C = C'(m, L,a) > 0 such that
(1.7) B||X/|g" < C(1+ Ellnl[g")

for alln € C,t € [0, qa].

First, we propose an Fuler-Maruyama scheme for (1.6) as follows. Let 7 : 0 =
to < t1 < t2 < --- < t, be a partition of [0,a] to be specified later. Denote by |r| :=
O<I{1<a73(_1(ti+1 —t;), the mesh of m. Define the Euler-Maruyama approximation X™ for the
solution X of (1.6) by
(1.8)

X7™(t) = { X7 (t:) + (6 T(XE) (W () = W(t:)) + Ak, T2(X0))(E = ), ¢ € (fis tia]

n(t)7 —r<t< 07
where X[ (s) = X™(t+ s), s € [-7,0],t > 0. It will be shown that under some regularity
conditions on the coefficients, one has the error estimate

(1.9) E sup [|X] — X/|& < O(g)|n|?
0<t<a

for any ¢ > 1. As in the SODE case, the above estimate shows that the Euler-Maruyama
scheme has 0.5 as a strong order of convergence. These results are presented in section
3.1.

There are many ways to partition an interval into subintervals. For example, when
we graph a function A : [0, a] — R, we should evaluate it very frequently in those intervals
where h changes dramatically. If a fixed number of evaluations are permitted, then there
is a problem deciding exactly which points one should use for the above Euler-Maruyama
scheme. See ([6]) and ([12]) for a discussion of this issue. In section 4, we shall consider this
question for SDDE’s. A non-negative function h with finitely many zeros is used to express
a “way” of partitioning an interval into sub-intervals. An optimal way to achieve such a

partition is also given in section 4 (Theorem 4.1). This result yields an ezact convergence
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rate for the Euler-Maruyama scheme when applied to a one-dimensional linear SDDE with
a single delay.
The second class of SFDE’s that we will consider are those with mixed discrete and
continuous memory:
(1.10) , ,
x| 10+ [ ol ). ) W)+ [ h(s (), Qu(x) ds. 1> 0.
n(t), —r <t<0,
where II; and II5 are two projections of “discrete type”, Q1 and Q5 are two projections of

“continuous type” defined by

Q( Qzl anmz(’r/))
QZ] / ¢7,J azj(s) ds7j = ]-a s, My,

where mq, mg > 1 are integers, a;; € C%(J, R)and ¢;; :R™ =R, i=1,2, j=1,---,m;,
are functions satisfying Lipschitz and linear growth conditions.

For the SFDE (1.10), we can define the Euler-Maruyama approximations by

(1.11) XT(t) = X7 (t:) + g(ts, T (XE), Q1 (XL)) (W (t) = W(Zs))
+ h(ts, Mo (X5), Q3 (X)) (8 = 1:), € (i, tiva],

X™(t) =n"(t), —r <t<0,

where Q7 (n),i = 1,2, are approximations of @;(n) to be specified in section 3. We prove

in section 3.2 that the Euler-Maruyama scheme for (1.10) has strong order of convergence
0.5.

We then introduce the following Milstein scheme for the SDDE (1.6):

(1.12)
XUT(t) = XU (k) + b (b, Ta(XF)) (8 — ) + g™ (tr, T (X7)) (W) — W (t))
8gil

+
Basiljl

(th, Ty (X)) U0 (b + s1,5 ) Doy (b + S1,500 8+ S1,305 51,5)
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for t, <t <{tg41, where

(113) uiljla”f(t) — { 91131 (t7 Hl(XZr))7 t Z 07
0, -1<t<0,
and
t1+s; Ni
(1.14) Iip, (to + Sigs t+ 8iyj3 8ij) = / odW'(ty) o dW' (t,).
to Jto+s; Jj

In (1.12), X*, A* and g% denote coordinate representations of X, h and g with respect to
standard bases in the underlying Euclidean spaces, and the Einstein summation convention
is used for repeated indices.

In order to establish strong convergence of the above Milstein scheme for the SDDE
(1.6), it turns out -surprisingly-that one requires the use of anticipating calculus techniques
developed by Nualart and Pardoux ([22]). In particular, one needs to develop an infinite-
dimensional It6 formula for “tame” functions acting on the segment X; of the solution X
of (1.6). Such an It6 formula is given in Section 3, Theorem 3.3. The formula is proved
via anticipating calculus methods ([22]). To understand the need for anticipating calculus
in such an intrinsically adapted setting, it is instructive to look at the following simple

one-dimensional SDDE:
dX(t)=g(X(t—-1),X(¢)dW(t), t>0
Xt)=w({t), -1<t<0.

where g : R? — R is a smooth function and W (t),t > —1, is one-dimensional Brownian

motion. For a second-order scheme, we formally seek a stochastic differential of the coefhi-
cient g(X (¢t —1), X(¢)) on the right hand side of the above SDDE. For t € (0, 1], this gives

formally:

df{g(X(t—1), X(t))}

= d{g(W(t - 1), X(#))}
= SLW (= 1), X)W (=1 + G20V (@ = 1), X)X (e~ 1), X(0) aw (1)

+ second-order terms.
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Note that although the coefficient g(X (¢ — 1), X (¢)) is Fi-measurable, the first term
99

8_x(W(t —1),X(t))dW(t — 1) in the right hand side of the last equality is an antici-
pating differential. Furthermore, it appears that the (F;)o<¢<1-adapted process [0,1] >
t — (X(t—1),X(t)) € R? is not a semimartingale with respect to any natural filtration.
In addition to this difficulty, the components X (t—1) and X (¢) are not independent, so the
existing anticipating versions of It6’s formula do not apply (cf. [2], [3] and [22]); hence the
need for a new It6 formula for tame functions in order to justify the above computation.
In section 5 (Theorem 5.3), we establish such a formula.

Using the It formula of section 5 and appropriate estimates on the weak Cameron-
Martin derivatives of X, it is shown in section 8 that, under suitable regularity conditions
on the coefficients of (1.6), one gets the following global error estimate for the Milstein
approximations
(1.15) E sup [|[XT — X4||& < C(g)|m|?

0<t<a

for any ¢ > 1. This says that the Milstein scheme has strong order of convergence 1.
2. Preliminary Results

Let n : [-r,0] — R™ be a given continuous initial path, and let W be a d-
dimensional Brownian motion on a filtered probability space (2, F, (F¢)t>0, P)-

We shall use the notations introduced in section 1.

Assume that the functions g : T x R™* — L(R%R™) and h: T x R™F2 — R™
satisfy (1.4) and (1.5). Let II; and IIs be two projections associated with two sets of points

81,1, ,81,k, and Sa.1,---, 82 k,, respectively. Consider the SDDE

n(0) —i—/o g(s,111(Xy)) dW (s) + /0 h(s,15(X,))ds, t >0
n(t),—r <t <0,

2.1) X)) =

where nn € C([—7,0]; R™) almost surely and is independent of the Brownian motion {W(¢) :
t > 0}.
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Recall that the SDDE (2.1) has a unique strong solution X, and for each integer

k > 1, there exists a constant C = C(k, L,a) > 0 such that
(2.2) E|| X:|[&F < C(1L+ Ellnl|&)],

for all n € C and t € [0, a] ([20]).
Next we define convergence, consistency and stability.
Suppose that X = {X(¢) : t € T} is the solution of some SDDE, and Y™ is a

discrete-time approximation of X based on a partition 7 := {¢t; :i =1,--- ,n} of T.

Definition 2.1.
We say that a discrete-time approximation Y™ converges strongly with order v > 0
at time ¢ to X if there exists a positive constant C, independent of 7, and a dy > 0 such

that
(2.3) E|lY™(t) - X(t)| < C|=n|”
whenever || € (0,dp).

Definition 2.2.
We say that a discrete-time approximation Y™ is strongly consistent if there exists

a nonnegative function ¢ = ¢(J) with

(2.4) l(siﬁ)w((s) =0

such that

(2.5) E‘E(Yﬂ(thJ’l)Ak_ Y7t ftk> — h(ty, 2(Y;T))| < e|])
and

(2.6)

B g, [ Y7 aan) = ¥700) = BO™ (1) - Y7 0017

= g, I (Y)W (k1) — W(te))| ) < c(])

for all fixed values Y/, =n and where Ag :=tpy1 — k-
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Definition 2.3.

Suppose that a numerical scheme for an SDDE gives rise to discrete-time approx-
imations Y™, Y™ starting at time t, at Y;O,Y“, respectively. We say that the numerical
scheme is (stochastically) numerically stable if for any finite interval [to, a] there exists a
positive constant dy such that for each ¢ > 0 one has

2.7 lim sup P{|lY" =Y |l[c > €} =0,
(2.7) L . {1yg, =Yg |l }

whenever |r| € (0,dp), and where ny := max{i : ¢; <t < t;41}.
To obtain the order of convergence, one needs to study the dependence of the
solution of the SDDE (2.1) on the delays. Define the distance d(Il;,1I5) between two

projections II; and Il associated with two sets of points s11 < --+ < s1%, and s21 <

- < 83 k,, by the formula

+00 if k1 # ko
d(Hl, H2) - max |31 7 82,3“ if kl = ]{72 .
1<j<k;
Let us consider two SDDE’s
t
(28)  X(t)= { 1(0) + 5 95, Thua(X.)) dW () + [ h(s, Thia(X,)) ds, t €T,
n(t), —-r<t<o,
and
t
(2.9) Y (t) = { 1(0) + f5 9(5, M1 (Ys)) dW (s) + [ h(s, Mo (Y)) ds, t € T,
n(t), —r<t<Oo.

We shall estimate the difference between X (¢) and Y (¢). When k; = ko = 1, Bell and
Mohammed ([5]) showed that if s; ;1 — 0 and sy 1 — 0, then the solution X (¢) of (2.1)
converges in L2(Q, R™) to the solution of the corresponding SODE.

The following lemma extends the result in [5] to the case of several delays. This

extension will be useful in studying the order of convergence of the numerical schemes for

SDDE’s.



DISCRETE-TIME APPROXIMATIONS OF STOCHASTIC SYSTEMS WITH MEMORY 11

Lemma 2.4.
Suppose that g, h satisfy (1.4) and (1.5). Let 0 < v <1, n € CY([-r,0], R™), and
suppose that X and'Y are solutions of (2.8) and (2.9), respectively. Then for each q > 2,

there exists a constant C(q) > 0 such that

(2.10) E Sup 1Y; — X4/|E < C(q) {d(IT11, 1) + d(IT12, p0) } 7.
0<t<a

Proof.

Note first that there exists a constant M > 0 such that

(2.11) sup E|Y(Z1) — Y(Z2)|q S M|t2 — t1|q'y.
—r<t1<z1<z2<t2<a

Let I1q1,1I112, 51, II32 be associated with {s11 < s12 <--- < S1k,}, {521 <S22<---<
Sokst, {r11 < 712 < -0 < Tk}, and {ra1 < rog < --- < 7oy, }, respectively, with
Tij,8i,j € [—7,0]. Suppose 0 <t < a. Then by the Burkholder-Davis-Gundy inequality
and (1.7), we have

E sup [Y(u) — X (u)|?

0<u<lt

< Ci(Q)E / Ih(s, Thaa(Y2)) — h(s, Ty (X)) 9 ds
+Cy(@)E / 195, 1 (Y2)) — g5, Tua (X,))| 9 ds

t k2
< Cal) [ B(Y V(s ra) = X(s-+ s20)[9) ds
0 =1
t k1
+Cula) [ B W (54710 = X5+ 51,11 ds
0 i=1
t k2
< Cs(q) / EY» {lY(s+7r2:) —Y(s+s2:)|7+ [Y(s+ s24) — X(s+s2,)|?} ds
0 =1

t k1
-I-CG(Q)/ EY {|[Y(s+71:) —Y(s+51,0)|7+ Y (s+515) — X(5+51,4)|%} ds
U
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for all t € T. Thus from the above inequality, (2.11) and the definition of d(Il;,II,), it

follows that

t
E sup |Y(u)— X(u)|?< C7(Q){M(5‘” + [ E sup ||Y, — X,|l& ds}, teT,
0<u<t 0 0<u<s

where § := d(H117 H21) + d(H12, H22). Hence

¢
(2.12) E sup ||Y, — X,|| < Cs(q)Mé? +Cy(q) | E sup ||Y, — X,||¢ ds,
0<u<lt 0 0<u<s

for all t € T. By Gronwall’s lemma, this implies that

(2.14) E sup ||Ys — X,||% < C(q)897, t € [0,al.
0<s<t

The proof of the lemma is complete. [l

Note that the constant C(g) in Lemma 2.4 also depends on the process Y. Since
the rationals Q are dense in R, by Lemma 2.4, we need only deal with rational delays,
i.e., we can assume that the delays s; ; in (2.1) are in Q. This makes computer simulation

possible, since one can then control the system error when the delays are irrational.
3. The strong Euler-Maruyama scheme

In this section, we shall develop Euler-Maruyama schemes for SFDE’s with discrete
and/or continuous memory. For simplicity, we assume that a is a positive integer, T' :=
[0,a] and J := [—1,0]. We also assume rational delays:

{85 = —@ :j=1,2,1<4i<kj,pji > 0,pj: € Z,q5; € N}.
3%
We will adopt the following notation throughout this section.
Let Ny be the least common multiple of ¢;;,7 = 1,2, 1 <4 < k;. Let p € N and set

n := apNy,l := pNy. Then [ and n are positive integers. We define the rational partition

points
1) . 14 3= (i +pNp), —1<i<0
' R 0<i<n
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Note that for all 1 <i < k; and j = 1,2, t; + s;,; belongs to the partition 7 := {t; : =1 <
¢ <n} of [-1,a]. Set 6, := |mp| =1/(pNo) and ny :=max{n e N:¢, <t}. f -1 <s <t

define
ti, it <s<tipr
lsl= 0 i
negy 1 tnt S ) S t

for —1 <4 < n — 1. For each positive integer p, the superscript p will denote numerical

quantities pertaining to the partition mp, e.g. X? := X™».
3.1. The Euler-Maruyama scheme for SDDE’s

Recall the SDDE

(2.1) X(t) = n(0) + /Otg(syﬂl(Xs)) dW (s) + /Ot h(s,I5(X,))ds, t>0
n(t), —-1<t<0,
with r = 1.
The Euler-Maruyama scheme for (2.1) is given by
(3.2)

X(t) = { XP(t;) + g(ti, IL(XE)) (W () — W(t:)) + h(ts, Ta(XE)) (¢ — £), T € (i, tisa]

nP(t), -1<t<0
where the starting path n? € C(J, R™) is prescribed (e.g. a piece-wise linear approximation
of n using the partition points {t_;,--- ,tp}). Define the error function Z? by

(3.3) { Zv(t) = XP(t) - X(t), 0<t<a,

70 = XP — X,
Theorem 3.1.
Assume that the coefficients g and h in (2.1) satisfy (1.4), (1.5) and the following

condition

(3.4) { lg(s,z) —g(t,x)| < L1(1 4 |z|)|s — t|7, for all z € R™ s teT

\h(s,x) — h(t,z)| < Li(1 + |z|)|s — t|7, for allz € R™*> steT
for some positive constant Ly. Fix any integer q > 2. Suppose thatn : [—1,0] — L2(Q2,R™)

is Hélder continuous with exponent v € (0, 1], i.e., there is a positive constant K such that

Eln(s) —n(#)|? < Kls — [
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for all s,t € [—1,0]. Suppose also that there is a positive constant C' := C'(q) such that
Elln? —nll¢ < €631
Then there exists a constant C" := C"(q,a) > 0, depending on a and q, such that

E sup ||Z%]§ < C"(qu
0<s<

where 1=y A (1/2).

Proof.
Since the SDDE (2.1) is a special case of the SFDE (3.12), the reader may consult

the proof of Theorem 3.4 in the next section. [J

The requirement

Elln? —nll¢ < C'6°

in the statement of Theorem 3.1 is fulfilled if one takes nP to be the piecewise-linear

approximation

1P (s) := [(tir1 — s)n(ts) + (s — ta)n(tiv)|(tivs — )74, 5 € [t tiga]

for —1 <3 <0.

3.2. The Euler-Maruyama scheme for SFDE’s with mixed discrete and contin-

uous memory.

Let my,mg > 1, a;; € C%(J), and let ¢;; : R™ =R, i=1,2,j=1,---,m;, satisfy
Lipschitz and linear growth conditions. Consider the following SFDE with mixed discrete
and continuous memories:

(3.12) ) t
X(0) =n(0)+ [ 90X QXD W) + [ s, (X, Qa(X0)) ds. € 0,a],

0
Xo=n€C=C(J;R™)
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where II; and Il; are two projections of discrete type, Q1 and ()5 are two projections of

continuous type defined by

Q( Qz,l )7"'7sz,( )) i:1727
Qij(n /aﬁ” Naij(s)ds, j=1,--- ,m;.

We assume that g : T x RF1™m+™1 s R and h : T x RF2m+™2 4 R satisfy the uniform

Lipschitz condition:

{ ‘g(t,.’L‘) - g(t,y)\ < L|.’17 — y| , X,y € RFkim+ma
‘h(ta Z) - h(t, ’LU)| S L|Z — ’LU|7 Z7w 6 Rk2m+m2 ’ t E [07(],]7

and local boundedness condition:
sup [lg(t,0)|+ (¢, 0)]] < oo

0<t<La

where L is a positive constant independent of ¢ € [0, a.
Under the above conditions, the SFDE (3.12) has a unique strong solution (c.f. [20],
Theorem II1.2.1 and Theorem V.4.3).

Define the approximations @7; of Q;; by

(3'15) Z d’zg Sk a'zy (Sk)(sk:—i—l - Sk)

k=—1
Remark 3.2.
Ifn:[-1,0] — L9(2,R™) is Holder continuous with exponent v, 0 < v < 1, and

g > 2, then it is easy to show that there is a constant C(g) > 0 such that
(3.16) E|Q7;(n) — Qiy(n)|? < C(9)5)7,

where 7 := vy A (1/2).
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Lemma 3.3.
If n : [-1,0] — LI(Q,R™), (q > 2), is Holder continuous with exponent vy, then

there exists a constant C(q) > 0 such that

(3.17) sup E|Q7;(Xy) — Qi (Xe)|? < C(g)d)¢
0<t<La

foralli=1,2 and j =1,--- ,m;, where 5y =~y A (1/2).

Proof.
Fix i, 7, where i = 1,2,1 < j < m;, and let ¢t € [0,a]. Using the notation |s|, we
may write
(3.18)
Qr;(Xt) — Qij(Xe) = /_1[¢ij(X(t + Ls]))a;(Ls]) — i (X (t + 5))ai;(s)] ds
= /_1 aij (|[s])[¢i; (X (¢ + [s])) — b4 (X (¢ + 5))] ds
+ [ X+ )los(Ls)) — as (9] ds
= I (t) + I(t),
where

L(t) 1=/ aij(|s])[#i (X (X + [s])) — ¢i5(X(t + 5))] ds

-1

B(t) = [ X0+ 9)lai(ls)) - ai(s)] ds.

It follows from (3.12) and standard properties of the It integral that there exists a constant

C1(q) > 0 such that

(3.19) sup E(1X(8) = X(a)|?) < C1(q)|rz — 1|7
—1<r1<a<p<Lr:<a
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for all ¢ > 1. By (3.19) and the Lipschitz property of ¢;;,1=1,2,j =1, - ,m;, it follows
that

OS<1§I<)GE(|Il(t)‘q) < Cl((l)llaijl\?;/_logg E(1X(t+ [s]) - X(t + 5)[7) ds

< Ca(q)llas[1&83

< 03(11)5Zq-

Using the Holder continuity of a;; and the linear growth property of ¢;;, I> can be estimated

as follows:

swp B0 < Cilo) [ s ([ (X (¢ )]y (L5]) = iy ()] s

0
<Ca@sy” [ sup B(lou(X(t+ ) ds

0
§C5(q)53/2/10i1£ E(1+|X(t+s)|?)ds

0
< Co(a)6y [ B+ (n)L)ds
-1

< Cr(g)68/°.
So there exists a constant C(g) > 0 such that

(3.20) sup BJQ(Xe) = Qu(Xy)l" < Clo)”. O
<t<a

We now introduce the Euler-Maruyama scheme for (3.12) as follows:

(3.21)
XP(t) = XP(t:) + h(ts, T2(XF,), Q5(XE)) (¢ — ti)

+9(ts, I (XE), QU(XE)) (W () = W(t:)), t€ (b tival,

XP(t) =nP(1), -1<t<0,

where 7P € C(J, R™) is prescribed subject to the conditions of Theorem 3.4 below.
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Theorem 3.4.

Fiz any q > 2. Assume that n : [—1,0] — L1(Q2,R™), is Holder continuous with
exponent . Let ZP(t) := XP(t) — X (t) denote the error function of the Euler-Maruyama
scheme (3.21). Suppose that

Bl = il < C'(g)5)

for some constant C'(q) > 0, where 4 := v A (1/2). Assume also that the coefficients g
and h satisfy the Lipschitz and boundedness conditions stated before Remark (3.2) together
with the regqularity condition

g(s,x) —g(t,z)| < Li(1 + |z|)|s — t|7, for all z € R™1+t™ s tecT
h(s,z) — h(t,z)| < Li(1 + |z|)|s — t|?, for all z € R™*2tm2 s tcT

for some positive constant Ly. Then there exists a constant C(q) > 0 such that

sup  E|ZP(s)|7 < C(q)0)7.

—1<s<a
Proof.
Let t; <t < t;4+1. Then the global error ZP(t) := XP(t) — X (¢) may be written in
the form:
ZP(t) = Z°(0) + I7 () + I5(t) — U7 () — V(1) — U3 () — V5 (1),
where

10 = [/ 1151, 1207, QU,) — A1) T2 (X)), QECX(. )] .
B0 = [ Tal1s5 1O, QX)) = olls): T (X)), QEX 1) AW ),
020 = [ (461X, Qa(X0) = A1), Ta(X 1), Qo (X)) s

V0 = [ (000X, QX)) ~ 015 T (X ) @1 (X)) W 5)

Uy (t) = /O (h(Ls], Ma(X 5)), @2(X5))) — A(Ls], Ta(Xs)), Q5(Xs)))) ds,

vy (1) /O (g(Ls], (X)), Qu(X(s))) — (L], (X |s)), Q1(X5)))) dW (s)-
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By Holder’s inequality, we get

E sup |I7(s)|?

oi‘iEtE‘ [, (X7, ), QB(XT, ) — h(Lr ), Ta(X ), QB(X )] dr
<Cu(o) [ sup (BIh(u, To(XE), QY(XE)) — hlu Ta(Xa), QY(X.)[9) ds.

Therefore, by the Lipschitz property of h and ¢;;, it follows that

(3.22)

0<s<t

t
E sup |[IP(s)]? SC’z(q)/ sup  E|XP(u) — X (u)|?ds
0 —1<u<s

for some constant Cs(q) > 0. The Burkholder-Davis-Gundy inequality implies that

E sup [I7(s)[*
0<s<t

< Cylg / 9(1s ), T (X2, ), QX2 ) — (1], T (X)), Q2(X o)) ds)

B( / 9(s), T (X7, ), QU(XT

2 ) = g(ls], I (X)), Q2 (X o)) 7 ds)

<Cu(o) [ sup B(lg(u, T(XD), QFX) - g(u I(Xa). Qa(X.)) D ds.
0 <u<s

Using the Lipschitz property of g, we obtain

(3.23) E sup |I¥(s)? §C5(q)/0

sup FE|XP(u) — X(u)|?ds
0<s<t —1<u<s

for some constant Cs(g) > 0. Similarly,

E sup [V{'(s)?
0<s<t

Q1(Xs)) — 9(1s), 11 (X |4)), Q1(X|4)))|* ds)

Q1(Xs)) — g([s], (X |5)), Q1(X|5)))|? ds)
< Cr@)f>. / g, T (X,), @1(X,))

19
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- g(ti—l’ Hl(Xti—l)’ Ql(Xti—l)) |q ds
t
+E [ g(s,I1(X,), Q1(Xs)) — gtn, 11 (Xy,,), Q1(Xy,,))|? ds}

tn,

t t; B
<Ca@{Y([ G+ sup BX(s+ ) = Xt +w)l7) ds
i=1 “ti-1 —lsus

t

+E (5;”—}- sup FE|X(s+u) — X(tn, +u)|?) ds}.

tn, —1<u<0

Hence
i t
(3.24) E sup |[VP(s)]? < Cg(q)(5;q+/ sup E|X(s+u)— X(|s] +u)|?ds)
0<s<t 0 —1<u<0
for some constant Co(g) > 0. In a similar manner, U? can be estimated as
t
3:25) B sup [UF()" < Cuol@)@+ [ sup BIX(s+w) — X([s] +u)ftdy
0<s<t 0 —1<u<0
for some constant Cio(q) > 0. Now use the inequality
(3.19) sup E(|X(s) = X(t)|9) < Crlry — r1[74.
—1<r <s<t<ra2<a
Therefore,
Esupgcs<; |VF(5)17 < Cr1(q)5)4
Esupg<,<; |UT (8)]7 < Cu1(g) 8y

(3.26) {

By Lemma 3.3, there exists a constant C12(g) > 0 such that
{ SUPp<s<t E|Vy(s)|? < 012(Q)53q

suPy<s<; B|UZ (5)|? < C12(q)037-
From (3.22), (3.23), (3.26) and (3.27), we get

(3.27)

¢
(3.28) sup E|ZP(s)|? < Clg(q)/ sup E|ZP(u)|?ds+ 013(Q)6;Yq.
0<s<t 0 —1<u<s

Thus

sup E|ZP(s)|? = C1a(q)( sup E|Z"(s)|?) + sup E|Z"(s)|?)
—1<s<t —1<s<0 0<s<t

t
< Cul)B| 2|6+ Cus(o) [ sup_E|Z7(w)|ds + Cus(0)5]"
0 —1<u<s

t
< Cis(q) / sup E|Z7(u)|ds + Cro(q)63°.
0 0<u<s
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By Gronwall’s lemma, there exists a constant C(g) > 0 such that

sup_E|27(s)|" < C(g)5"
—1<s5<t

This completes the proof of the theorem. [
Remarks 3.6.

(i) The Cauchy Maruyama scheme can be extended to cover general SFDE’s of the

form

t t

n(0) + / G(s, X,) dW (s) + / H(s,X,)ds, t>0,
0 0

n(t), —-r<t<D0.

(3.29) X(t) =

Define the approximations to the solution X of (3.29) by
(3.30)

XP() = { XP(t;) + G(ti, X{) (W (t) = W (i) + H (L, X3;) (t — i), € (i, tiga]

nP(t), —r<t<0

where the starting path n? € C([—r,0], R™) is prescribed so as to satisfy the re-
quirements of Theorem 3.1 (e.g. a piece-wise linear approximation of 7 using the
partition points {¢;,--- ,%0}). Then the conclusion of Theorem 3.4 holds under the
following hypotheses on the functionals G : T x C([-r,0],R™) — L(R% R™) and
H:TxC(-r0,R™ — R™

(3.31)

1G(,n) =G+ |H(E,n) - H(t,8)| < Lln—£lle, teT, n,¢eC([-r0,R™)

(3:32) sup [IG(t, 0) + |H(t,0)]] < co.
0<t<La
(3 33) { ||G(San) - G(ta 77)” < Ll(1 + ||77||C’)‘8 - t|’)’, for all n € C(J, Rm), s, t €T,
' |H(s,m) — H(t,n)| < Li(1 + |Inllc)|s — t|?, for all n € C(J,R™),s,t € T,

where L and L, are positive constants.
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(ii) The Euler-Maruyama schemes (3.2) and (3.21) are strongly consistent (Definition
1.3) with control functions C(§) = 0, and (stochastically) numerically stable (Def-
inition 1.4). The numerical stability follows by similar arguments to those used in
the above proof.

4. Exact convergence rate. An example.

In this section we consider regular partitions {m,(h)} of [0, a] that are generated by a
continuous positive (hence strictly positive) probability density function A : [0, a] — (0, c0).
More specifically, for each fixed sample size n and probability density function A the points
tkn = t of the partition m,(h) in [0, a] are chosen such that

tht1 1
to =0, / h(s)ds=—, k=0,1,---,n—1.
tr n
We thus subdivide the interval in such a way that the areas under h over each subinterval

are all equal to 1/n. It then follows that

(4.1) lm  n(tge — te) = 1/A(t).

n—o00,tr —t

Cousider the following linear one-dimensional SDDE:

(4.2) { dX (t) =bH)X(t —1)dW(t), 0<t<a

X(@t)=n(), -1<t<0.
The Euler-Maruyama scheme gives

X (1) + b(te) X ™ (t, — 1) (W () — W (tg)), te <t < tpsir,
(4.3) X7 (1) = { (tk) +b(tk) X ™ (te — L)W () — W (tx)), tx k1

n(t), te,
for 0 < k <n—1. By Theorem 3.1, there is a positive constant C' (independent of n) such
that

nE sup [X(t)— X™(t)|* <C,
t€[0,a]

for all n > 1. The constant C is called a leading coefficient of the scheme and has various
applications (see [6]). We shall show that as n — oo, the left hand side of the above

inequality has a limit. We shall also determine the equation satisfied by this limit.
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Theorem 4.1.
Suppose n € CV(J,R™),1/2 < v < 1. Let a > 1.. Suppose b : [0,a] — R is a

bounded continuous function such that
b(t) — b(s)| < K|t — s|(1/DFe

for all s,t € [0,a] and some K, > 0. Let X be the solution of the SDDE (4.2), and X™
be its Fuler approzimation (4.3). Then Z(t) := li_)m n E|X(t)— X™ ()| exists for each
n—oo

t € [0,a]. Furthermore, Z(t) satisfies the following deterministic linear DDE

Z't) =) Z(t—1)+ b*()b*(t — 1)EX?*(t - 2)/h(t), 1 <t<a,

(4.4) Z(t)=0, -1<t<1,

where EX?(t) is given by the integral equation

1(0)% + [ b2(s)EX%(s — 1) ds, te[0,a],

(4.5) EX=(t) = { 002 te[-1,0).

Proof.

Rewrite (4.2) as
(4.6) X (t) = X (tk) + b(te) X (tx — )W () — W (tx) + I,
where tp <t <ty and

(4.7) Boo= [ X (5= 1) = b(6) X (6 = D] AW (o).
Set Z™(t) := X(t) — X™(t), t € [-1,a]. Then
(4.8) Z™(t) = Z"(tr) + b(te) 2™ (b — YW () = W(tr)) + 1}, 4 tr <t < gy

Since E(Z7(t) — Z™(tx)| Zf,) = 0, for t > ty, it follows that

E[Z"™(t) - Z" ()] = E[(Z7)* ()] — EL(Z7)*(tw)].
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Thus from (4.8), we obtain

(4.9)  E(Z7)*®)] = E[(Z7)*(ts)] + b*(te) E[(Z™)*(tx = DIt = t) + I, + I, -

k

where

(4.10) I, = tt E[b(s)X(s—1) —b(tg) X (tx — 1))? ds

and k

(4.11) I =2 tEb(tk)Z”(tk —Db(s)X(s—1) —b(tx) X (tp — 1)]ds

tg
Since Z(ty — 1) is Ft,—1 measurable,
¢
18,0 =2 [ 000 (b(s) — (14)) BLZ (1~ DX (01— Vs
23

t
(4]‘2) S Cn_1/2/ (S — tk)a—i—%ds = Cn_l/Q(t _ tk)a+%a

tg

where we have used the fact that

1/2

E|Z™(ty — )X (s — 1)| < {E|Z"(tx — D2} 2 {E|X (s — 1)2}/* < on /2.

For the rest of the computation, we denote by Hj, ; a generic quantity satisfying the

following type of estimate:
(4.13) |Hy, ¢| < Cn~tt —tg)' T

for some C,a > 0 and all n > 1. With these notations, we may write If’k +=Hy ¢ Tt is

easy to verify that

t
R, = / b(s)2E[X (s — 1) — X (tx — 1)]2ds + Hi, ;.

Thus from (4.9) it follows that
E((Z7)*(t)] = E[(Z7)*(te)] + b* (tx) E[(Z7)* (tk — D]t — t5)

(4.14) + /t V’(5)E[(X(s—1) — X(tg — 1)]>ds + Hy, +

tg
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For each n > 1, define the process J"(t),0 <t < a, by

t
J™(t) = J"(tr) +/]t V(S)E[X(s—1) = X(tr, — 1)]%ds, tp <t <tpy1, k=1,2,---n— 1.
k

When 0 <t <1, nJ™(t) — 0. One can easily check that

s—1

E(X(s—1)— X(tx —1))*> = / b(v—1)EX?(v —2)dv.
Therefore
J"(t) = J"(tr) + /t b2 (s) /5—1 b (v — 1)EX?(v — 2)dvds

1
= J"(t) + §b2(tk)b2(tk —1D)EX?(ty — 2)(t — t)? + Hy, +,

for t > 1,k > ny. Recall that ny := max{n : t,, < 1}. By recursively applying the above
computation, we obtain

T

1
Jn(t) = 51[1,(,]@) D D (tp—1)b (th—1 — DEX>(th—1 — 2)(t — tp—1)
k=1

1
+ 51[1,0](t)b2(t"t)b2(tnt - 1)E2X(tnt - 2)(t - tnt)2 + ZHtk—htk + tht,h
k=1

for all ¢ € [0, a]. This implies that

lim nJ"(t) = 1[1,a](t)/0 b (s)b%(s — 1)EX?%(s — 2)/h(s)ds, t€[0,al.

n—0o0

Thus

Tt

nE((Z7) ()] = Y _ b (te—1)nE(Z7)*(te—r — V)] (te — ti-1)
k=1

+ 0% (tn, JNE[(Z7)* (tn, — D](t — tn,)* + nJ"(t),
for all t € [0, a]. Letting n — oo in the above relation yields

Z(t) = /O b(s)Z(s — 1) ds + 1i(0) /0 b2()b2(s — 1) EX2(s — 2)/h(s)ds, ¢ € [0,al.
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In particular, Z(¢) =0 for all t € [-1,1].
From (4.2) it is easy to see that
¢
EX2(t) = n(0)? +/ b (s)EX?(s —1)ds, te€]0,al.
0

Therefore Z satisfies the assertion of the theorem, and the proof is complete. [

Remark 4.1.
From Theorem 3.1, we know that under some reasonable conditions, the rate of
convergence of X™ (t) to X(t) is 1/4/n over the interval [—1,a]. The fact that Z(t) = 0

for 0 <t <1 indicates that on the interval [0, 1] the rate might be eventually higher.
5. Ité’s formula for “tame” functions.

In order to derive higher order numerical schemes for SDDE’s, we shall first prove
an It6 formula for “tame” functions on C'(J, R™) (Definition 1.1).

Suppose that (€2, F, P) is a probability space and W (t) := (W(t),---,W4(t)), t >
0, is a d-dimensional standard Brownian motion on (2, F, P). Denote by D = (D4, --- , D)

the Malliavin differentiation operator associated with {W(t) : t > 0}. Assume

t t
(5.1) X(t) = { n(0) + [y u(s) dW (s) + [; v(s)ds, t>0,
n(t), —r<t<0,
where 7 belongs to C' and is of bounded variation, u = (ul, . ,um)T, € ]chiz?ow v —

(vt -, o™T, and 0! € lLll(;;L. One can refer to ([23], pp. 61, 151, 161) for the definition
of ]Lg’p . Note that the processes v and v may not be adapted to the Brownian filtration

(F)¢>0- For convenience, we define u(t) =0 for t <0 ort > a,

v(t):{o’ t>a

n'(t), —r<t<0.

We also set W (t) =0if ¢t <0 or ¢t > a, and denote

(5.2) U(t) := /0 u(s) dW (s) and V (t) := { ZE?))’-F Jo v(s) ds, t_jz <o
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If u € L;"? for some p > 4, then the indefinite Skorohod integral fot u(s) dW (s) has

a continuous version. Hence we may assume that the process X (¢) is continuous.

Let T = [0,al], J = [-7,0], C = C(J;,R™) be as before, and let II be the projection
associated with sq,---,sx € J. Although there is a multi-dimensional It6 formula for
o(t, X (t)) ([2], [3] and [22]), we can not apply it to ¢(¢,II(X;)) because II(U;) is of the

form

(5.3) (/Ot u(s+ s1)dW (s + s1),- -, /Ot u(s+ sg) dW (s + Sk)) ;

and the components of the dk-dimensional process (W (t + s1),---, W (t + si)) are not
independent. However, the ideas in Nualart and Pardoux ([22], section 6, [23], p. 161) can
be used to derive an It6 formula for ¢(¢, II(Xy)).

We denote by

1 i
(5.4) 0ij = { ’ Z 3.7
0, @#J,

the Kronecker delta.

Assume that ¢ € CV2(T xR™F), Z = (&1, , &), T = (Ti1, -+, Tix) € R*, Write

(55) ¢(t7 "E) = ¢(t7 fla Tt 7fm)

The next lemma follows from the independent increments property of Brownian
motion. It will be needed in the proof of the Itd formula for tame functions (Theorem 5.3

below).

Lemma 5.2.
Assume that {m, : 0 = tg < t1 < --- < t,, = a} is a family of partitions of [0, al,
with lim, o |m,| = 0. Let —r < s1 < s < 0 and denote by AypW* := Wi (t; + s3) —

Witi_1+sk), 1 <i<d,1<I<n,k=1,2, the increments of Brownian motion. Then

(5.6) lim ZA”WiAij — { a+ s, ifi=j and sy = sz
=1

n—00 0, otherwise ,
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in L2(Q,R).
Proof.

We only need to consider the case s; < s9 and 7 = 5. Now

n 2 n
[Z AuWiAzsz] = Z(A11Wi)2(Al2Wi)2 +2 Z A A WEAL WAL WA s W
=1 =1 1<l

If n is sufficiently large, then |m,| < sy — s1. Hence Ay,oW* is independent of

A 1WA WEA,W?E. Taking expectations in the above equality gives

n 2 n
E[Z A“Wmmwi} < (i —tim1)? < |mna

=1 =1
for sufficiently large n. Note that a+s; is the correct limit in (5.6) because of the convention

that W (t) = 0 for ¢ < 0. This completes the proof of the lemma. O
We now state an It6’s formula for “tame” functions.

Theorem 5.3.

Assume that X is a continuous process defined by (5.1), wheren : J — R™ is of

. ; 2,4
bounded variation, u = (u',--- ,u™)7T, U’ € Lijoes ¥ = (W, -, o™, and vt € ]Lloc

Suppose ¢ € CL2(T x R™ R). Then

(5.7)
o(t, TI(X3)) — <15(0 I1(Xo))
t ¢ Log
_ as( T(X,)) ds + / o2 (5 T1(X,)) d(11(X,)

0

T3 Z Z / 82¢ (s, H(XS))U'il (s+ Si)Ds—i-sinl (s+ Sj) ds

0% 40T ;1
7.7 1217‘71 1 ’LZ]_ .7.71

a.s. forallt €T.



DISCRETE-TIME APPROXIMATIONS OF STOCHASTIC SYSTEMS WITH MEMORY 29

Remark 5.1.

(i) The It6 formula (5.7) may also be expressed in the form

(5.8)
o0, 110x) = 90,1050 = [ 226,y s+ [ O, amex)
k t 2
+%Z/O Tr[aa_iafj (5, II(X5)(©s(s4,55)) | ds
where

Os(a, B) = %{(uA)SXS(a, B) + (ul) s Xs(8, a)}, a, B € [-r0],

and the two-parameter process (uA), X, : Q x J?2 — L(R™; R™) is defined by
(U'A)SXS (aa /8) = I{O<s+a/\ﬂ}u(3 + CM)[ T(s + a)I{O<s+a<s+ﬂ}
/ Dy qu(r)dW (r / Dy qv(r)dr].

for all o, 8 € [—7,0].

(ii) Suppose d = m = 1. Let us define a trace operator 5. For 1 <14, j < k, define
(5.9) Vs, X ()= 13£(Ds+siX(s +sj+€)+Dss, X(s+5;—€) €ER

and Vi X(s) = (Vi X(s),"--,Vi, X(s)) € R*. Then the It6 formula for “tame”

functions can be written as

(5.10)

t 8¢
HLTI(X) — (0, T(Xo)) = a—( s+ [ 58 e anow,
o Os
1 0%¢ n _
Py / (G 11X0)) 2, X (9), V3 X (5D s,
=1
a.s. for allt € T, where & := (z1,--- , ) and (-, -)ga denotes the Euclidean inner product

on R%. Cf. [22], Remark 7.6.

For simplicity, we shall prove the It6 formula for the case d = m = 1. We thus

assume in what follows that d =m = 1.
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Proof of Theorem 5.3.

By Taylor’s Theorem, we may write

¢(t, TI(Xy)) — (¢, TI(Xo))
=D [b(ti, 1(Xy,)) = d(tir, (X)) + [B(t1—1, (X)) = B(t1—1, TL(X, )]

= 0¢ 8¢
Z _S(th (th )Atl + Z{Z tl 1;H(th 1))Al'LX
=1 =1 =1
1 <N 9% _
+3 > (tio1, T(Xy,)) A XA X}, teT,

—1 8.’1718:133

where
X=Xty +u(Xy, — Xy,), ti=tii+Biti—ti1), ti=tii+nlt;—t—1)

for some random variables 0 < ay, f,v < 1,1 =1,--- ,n. The It6 formula (5.10) will then

follow from Proposition 5.5 and Proposition 5.6 below. [

The rest of this section is devoted to the proofs of Propositions 5.4-5.6.

Proposition 5.4.
Suppose that W (t) is a 1-dimensional Brownian motion. Let u € ]Lll(;z be such that
u(t) =0 1ift >a ort <0. Assume that —r < $1,89 <0, and let m, : 0 =tg <t1 < -+ <

tn = a be a family of partitions of T = [0, al, with |r,| — 0 as n — oo. Then

n ti+s1 2 a+s1
(5.11) lim [Z/ u(s) dW(s)} :/ u®(s) ds
n—oo 1=1 Yti—1+s1 0
in probability. If s # s, then
Z”: ti+s1 ti+s2
(5.12) lim / u(s) dW (s) / u(s) dW (s) =
nTreo =1 Yti—1+s1 ti—1+s2

in probability. Furthermore, if u € LL2 then the above convergences are in L'(Q, R).
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Proof.

We prove the proposition for u € LY»2. The general case u € ]Lllo’i follows by a
standard localization argument ([23]).

If wi, uj, v, v; € LY? with u;(t) = v;(t) = 0if ¢t <0ort > a+s; and u;(t) = v;(t) =
0ift<Oort>a+s;. Set

{ Ui(t) := [} ui(s) dW (s) { Vi(t) := [} vi(s) dW(s)

(5.13)
() fo“J s)dW (s) :fovjs

Then

E|ZAl,U A;U; ZAlZVAlJV\

=1 =1

= E| iAlz(Ul — ‘/i)AljUj + i Alz"/z‘Alg'(l]_7' - V7)|
=1 =1

< E| zn:Alz(Uz — Vi)AljUﬂ + E| zn:AliViAlj(Uj - VJ)'
=1 =1

EZ|Ah (U — Vi) 2 ( EZ\AU

=1

HEY AP B8y (T; - V).
=1 =1

By an LP estimate of the Skorohod integral ([22], Proposition 3.5; [23], p.158), we have

ti+s;

n n
B I8 =EY | [ uy(s)aw(s)P
1=1 1=1 Jt-1tsi
—BY| / T tortr s (8)13(5) AW (5) 2
=1
< Z/{) I(tl—1+siatl+3i](S)Eu?(s) ds
=1

+Z/O /0 I(tl—1+si,tl+si](S)E(Dtuj(s))Q ds di
=1

= ]Oa Eul(s)ds + /Oa /Oa E(Dyuj(s))* dsdt
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Hence we obtain the following inequality

(5.14) E\ZA;ZUAIJ ZAZZVAUVI < fu; —

=1 =1

Since L1'2 N L*(Q x [0,a]) is dense in L2 it suffices to prove (5.12) for the case u €

L2 N L4(Q x [0,qa]). Set

o9 B
' S 0, t<0ort>a-+s;.
Define
(5-16) u"(t) = - I(tlf1+8i7tz+si](t) /tl+8i u(s) ds.
’ =1 tr =t ti—1+s;

and uy similarly. Let

(5.17) { Ui(t) := [y ui(s) dW (s) { UP(t) := [y uf(s) dW (s)
U;(t) =[5 uj(s) dW (s) V(L) = [y ul(s) dW (s).
Using (5.14) it is easy to check that
(5.18) lim E| Y  AUPAGUP =Y AU A;U;| = 0.
n—>00
=1 =1

By the formula for the Skorohod integral of a process multiplied by a random variable

([22], Theorem 3.2), we get

t+s; T s s1(t tr+si
AliUi":/ Yo vttt ’]()/ ui(s) ds dW (t)
t t

1-17FSi =1 b =tk k—1+5;
1 ti+s;
= / ui(s) ds[W (t; + s;) — W(ti—1 + s1)]
tr—ti-1 ti—1+si

ti+s; ti+s;

Dyu;(s) dsdt
tl_tl 1 Jt 148 Jti—1+s;

= P AW + Qui.
where
1 t;+s; ti+s; ti+s;
P, = 7/ ui(s)ds, Q= / Dyu;(s) ds dt.
tl - tl—l ti—1+s; tl - tl 1 Jt_14s; Jti_1+s;
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Therefore,

n

ZAle AUF = (PadiW + Qui) (P AW + Qi)
1=1 =1

= Z(Pliplj)(AliWAle) + Z(Plinj)AliW

+ Z(Plelz’)Ale + Z Q1iQuj-
=1 =1

By Holder’s inequality,

ti+s; ti+s;

(5.19) ZQh < Z/ |Dyu;(s)|* ds dt .

ti—1+s; Jti—1+s;

Thus lim EZQ“ = 0. Now

7— 00
=1

l |

2
n Alz ti+s;
i ([ mow
-1 t;—1+s8;

=1

n A ti+s;
{BuW)” / (u? (s))? ds..
— t

=1 l - tl 1 1—1+8;

Z BZAI'L
=1

~

It is easy to check that E||(u})?||r2((0,a+5:]) < Ellufl|r2(j0,a+s:) and

(5.20) lim E[|(u)® — vg||z2(0,a+s:7) = 0-

33

By an argument similar to the one used in the proof of Lemma A.1, we can show that

{37 (PiA;W)?,n > 1} is uniformly integrable. Applying Lemma A.1, we have

n a+s;
(5.21) lim E|) (PuAuW)? —/ ul(s) ds| = 0.
=1 0

n—oo

The Cauchy-Schwartz type inequality

n

(5.22) E) (PuldiW)Qu| <

=1

n n

EY (PidiW)2ED Q%

=1 =1
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together with (5.19) and (5.21) implies that lim E|» (P AW)Qu| = 0.
n—0o0

=1
Now consider the case 7 # j. The Cauchy-Schwartz inequality implies

(5.23) ElZQleli| < EZQ?J'EZQIZZ"
1=1 1=1 1=1
We may write

n n AWALW tits; ti+s;
> (PiPy) (AW AGW) = Z i/ u;(s) ds/ u;(s) ds
¢ ¢

I=1 (tl o tl_1)2 1—1+8; 1—1+8;
AW A hitss
(5.24) _Z =Lt / ul () (s) ds
! -1 ti—1+s;
where
moJ ‘ (s ti+s;
(5.25) ar(s) =y “l—fj’;l“z]( ) / ui(s' + 55— s;)ds’ .
=1 l -1 ti—1+s;

Similar to the case ¢ = 7, we have

(5.26) Jim E] ;(Pliplj)(AliWAle” = 0.

This completes the proof of the proposition. [

Suppose that

Xy = X4y, +ou(Xy, — Xg,_)), ti=ti_1+ Bt —ti_1)

for some random variables 0 < oy, 3, < 1,1 =1,---,n. Denote
(5.27) A(II(Xy,)) = (IH(AXy,)) = (X)) — (X, _, ),
(5.28) H(Xy,) = U(Xy,_,) + AL(Xy,),

(5.29) ApX =Xt +8;) — X(t—1+8;), forl<i<kand 1<l <n.
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Proposition 5.5.
Suppose that ¢ € C2(T x R¥,R), and let 1 < i,j < k. Under the hypotheses of

Proposition 5.4, we have

n 0%¢ _ t+s; 32_425(8’H(XS))U2(8) ds, i = j
(5.30) (b1, (X)) A XA X — 20 9
; 83718.’17_7 ! J O, ; ?é J

as n — oo, in probability.

Proof.

For 0 <14,7 < mn,

(5.31) AliXAle = (AliU + AliV) (AljU + Ale)

= AliUAljU -+ AliUAle + AliVAljU —+ AliVAlj‘/a

where U,V are defined by (5.2). Since U,V are continuous and V is of bounded variation,
it follows that
limn_)oo Z?:l AliUAle =0
(5.32) limn_)oo Z?:l AliVAljU =0
limn_)oo Z?:l AliVAle =0
in probability, for all 0 < 4,5 < n. To handle the term Y ;" | A;UA,;U, we adapt an
approach by Nualart and Pardoux (c.f. [22] Theorem 5.4 or [23] Theorem 3.2.1).
2
Set Y (s) := %(S,H(XS))I[O,t](s) and
n 82 B
(5.33) Y™ (s) =Y (0) (o3 (s) + D 522 (-1 T ) Tty (5)-
1=1 i
Then Y™ (s) — Y (s) as n — oo, uniformly in s € [0,¢]. Applying Proposition 5.4 and

Lemma A.2, we get

3 t+s; 82¢
(tl—la H(th))AliXAle — (SZJ/ @(S,H(Xs))u2(8) ds
0 7

n 82¢

=1 8:10161;3

(5.34)

in probability as n — co. [
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Proposition 5.6.
Suppose that ¢ € CH2(T x R¥) and let X (t) be a continuous stochastic process
defined by (5.1), where u € ]Llo’c, Llloi, andn € C([—r,0],R™) is of bounded variation.

Assume that m, : —r = o < --- < s, = 0 are partitions of [—r,0] such that |7,| — 0 as

n — 00. Then, for each 1 < i <k and eacht € T, we have

(5.35)
"0
i 3 o (11, T, ) A X

0% (X)) dX (s 4 50) 4 Z/ PO (X 2(s + 1) ds

o 0x; Pl (93:18353

2 s+s; s+s;
+ Z/ 3:2;333 I1(Xs)) [/0 Dgys,u(r)dW(r) + /0 Dgis,v(r)dr|u(s+ s;)ds

in probability.

Proof.
By a localization argument, we may assume that ¢ € Cbl’2(T x RF R). Let |m,| <

min{lsiSk} |8,~ - si—l‘- Fix 1 S ) S ]{3, 1 S l S n, and set

99
8.’177;

(5.36) Fri= (-1, I( Xy, ).

Using an integration by parts formula ([22], Theorem 3.2), it follows that

ti+s; ti+s;
(5.37) EALU :/ u(s)Fy dW (s) +/ D,.(Fy)u(r) dr,
t

1—1+8s ti—1+s;
where U is defined by (5.2). The chain rule yields

k

(5.39) D(Ry=Y 00

= szaxj

(ti—1, I Xy, ) Dy X (f1—1 + 55)-
Now, taking the Malliavin derivative D,. in (5.1) gives

(5.39) Dy X (t) = u(r) Igpesy + / Dyu(s) dW (s / Dy
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Consequently

H(th 1))Ale =C1 —+ Co + C3 + C4,

where
ti+s;
(o= o 2 (e, T X, ) u(s) AW (s)
ti+s; k
C2 _Zl 1ftll 1455 _7 1Gcfiai(tl—lyH(Xt171))I{r§t1_1+sj}u2(r) dr
ti+s; t_1+s;
e3 = Yoy Jot T oy p (o, (X, ) fy ™ Dyu(s) dW (s)u(r) dr
TI(

tit+si 9% ti_1+
[ C4 _Zl 1ftzl 1‘:-.91 J 1 9z;0z; 6;1: (tl 1, th 1 )fl T DT'U(S) dSU(T) dr.

(5.40) <

We will study the limits of the above expressions as n — oc.

Step 1. First we show that the limit of ¢y is given by

k t+S’L 62¢ 9
5.41 Cy — / r— s, 1(X,—s,))u”(r)dr, a.s.
(5.41) 2 3 | Gagy 0 I

If j <4, then t;_1 +s; > ;1 + s;. So when ¢;_1 +5; <71 <t + 54, I{rgtH-sj} = 0.

We have

/tl ) 0 28 ( - ( )) + 2( )d7'
Co = tl laII X _ | r<t;_q+4s;} U
j=it+1 =1 Y ti—1+si ;0T ti—1))H{r<t i} r

t+s; 2
— Z / 0% — 54, TI(X,_s,))u?(r) dr
8.17181'] !

J=i+1
a.s. as n — oQ.

Step 2. Next we study the limit of c3 as n — oo. We claim that

ko pt+si 92 r—s$its;
(542) 5o Y /0 0 (s TI(Xo.)) /O Dyu(s) dW (s)u(r) dr

= 8.’177,3.733
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as k — oo in probability. In fact,

n t;+s; 2 ti_1+s;
Tr ;:\Z/t [ ¢ (tl_l,H(th_l))/O D,u(s) dW (s)

1=1 Yti—1+si O;0z;

t+s; 82¢ r—si+s;
[ g =10 [ Do) W (o))

n ti+s; 2 r+s;—s;
SIS [ G e 1) [ D) W Gty

ti—1+sj
n ti+s; 62¢ 62¢
X - — i, II( X,
+|Z/t . [8 0, -(ti—1, IM( Xy, ) 8$i8mj(T sq, II( NI
=1 -1
T—S;+S;
/ D, u(s) dW (s)ulr) dr|
0
ti+s; T+85;—8;4
oo D, u(s) dW (s)|[u(r)| dr
a:clagr;J I Z - 1+Sz i, (s)
02 2
0°¢ 0%¢
+ su su ti—1, I( Xy, _,)) — r— s, II(X,_g,
1Sl£nr€[t1_1+£,tl+si]‘8.73'1'8.7)_7'(l L (X)) 8xi8$j( ( )|

« / e / T D u(s) AW (s)u(r)| dr

=T/ + T},

where T7; and T7; denote the first and second term on the right hand side of the last
inequality. Using the Cauchy-Schwartz inequality and the LP inequality for Skorohod
integral ([22] Proposition 3.5, [23] p.158), we have

a+s;
T

tl-l-sz T+8;—8;
><{E / |D,u(s)|? ds dr
ti—1+s; Jti—1+s;

ti+s; T+8;—8;

MIH

1y < |, 2

8:132835 !

/ Do (Dyu(s))[2 6 ds dr}*
ti—1+si Jti—1+s; 0

. . . 2 . .
as n — oo. The uniform continuity of afl 6"; implies T75 — 0 a.s. So as n — oo, T7* — 0
10T

in probability.
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Step 3. Now we will show that

k t+s; 82¢ T+8;—8;
(5.43) cq — Z/ (r — si, H(Xr_si))/ D,v(s)dsu(r)dr, a.s.
0 0

=1 8.%‘18333

As in Step 2, we have

n ti+s; 82¢ ti— 1+Sg
|ZZI ts, |:(9.7,'7,8 (tl 1 th 1 )/ (8) ds

=1
82¢ r—S8;+S8;
. Max.(r— s, 11(X, ) / Dyo(s) ds} u(r) dr]
i0%;
2 ti+s; r+8 Sz
sH o°¢ " Dyo(s) dsllu(r)| dr
8331‘358] ool 1Y ti- 1+Sz ti—1+s;
92

+ sup sup
1<I<n reft_1+siti+si] 3$i3$j

ti+s; r—S8;+S;
X / / D,v(s)ds
0 0

—0 a.sas n—00.

(-1, T( Xy, ) —

(7' - Si’H(X”'_Si))

8$i ox ]

ju(r)| dr

Step 4. Finally we study the limit of ¢; as n — oo. We shall show that

t+s; a¢

(s — 84, I(X5—s,))u(s) dW (s)

in L2(Q,R) as n — oco. To see this, define

o¢
8.’17‘ (tl—l’ H(th_1))l(tl_1+si,t1-|-si] (S)

(5.45) u”(s) = u(s)
1=1

It suffices to show that

(5.40 W) = (s = T )il 1)

in L2 as n — oo. It is clear that the sequence {u™(s)} converges to

8¢(

39

— 53, II(X5—s5,))u(8)L(0,t+5,1(s) in L?(2 x T, R). It remains to show that the sequence
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0
{Dyu™(5)}4, 7,5 € T?, converges in L?(QxT? R) to D, 8—3?-(3_81" I(Xs—s,))u(s)L(0,445,(5) |-

Now

D,u"(s)

3¢

= D, u(s ) 3

(th—l))I(tl—1+3i7tl+3i] (S)

k

a2¢ ti—1+s; , ,
8) Z Z a tl 1, (th—1))/0 DTU(S ) dW(S )]I(tl—1+5i7tl+5i](s)

n k 148,
2¢ X Y D (s') ds']l
S)Z Z tl 1, ( tl—l)) 0 T’U(S) S] (t1_1+3i,t1+si](s)

2

tl 15 (th—1))u’(7‘)1[0,t1_1+sj] (T)]I(tl—1+5i,tl+3i] (S)

Z

n k
8>ZZ
1

:d1+d2 ds + d4.

where d1, ds, d3, d4 stand for the first, second, third and fourth term, respectively, on the

right hand side of the above equality. It is easy to see that

dy — Dyu(s) g¢

(T(s = 84, Xs—s5:)) (0,451 (5)

Z;
in L?(Q,R). Since for all 1 < j < k, u(s) f3 """ D,v(8) df belongs to L?(2 x T%R),

then by Lebesgue’s dominated convergence theorem, we have

82¢ S—I-Sj—si
d3 :=u(s) Z Z[axadj ) (ti—1, H(th—1)) / D,v(0) da]‘[(tl—1+5i,tl+5i](s)
_ -1 7 Vi 0

j

k 82¢ s+s;—s;
=y uls)] (s = 86, I(X,5—s,)) / D,v(0) d0)1 (0 145(5)
in L?(Q x T?,R). Moreover,

ti+s; a ) 82(,25 2 s+8;—58; \
/ u2(s) [ Teoe (tl_l,H(XtH))] [ D,v(6) o2 dr ds

ti—1+s; ti—1+s;
82¢ 2 a ) a pra
n DT 2
< Il 3o OO/O " (s)ds/o /0( 0(8))2 dr do

—0
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as n — oo in L1(£2, R), because v € L1* and u € L*(Q x T, R). Hence,

s+s;—8;
iaHXs—& Dr 1 S
d3—>Z P )y | 0(0) A0 ()

in L2(Q xT? R). To find the limit of dy, we need to check that for all j, the two parameter
process (u(s) Os+s"_s" Dyu(0) dW () ,0 < s,7 < a) belongs to L*(Qx T?,R). This follows

from the following estimates:

E /0 ’ /O ’ u?(s)] /O e D,u(0) dW (0))* ds dr
< {E/O uh(s) dsE/Oa{/oa[/OHS"_si Dyu(6) dW(Q)]2dr}2ds}2
< C{E /0 "t (s) ds[ B( /0 ’ /0 " I Dvu(0) 2 d dr)?

E(/Oa /O /0 Do (Dyu(6)) d dr da)?]}3.

Here we have used a slight modification of the LP estimate of the Skorohod integral for

=

p =4 (c.f. [23], Exercise 3.2.7). Using similar L? estimates to the above, we obtain

547
ti+si a 82¢ 2 ps+si—s;
/ / u2(s)[ (tl_l,H(thl))} [ Dyu(0) dW (0)]2 dr ds
tr_1tsi J0 Ozi0z; tioa+s;
n ti+s; a s+s;—s; , 2 %
< Eu E / / D,v(0)do dr] dsy .
‘ 0zi0z; </ ) lzzl ti_1+si { 0 ( ti—1+s; (6)d9)

Note that the right hand side of the above inequality tends to zero as n — oo. Thus

s+s;—8;
(5.49) d2—>z Mg (6= 5 0Xes)) [ Do) WO 050 0
i0%j

in L2(Q x T, R) as n — oc.

It is easy to check that

¢
dy — Z u(s) 01,0z, (5 — i, H(Xs—sz-))U(T)I[O,S-i—s]-—sz-](T)I(O,t+sl-](3)
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as n — oo in L?(Q, R). Therefore,

0%¢
axiaxj
in L2(Q x T?,R). Finally it is easy to see that

(5.49) Dyu™(s) = Dr[u(s) (s = 80, I(Xs—s:)) (0,645, ()]

t+s; 8
c1 — /0 32 (s — si, I(Xs—s,))u(s) dW (s)

in L2(Q,R) as n — oo.
Step 5. The convergence
>

(5.50) (s — 84, II(X5_5,)) dV (s) a.s.

t+8i a
(o 10, Ay [ 58

=1 t

as n — oo, is easy to verify. [

We complete the section by giving a Stratonovich version of the It6 formula (5.7).

Suppose that k > 1 and p > 2. The set ILZ:% (c.f. [22] Definition 7.2, [23] p.167)
is the class of processes u € L’;’p such that the mappings s < Dsau(s V t) and s —
Dgyiu(s At) are continuous in LP(2), uniformly in ¢, and sup, ;e E(|Dsu(t)[P) < oc.

The space ]L;%, loc 18 the class of processes that are locally in L}i%. For any u € L;:QC,

the following limits

D u(t) = lim, ¢ Diui(t+e

D; u(t) = limeyo Y0, Diuf(t — €)
exist in L2(Q) uniformly in ¢, we set 7 = Dt + D™, i.e., (vu)(t) = D} u(t) + Dy u(t).
Consider the process

(5.53) X(t) = { n(0) + fg u(s) odW(s) + fotv(s) ds, t>0

n(t), —r <t <0,
where 7 belongs to C and is of bounded variation, u = (u!,---,u™)T, u® € Lﬁ:é,loc,
(Vu) € s, v = (vb,---,o™7T, v* € L7, and the stochastic integral is a Stratonovich

one. Assume also that the process X is continuous.
Using the relationship between the Skorohod and Stratonovich integrals ([22], Theo-
rem 7.3; [23], Theorem 3.11) and Theorem 3.3, we can easily obtain the following Stratonovich

version of It6’s formula for the segment process X;.
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Corollary 5.8.
Suppose that the process X (t) is defined by (5.53), and let $ € CH2(T x R™F R).

Then
(5.54)
¢(t, IL(Xy)) — ¢(0,11(X0))
t ko
= ; %(S, (X)) ds + ;/0 %(S,H(XS))U(S +8;) 0 dW (s + s;)
L
+ Z/O %(S’ H(Xs))'U(S + Sz) ds

forallt €T a.s..

6. Weak differentiability of solutions of SDDE’s.

In this section, we will study the weak differentiability of the solution of the It0
SDDE (1.6). Bell and Mohammed ([4]) have applied the Malliavin calculus to study
regularity of solutions of SDDFE’s with a single delay in the noise term. Their analysis
relies on weak differentiability of the solution of the SDDE. In Section 8 of this article,
the weak differentiability of the solution to the SDDE (1.6) together with the It6 formula
(5.10) are used to develop higher order numerical schemes for solving the SDDE. The next
three results (Proposition 6.1, Lemma 6.2, and Proposition 6.3) are analogous to those in
Nualart ([23] Theorem 2.2.1, Lemma 2.2.2, and Theorem 2.2.2). Denote D> := M5, DEP,
for k € N. Recall that DL, 1 < [ < d, stand for weak differentiation with respect to the

[-th component of W.

Proposition 6.1. (c.f. [23], Proposition 1.2.3).
In the Ité SDDE (1.6), assume that g € C,?’l(T x RFm™: (R4, R™) and h €
CyH (T x RF=2™; R™). Let X be the solution of (1.6). Then X (t) € DL for allt € T, and

(6.1) sup E( sup |D,.X(s)|P) < oo
0<r<a r<s<a
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for all p > 2. Furthermore, the “partial” weak derivatives D.X7(t) with respect to the l-th

coordinate of W satisfy the following linear SDDE’s a.s.:

. ‘ g7t .
¢ (r, T (X)) + [ S (5, (X)) DX (5 + 51,) AW (5)

(6.2) DLXI(t) = Ky ORI

+Jo 2y 5 (5. Ma(X)) DX (s 4 s2,0) ds, 12>,
=0, t<r,

foril=1,---,d,j=1,--- ,m. In (6.2), g°" is the (j,1) entry of the m x d matriz g, and

h7 is the j-th coordinate of h.

Proof.
For simplicity, we will only consider the one-dimensional case d = m = 1.
0), t>0
Xo(t) — { 7’( ) -

n(t)a -1 S < Oa

t t
(6.3) X7 () = (0) + / o(s, T (X)) dW (5) + / h(s, TIy(X™)) ds.

0 0

It is easy to see that

(6.4 D[ ol 020 W (5)

—o )+ [ DGt ) A
and
65 D[ s ds) = [ D (hts X)) s

—82,ko
Since g and h have bounded space derivatives, it is easy to see that there is a positive

constant K such that

(6.6) { D (g(s IL(X3))) < K suprcug, [DrX™(w)

D, (h(s, 3(X¢))) < K sup, <, < [Dr X" (u)],
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almost surely. From the Burkholder-Davis-Gundy inequality and (6.3)-(6.6), it follows that

X" (t) € DL for all t € [0, a], and there are positive constants Cy, Cy such that

t
(6.7) E(sup |D.X"T'(u)|P) < Ci(1+ E||X"Z) + Cz/ E'( sup |DTX"(U)‘P> ds.
r<u<t T r<u<s

By induction on n, the above inequality implies that E(sup,. <<, |Dr X" (s)[?) are uniformly
bounded in n for all p > 2. By [23], proposition 1.5.5, it follows that X (t) € D> for
all ¢. Applying the operator D to (1.6) (and using [23] Proposition 1.2.3), we obtain the
linear SDDE (6.2) for the weak derivative of X (¢). The estimate (6.1) follows from (6.2),

Burkholder-Davis-Gundy’s inequality and Gronwall’s lemma. [

The following lemma may be proved using similar ideas. Its proof is left to the

reader.

Lemma 6.2.

Suppose that the real-valued process o = {a(r,t) : t € [r,a]} is adapted and
continuous. Assume that the processes a(t) = (ay(t), --,ax, (t)) € RF¥ and b(t) =
(bi(t), -+ , bk, (t)) € RF2 are adapted, continuous and uniformly bounded. Furthermore,

suppose that the random variables a(r,t), a(t) and b(t) belong to D> and satisfy the

conditions
( sup E( sup |a(r,t)/P)+ sup E( sup |Dsa(r,t)P) < oo
0<r<a r<t<a 0<r,s<a s<t<a
ey { s {BCsup [a@F) + B(sup D))} <o
0<s<a s<t<a s<t<a
sup {ECsup 0)7) + B sup [D(01) } < oc

\ 0<s5<a s<t<a s<t<a

forallp > 2. Let Y = {Y(¢) : t € [0,a]} be the solution of the linear SDDE

(6.12) Y(t) = { g‘(r’ i))itfréﬁS)’Hl( D) AW (5) + [7(b(s), TIo(Ys)) paa s, >,

Then Y (t) belongs to DV*°, and for all integers p > 2, we have
sup E( sup |[D,Y(t)|P) < o0
0<s<a s<t<a

sup E( sup |Y(t)|P) < oo.
0<s<a s<t<a

(6.13)
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Furthermore, the weak derivative DY (t) of Y (t) satisfies the linear SDDE

(6.14)
D,Y (t) = Dsa(r,t) + (a(s), 11 (Ys))rr L {r<s<t}

+/ [(Dsa(v), 1 (Yy))mes + (a(v), (D5 Yy)) e ] dW (v)

+/ [(Dsb(v),Ha(Yy))mre + (b(v), Ha(DsYy))gre ] dv, s < t.

The next proposition follows from Proposition 6.1 and Lemma 6.2.

Proposition 6.3.

Let X = {X(t) : t € T = [0,a]} be the solution of the SDDE (1.6), where g €
02’2(T x RM™ L(RY,R™)), h € 02’2(T x RF2™ R™) have bounded first and second
partial derivatives in the space variables. Then X (t) € D% for allt € T, and

(6.15) sup E( sup |DXD2X(s)]P) < oo
0<ry,r2<a r1Vra<s<a

forli,lo=1,---,d, and all p > 2.

7. Strong approximation of multiple Stratonovich integrals.

The following iterated Stratonovich integrals are used in the Milstein scheme for
the SDDE (1.6):
t1+b
(71) sz to,tl, OdWZ( ) OdWJ( )
to+b Jito
where 0 < tg < t1,b > 0.
We will adopt the discretization scheme in [16] (section 5.8) in order to handle
the above double stochastic integral. For alternative discretization approaches to iterated

stochastic integrals, see [10] and [26].

Set

(7.2) J(to, 115 =b) := J11(to, t1; —b),
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t :=1t, —to and r := 2w /t. We choose a complete orthonormal basis of L%[0, ] as

1 2 2
(7.3) {%} U {\/;sinm's, \/;cosnrs n=12---,0<s<t}.
Set Wi(s) := Wi(s +tg) — Wi(tp) and B7(s) := Wi(s+b) — WI(b), s > 0,1 <i,j < d.

Using the Kahunen-Loeve expansion technique, we have

oo

(7.4) Wi(s) — ;W’( _ ilto) tO + Z (to) cosnrs + bt (to) sinnrs]
and
3(s) — SBi() < @ 00 N 0 (4 ) s
(7.5) BI(s) tB (t) = 5 T Z[an (to) cosnrs + b’ (to) sinnrs|
n=1
where
76) al,(to) = 2 [J(Wi(s) — SWi(t)) cosnrs ds
b, (to) = %fg(W’(s) — 2W¥(t)) sinnrsds

and
(7.7) alb(ty) = 2 fo (Bi(s) — 2BI(t)) cosnrsds

' bib(tg) = %fo (Bi(s) — 2BI(t))sinnrsds '

for n > 1. The convergences in (7.4) and (7.5) are in L?(Q x [0,]). It is easy to see that
if n > 1, af(to), b (to), al’(ty) and bi®(ty) are normally distributed with mean 0 and
variance t/2m2n? ([16], p.198). Furthermore, {a? (to),b% (to)} and {a?’(to), b3:%(to)} are
pairwise independent ([16], p. 198). One can use well-known random number generators
to simulate these random coefficients (c.f. [9], section 3.1.2, [16], section 1.3, and [17],

section 1.2).

Lemma 7.1.
Let to,t > 0. Then
(7.8)
Tegltosto 1 -b) = S (W0 BI0) — S (W (0)a4" (10) — B (1)ai(t0))

+m ) nlay(to)bE’(to) = b (to)al(to)], 1<4,j <d,

n=1

where the infinite series converges in L*(, R).
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Proof.
It suffices to show (7.8) for tyo = 0. Fix ¢ > 0. For simplicity of notation, we write
(7.9) af, = a},(0), b, = 0},(0), af® = a"(0), b]," = b3°(0)
and
PR
i () % i
(7.10) Wii(s) = ? Z ay, cosnrs + by, sinnrs),

n=1

It is easy to check that

(7.11) /b " /O . odWi (v) o dWI(s) — /b o /O . odW(v) o AW (s)

in L2(Q2) as N — co. Then we may write

t+b ] )
Jij(0,t;=b) = W'(s —b) o dW(s)
b

t+b g b . ab .
:/b Wi(t) o dWi(s) + ?OBJ(t)
©  t4b . b
-+ z_:l[afz /b cosnr(s —b)dW(s) + b, / sinnr(s — b) dWJ( )]

b

For any n > 1, we have

t+b t -
/ cosnr(s —b) dW7(s) = / cosnrsdB’(s)
b 0

:/(; COSﬂTSd(Bj(S)—gBj(t))‘l‘A COSHTSd(%Bj(t))

= cosnrs(BI(s) — —B’( NG+ nr/o (Bi(s) — ;Bj(t)) sinnrsds

Bi(t) [t
+ (*) / cosnrsds
3 0

t .
= §nrbﬁgb.

Similarly, we have

t+b _ ‘ '
(7.12) / sinnr(s —b) dW/(s) = —Enraﬁb.
b
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So

wie) [t . p_ t o o
(7.13)  Ji;(0,t—b) = t( ) /0 sdBI(s) + LB () + 5 D nlahby” - ba?).
On the other hand,

/OtsdBj(s):tBj(t)—/OtBj(s)ds

= 550~ [ () =SB ) ds
= S (B(1) - a}")
Therefore,
(T.14) Joy(0.6-b) = SWHOB() - S (Wt Jab)+ 5 D m(ab? ~ Vi
O

The expansion of J; ;(0,¢; —b) is a generalization of the expansion of
(7.15) (i, ) / / o dWi(v) o dWi(s)
= ( (W (s) - (Wl(t)a — W (t)ap)
LT i ipi — bigd)
(see [10], [16], and [17]). Set

(7.16) TP (to, tr; =b) = S (W' () B (1)) — %(Wi(t)aﬁ’b(to) — B (t)ay(to))

t\.'JI»—l

+ Z n[ay, (to)b%" (to) — by, (to)al (to)).

n=1

49

Then J (to,tl, —b) can be used to approximate J; j(to,¢1; —b) in the mean square. The

rate of convergence is given in Lemma 7.2 below.
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Lemma 7.2.

For any integer p > 1 and t > 0, we have

2

. . .12
(7.17) E|J?;(0,t;—b) — J; (0,8 —b)|* < 3T

Proof.

Let p > 1 be any integer. Then
1 1 1
n=p+1 n p u p
Since {W*(t)} and {B’(t)} are independent, E(aibi) = 0 and E(a;b}:*) = 0, we have

o0
E|JP(0,t;—b) — Ji j(0,;—=b)[* = 7* > n’E(al by’ — bi,ai’)?
n=p+1

=2 3 nAB(i)? + B(be)

n=p+1
2 & 1 t2
= — — < . g
A2 Z n2 — 27I'2p
n=p+1

8. The strong Milstein scheme.

In this section we construct a strong Milstein scheme of order 1 for the SDDE (1.6).
Our construction relies heavily on the It6 formula for “tame” functions (Theorem 5.3).

Throughout this section, we assume that in (1.6) the coefficients g € CY2(T x
RF™ L(RY,R™)) and h € CY2(T x R¥™ R™). For convenience, set W (s) = W (0) = 0,
for all s < 0. We also define

h(t,II3(X:)), 0<t<a,

(81) n(t), t<O.

{ g(taHI(Xt))a OStSO,,
u(t) :=
0, t <0,

and v(t) := {

We first derive the Milstein scheme for the case d = m = 1.
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8.1. It6-Taylor expansion.

Assume that 0 < to < t, and ¥ = (x1,--- ,7x,) € R¥. Applying the It6 formula
(5.10), we have

(8.2)
g(t, 111 (Xy)) — g(to, 1 (X4,))
t g ki tdsi;
= [ e mEds 32 [T 6 1 T (e Do) W )

1,0%g N ~
5(@(3, I (X,)) Vi, X(5), Vs, X (s)]ds,

%

))U(S + 8171') +

Z

where v;;‘:l,iX (s) are defined by (5.9). Applying the Ité6 formula (5.10) again and using

similar notations for h, we obtain

(8.3)
h(t, H2(Xt)) — h(to, H2(Xto))

t+521 8h
= [P mx,) ds+z / — 50, TIy(Xo_sy,)) u(s) AW (s)

to to+sa,q ‘9%
1,0% + _
Z (5, Ta(Xa) (s + 32.) + 509 (5, (X)) Vs, X(s), 75, X ()] ds.
Substituting (8.2) and (8.3) into (1.6), we get the following approximate (It6-Taylor) ex-

pansion of (1.6):

(8.5)
X(t) = X(to) + g(to, 1 (X4, ) [W (1) — W (to)] + h(to, 12 (Xz, ) (2 — to)
+ Z t(), H1 Xto)) to + 81 , / e tz dW(tl) + R(t(), t)
to Jto+s1,:
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where

(8.6)

0
— 81, Hl(Xt2—S1,i))u(t2) - 7. (tO’ Hl(Xto))

t1+81,;
t07 {/ |:
to Jto+s1,i

u(t0+sl,i)] AW (t2) AW (1)} + / /tt :[ (b2, T (X2, ))0(ts + 51.5)

1 0%
2(8 2(

+ to, 111 (X%,)) V;‘_M Xt,, Vs_l,,-th)] dtz dW (t1)

t1+s2,5 8h
/ / = 0 T (X, ) A ()
to+s2,; axl 7

t1 k2
/ / [ (2, Ta(Xs,) 0lts + 82,0
to Jto ;—1

1 62

tl Oh
II, (X — I, (X .
+/b0 /0 |:at2 t2a 1( t2))+ 8t2 (tz, 2( t2)):| dt2 dt]_

+ 5 (55 (t2, 1a(Xe,) V3, , Xea V;,ZX@)] di dty

In the above expression, the stochastic integrals

t1+81,; ag
/ (ts — 51,6 T (Xpa—sy ))ultz) AW (£2)
to+s1,: Or;

and

t1+82,4 oh
/ (t — 52,6 TMa(Xpp_sy ))ultz) AW (t2)
to+s2,i 8'7:1

are Skorohod integrals. Define
t1+si,5
I(to —}—Si,j,t—|—8i7j;si,j) = / tz) dW(tl)
to Jto+s; J
fori =1,2and j =1,---,k;. Recall the definition of J(to+s; ;,t+; j; si5) in (7.1). Note
that if s; ; < 0, then

t1+s8i,5
(8.7) I(to + 85511 + 81,53 86.5) = / / odW (1) o dW (t,):
t

0+8i,;
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if Sij — 0, then

(8.8) I(to + 85,4, t + Sij; Siﬂ') = /t [W(tl) — W(to)] dW(tl) = (W(t) _2W(t0)) _ t —2t0 .

8.2. The one-dimensional Milstein scheme (d =m = 1).

Assume d = m = 1. Recall the partition m, := -1 =t_; < --- <t =0<--- <
t, =t constructed in Section 3. We introduce the Milstein scheme for the SDDE (1.6) as

follows:

XP(t) ==)fp(tk) *—’l(tk,112(3Yf;))(t — tk) + g(tr, L (XE)) (W () — W(tx))

(8.9) + Z (tk, 11, ka))up(tk + s1 ,)I(tk + S1,it+ S1,45 Sl,i),

for t, <t <{tg41, where

up(t) _ g(t7 Hl(ti))’ t 2 07
o, —1<t<0,

and

t1+81,4
I(tk + 81,5 + S143 8171') = / OdW tz) o dW(tl)
123

tr+s1 S

Recall the notation
LJ {tk, iftk§8<tk+1
s| =
tn,, if tn, <s<t.

and introduce the following notation:

5] = th+1, th <8< tgya,
t, tn, <<t

In view of (8.7) and Lemma 7.2, we will use J?(t;,t; s1,;) to approximate I(t;,1; s1,i).
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Lemma 8.1.
In the SDDE (1.6), suppose that g € CZ(R* | R), h € CZ(R*2,R), have bounded
first and second derivatives. Then for each integer m > 1, there exists a constant K(m) > 0

such that

2

(5. I (X)) v, Xur Vi Xe)™)
(87 H2(XS)) Vg;ﬂ X.57 V;Z,Xs)m)

IN

(m)
(m)

K
(8.10)
K

—N—
g2

&
33
&3‘:-
IA

for all t € [0, al.
Proof.
By the definition of vE X (s) (see (5.9)), we have
(8'11) V;,i,su X(S) = 2’(1,(8 + sl,i)I{s1,i<s1,j} + u(s + 81,1')(51'3‘

s+s1,j s+s1,5
w2 [ D)W@) 12 [ Dy ol
0 0

and

(8.12) vs_l,i’sl’jX(S) = ’LL(S + 8171')(57;3' .

Therefore,

(8.13)
<§;Z<s 0 (X,)) V5, X(), Vi, X(6))

1
- 22{ T (5, T (X))l + 51003 51 (o0 + 985+ 51,00
s+s1,5 S$+s1,5
+ / Detur ) W)+ [ Dog o(r) i),
0 0

If » > 0, then

dg

(8'14) DSU(T') = Dsg(Hl(Xr)) = 8

(7“ I11(X,))Ds X (1 + $1.4),
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and
k1 9%g
(8.15) DtDsu(r) = (7‘, Hl(Xr))DsX(T' + 81 i)DtX(’l“ + 51 j)
i g= 8.%1(937] ’ ’
k1 99
+ ; 8—%(7; T, (X,)) Dy Ds X (1 + 51.4).

By Proposition 6.1 and Proposition 6.3, there exists a constant C'; > 0 such that
{ SUPp<s<a E(SupsgrSa |DSX(T) ‘2) <Ci
SUPo<s,t<a E(SupthSTSa ‘DtDSX(T) |2) < Ch.
Since g has bounded first and second derivatives, then there is a positive constant Cs such
that

sup E( sup |Dsu(r)]?) < Coky sup E( sup |D,X(r)]?) < C1Cak1,
0<s<a s<r<a 0<s<a s<r<a

and

sup E( sup |DyDu(r)?) < C?C2k; + C1C2k.

0<s,t<a svit<r<a

If r < s+ 51,4, then
{ DS+S1,iu(T) =0
Dy, ,v(r) =0.

Therefore,

t+s1 5
B([ " Digyulr) W)
t

+s1,4
t+s1, 5 t+s1,5 t+s1,5
< / E(DsDt+31,iu(r))2dr ds -I-/ E(D,prsl,iu(r))2 dr
t+s1,5 t+s1,5 t+81,5

S 02]{7%012 + 202]{7101 =: Kl.
Similarly, there exists a constant K5 > 0 such that

t+s1,;

E(/ Diys, ,v(r)dr)? < K.
t+s1,5 1

So the first inequality of (8.10) follows from the above two inequalities and the Lipschitz

and bounded conditions on h, g ((1.4),(1.5)). The second estimate of (8.10) is proved by a

similar argument. [



56 Y. HU, S.-E. A. MOHAMMED AND F. YAN

Theorem 8.2.
Consider the Milstein scheme (8.9) for the SDDE (1.6) (r = 1).Let 0 < v < 1.

. 2 . . . . . .
Suppose that n : [—-1,0] — L*(Q, R™) is Holder continuous with exponent 3, i.e. there is

a positive constant K such that
Eln(s) —n(t)* < K|s —t|”

for all s,t € J. Suppose that g € CH?(TxRF R), h € CY2(T xR, R) and have bounded

first and second spatial derivatives. Assume that

sup_ B(|2(s)|?) < C'63
—1<5<0

for some positive constant C', where 6, := |m,|. Then there exists a constant C > 0

(depending on a and independent of w) such that

sup E|ZP(s)|* < 0537
—1<s<a

for any p > 1.

Proof.

As in the proof of Theorem 3.4, we express the global error in the form
ZP(t) = ZP(0) + IP(t) — R*(t),
where

IP(t) = ) [A(tir, Ma(XP(ti-1))) = hltio1, Ta(X (ti-1)))] (6 — ti-1)

+ Zt:[g(ti—l, My (XP(ti-1))) — g(timr, (X (i) DI(W (8:) — W (ti-1))
+ [Altn, M2 (XP(En,))) = h(tn,, o (X (En,)))](E = tn,)

+ 190, T (XP(tn,))) = g(tn,, (X ()W (2) = W (20, ))
ng ki

'y Z{I(ti_l, b5 51,) [g—jj(ti_l, (X (t:-1))

i=1 j=1
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k1
SO e
1=1
dg

5 (o T (X (1) + sm} }

89(

X uP(ti—1 + s1,5) — Er
j

tio1, I (X (ti1)))u(tiog + s1,5)

dg

81']( nes 1 (XP (tn, )P (b, + 515) —

and
= R(ti—1,t;) + Rltn,,1).
=1

We shall decompose RP(t) into five parts:
RP(t) = Ry (1) + R3(t) + R3(t) + Ry (t) + Ry(2),

where

nt ti s+81,5
Rzlj(t) Z— — 81,5, HI(XT—S1,j))U(T)
8:1:
i=1 j= 1 ti—1+s1 i J

_ g—i(ti_l, I (X)) u(tioa + sl’j)] AW (r } N Z{/t /ts+51 J

ng +31,j
dg
(9.’133'

99
aij

[ [

o (Pl (X ulls] + 51,)| W () AW (s .

=3 [ [ oo memte

1
v 5<?Z<r, I(X0)) V3, XV, X0 | dr d (o),

Z T = s T ) a0

Ls]+s2,; 8$J

03 [ [t s

1,0%h N _
+ 2<a—*2 (’7‘ H2( 7‘)) st,j X, sz,jXT> dr ds,

(r — 515 T (Xrewy D)) = 29 (1 T (X, )t + sl,j>] aw (r) dW(s>}
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//sz{ (r, Ha(X ))"'?(7’ I (X, ))}drds.

By the It6 isometry and the formula for covariance between two Skorohod integrals ([23],

and

Section 1.3.1), we have

k1 t s+s1,j
sup E|RY(s)]? < ky ZE/ {/ [835 (r —s1,5, M1 (Xy—s, ;))u(r)
j=1 70 U1 J

0<s<t s]+s1,;

aaj (LSJ;H1(XLSJ))U(L$J + 51,j)] dW(T)} ds

J
s+81,5
<k Z/ / L?J:J =515 I (Xr—s, ,)Ju(r)

ls]+s1,;

0 2
ag (Ls], T (X s )))u(ls) +31,j)] drds
333
t pstsiy §+81,5 ag
Y . ([t
1jzzzl 0 J|s|+s1,;/[s]+s1,5 6.73]( L. 1( , )) ( )

~ (L (Xl +51)] | dradrads

= k1 RY; (1) + k1 RT5(t).

By assumption, the function G,(s,z,z) = %(s,x)g(s,z), (r € R* and z € RM), is

Lipschitz, i.e., there exists a constant L; > 0 such that
1G(s,2) — Gi(s,w)| < L1|z —w|, Vz,w € R** and 1 < j < k.

Using

B g(r,111(X,)), r>0
ulr) = { 0, r <0,

and

sup E|X(B) - X(a)]* < Calra — 1|7,
—1<r;<a<pf<r2<a
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it follows that

s+s81 Jj
R€1 / /|_ — 81 J’Hl(XT—Sl,j)anl(XT‘))

s|+s1,;
- Gj(LSJ7H1(XLsJ)7 HI(XLSJ—FS]_J)):IzI{LSJ+S]_7]'ZO} drds
ki1 t S+311j
< 2k, L3 Z/ / sup  E|X(ry) — X(r1)|*drds
7j=1

s]+s1,; —1<ri<r2<a
|'r2 7"1|<5

< 2(a+ 1)k;LIC,6.7.

Now for all » > 0 and 1 < j < kq,

dg
Ds(a—xj(r = 81,511 (Xr—s, ;) )u(r))
k
1 829
g(?“, HI(XT)) pat 83738.7}, (’I“ - Sl,ja HI(X’T‘ 51,5 ))D X(’I“ — 81 .7 + S1 z)
dg 69
t 5p 7~ S Hl(Xr—sl,,-)) 2 (r I (X5)) D X (7 + 51,4)-
.’L'j 6

By Proposition 6.1, there exists a constant C3 > 0 such that

sup E( sup |D,X(s)?) < Cs.
0<r<a 0<s<a

By (1.8), (1.10), and boundedness of the spatial derivatives of g , there exists a constant

C4 > 0 such that

0
sup sup (| Du( 52 (r = 515, T (X, )ulr)P) < 204k3.
0<r<a 0<s<a Zj

Therefore

k1 t $+81,5 $+81,5
RE,(t) <k1 )y / / /L E{D, [4C4k?] dry dry ds
j=1"0

[sl+s1,5 S [s]+s1,;
4(a + 1)Cykid2.

Hence there is a constant Cs > 0 such that

(8.16) sup E|Ri(s)|> < 05612,7.
0<s<t
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Applying Fubini’s theorem, we can rewrite R%(t) as

n t; s+82,;
RE(t / / — $9., Ia(Xy_y))ulr) AW () ds

21_71 zl+s2g

s+82 5
— 82,5, Ia(Xp—s, , dW (r) ds.
/t L e s e utr) W

n

So we have

t+32J

0=/

= 13 1Yti—1+s2,;

/1 8;1;] Sij’H2(XT 82,5 )) ( )deW( )

t+32 J
/ / — 82,5, Ha(Xr—s, ;) )u(r) ds dW (r)
tn — 8:1:] :

+52 Ni
tz+s2,g ah
_ Z Z / (ti+ 82,4 = 1) 5o (7 = 525 T (Xy s, ))u(r) AV (r)
J

i=1 j=1Yti-1+s2,;

f2 ptbea oh
+> /t (b 525 = 1) g (r = 525, Mo (X ) Julr) AW (r)

j:l ntg +521j
ko

t+sa
:Z/ ([T‘—82,j—| +82,j—7')%(7'_32,jaﬂ2( r—S2 ; ))u( ) ( )

j=1 82,5 J
Applying the formula for covariance between two Skorohod integrals ([23], Section 1.3.1)
and Proposition 6.1, we can show that there exists a constant Cg > 0 such that

(8.17) sup E|R3(s)]* < 06(512,.
0<s<t

Similarly, by Lemma 8.1, we can easily show that there exist C7 > 0 such that
SUpg<,<t E[Ra2(s)[? < Cry,
(8.18) SUDg<s<; E|Ra(s)]? < Crd,
supg<s<; B|Rs(s)[* < C7d,
By similar arguments to the ones used in the proof of Theorem 7.1, we obtain the following
inequality

t
(8.19) sup E|IP(u)]? < 01/ sup E(|ZP(u)|®) ds
0<u<t 0 —1<u<s
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for some constant Cy; > 0. From (8.16)—(8.19), there exist Cs > 0 and Cy > 0 such that

t
(8.20) sup E|ZP(u)]> < E|ZP(0)]* 4+ Cs627 + Cg/ sup E|ZP(u)|*ds.
0<u<t 0 —1<u<s

So
t
(8.21) sup  E|Z°(u)® < (20" + Ce)627 + Gy / sup  E|Z7(u)|? ds.
—1<u<t 0 —1<u<s

By Gronwall’s lemma, there exists a constant C' > 0 such that

E sup |Zp(s)\2§05]2)7. O
—1<s<t

Let us consider a particular case when g and h are of the (linear) form

_ S s X (51
(8.22) { g(s, IL(X,)) = Zi:l ai(s, Xs(s1,i))

k2
h(s,Ha(Xs)) = Zj:l bj(37 XS(S2J))7
where a;,b; € C’;’Z(T x R) for 1 <i < k; and 1 < j < ky. In this case we can obtain a

stronger estimate than the one given in Theorem 8.2.

Theorem 8.3.
Consider the Milstein scheme (8.9) for the SDDE (1.6) in the special case (8.22).

Suppose that 0 <y < 1 and n is Hélder continuous (in LI(Q2,R)) with exponent %, i.e.,
(8.23) Eln(s) = n(t)|? < K|s —¢|*

for some constant K > 0. Suppose that g and h have bounded first and second space
derivatives. Assume that

1+4
E||Z2||% < C'(q)85 2

for some constant C'(q). Then there exists a constant C(q) > 0 (depending on a) such
that

1+2
E sup ||Z2]|% < C(q)65 2"
0<s<a
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for any p > 1.

Proof.

The proof is analogous to that of Theorem 8.2. Instead of using the formula for
covariance of two Skorohod integrals ([23], Section 1.3.1), we use the Burkholder-Davis-
Gundy inequality to estimate the errors. One may also apply the non-anticipating 1t6

formula to
{ a;(t + 51,1, X(t+51,1)) — ai(to + 51,1, X (to + 51,1))
a;(t+ 51,1, X(t+s1,1)) — ai(to + s1,1, X (to + 51,1))

in order to obtain the expressions (8.2) and (8.3). O
Remark 8.4.

It is easy to check that the Milstein scheme (8.9) is (stochastically) numerically
stable (Definition 2.3). The criteria for strong consistence (Definition 2.2) may not suit
the case of higher order (y > 1) approximation of SDDE because anticipating stochastic
integrals are involved.

We can rewrite the SDDE (1.6) in Stratonovich form, namely, if ¢ > 0,

(8.24) X () = n(0) + / 9(5, T, (X)) o dW (s)

)
[ o 1a(00) = § 2 o T (X5, T (X))

if s, = 0. If s, < 0, then the SDDE is of the same form as (1.6) except the It6 integral

is replaced by Stratonovich integral, i.e.,

X(t)zn(0)+/0 9(s, I11(X5)) 0dW(8)+/0 h(s, (X)) ds,

Bell and Mohammed ([5]) derived a similar result in the case of a single delay. From
Corollary 5.8, we can obtain the following Stratonovich-Taylor expansion of X ()
(8.25)

X() = X(to) + 9 (to, I (X)) [W(2) — W(to)] + h(to, 12(X4,)) (2 = to)

o t1+81,;
+ E 9 (to, Hl(Xto)) to + 81 1 OdW tg) o dW(t1) + R(to, ),
i=1 Oz to

t0+51 i
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where
t1+81,i ag
(826) to, Z{/ / — S81,i, Hl(th—SLi))u(t?)
0+51 [
0
- (10 T (Xe)Julto + 51,0)] 0 dW (12) o dW (11))
t1 kl
/ / t2,H1(Xt2))@(t2 +s14)dts o dW (1)
to Jto = 1
t1+82,; 8h
j/ ‘/f — 52,0 Ta(Xp, o, )us(t2) 0 dW (t2) by
0+52 i
t1 k2 1
/ / tg, H2(Xt2))17(t2 + Sg’z') dtz dtl.
to Jtg i=1
and
_ 1 h(t,T5(X;)), 0<t<a
8.27 h=h—— d o(t) =
(8.27) b= 3o, amd o) = { "0 o

One can also derive the Milstein scheme for (8.24) using the Stratonovich-Taylor

expansion (8.25) of X (¢) as follows: Let ¢ < t < tx11. Then

(8.28)
XP(t) = Xp(tk) + h(tr, o (XE))(t — tr) + gtk T (XE)) (W (t) — W (tx))
+ Z o1, (e, T (XE))uP (tk + 51,0) T (b + 51,0, + 81,45 51,4),
where

¢TI, (XP)), t>0,
O
0, -1<t<0.

8.3. The multi-dimensional Milstein scheme.

Write h(s,z) = (h'(s,z),--- ,h™(s,z))T, ¥ € R™k1,
T11, " 5 L1k
Tm1, ’ xmk:l

Denote by g’!(s, #) the (4,1) element of the m x d matrix g(s,Z). To simplify notation,

we use below the summation convention on repeated indices. Recall the notations for the
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partition -1 =1_, <--- <ty =0 < --- <1, =1 introduced in Section 2. We formulate
the Milstein scheme for the SDDE (1.6) as follows: if ¢t < t < tgy1, the ith coordinate

Xi(t) of X(t) = (X1(t),---,X™(t))T is approximated by

(8.29)
XEP(6) = XU (1) + W (0, Ta (XE))(t = t) + g™ (8, T (XE)) (W'(2) = W 2)
9l .
t B (e, Ty (XE))u" PP (b + s, ) Dy (B + 51,505t + 51,513 51,31),
2171
where
ui1j1,p(t) _ { g (t, I (XP)), t>0,
0, -1<t<0.

Remark 8.5.

One may check that Lemma 8.1, Theorems 8.2 and 8.3 also hold in the multi-
dimensional case. In fact, it is easy to extend these results to the multi-dimensional case,
thanks to the weak differentiability results (Proposition 6.1, Lemma 6.2 and Proposition
6.3) and the results concerning strong approximation of double Stratonovich integrals

(Lemma 7.1 and Lemma 7.2).

In comparison with SODE’s, it seems very difficult to derive higher order strong
approximation schemes for the SDDE (1.6). One may try to avoid involving the differential
operator D and the trace operator sy in the numerical scheme by attempting to employ
multiple Stratonovich integrals instead of multiple Skorohod integrals. The idea is to use
Stratonovich-Taylor expansions of the coefficients in the SDDE (1.6) (c.f. (8.4) and (8.5))
instead of It6-Taylor expansions. However, this is difficult, because it is hard to estimate
the order of the error via the remainder term. This is because a multiple (anticipating)
Stratonovich integral can not be expressed in terms of multiple (non-anticipating) Ito6
integrals. The Hu-Meyer Formula gives the relationship between multiple Stratonovich
and Skorohod integrals ([7], Theorem 3.1 (with non-deterministic kernels); [30], Theorem
3.1 and [28], Theorem 3.4 (with deterministic kernels)) (c.f. [25], [30] and [28]). However,
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the formula still involves the differential operator D and the trace operator v/, and hence
it is hard to estimate the remainder term.
One may refer to Jolis and Sanz ([15]), Delgado and Sanz ([7]), Solé and Utzet

([28]), and Zakai ([30]) for multiple Skorohod and multiple Stratonovich integrals.

Appendix A.
The following lemma extends a result by Nualart and Pardoux ([22], Lemma C1).

Lemma A.1l.

Suppose that x = {x(t) : t € [0,a]} is a measurable real-valued process, x(t) = 0 if
t>aort<0, and x € LP([0,a],R) a.s., p > 1.. Assume that {m, : 0 =1ty <t; <---<
tn, = a} is a family of partitions of [0,a], with lim |m,| =0, and —r < s1,52 < 0. Then

n—oo
" ARWARW  [hts T p(s) d —
(A.l) ]_im Z 1 2 / _’L’(S) d,s _ { 0 -CL.(S) 87 S1 S9
n—oo 1=1 tl o tl_l ti—1+s1 07 S1 7& S2
in probability. Moreover, if x € LP(Q x [0,a],R), then the above convergences hold in
LY, R).

Proof.
It clearly suffices to show that (A.1) holds in L'(Q,R) whenever z € LP(Q X
[0,a],R). Fix m > 1, define

m
It : ti+s1

™ = Z (t1—1+s1,t1+s1] / .’17(8) ds.
=1 tp — 111 ti—1+s1

For n > 1, define

=1 ty— 11 ti_1+s1

Define au,(X,,) similarly. It follows from Holder’s inequality that if 1/p 4+ 1/g = 1, then

Q=

t+31 %
(A2 Eloy { ZM”WADW'(I} EZ o, Jals)] sy

by —ti-1)77 (1 —t-1)
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i.e.
an(T)|[z1@) < Cpllz||Lr@xio,a+s1]) < CpllT||Lr@x[0,a]);

Therefore,
(A3)
a+ts1 a+s1
Elay(z) — / 2(5) ds| < Elan(z — 5™)| + Elap(z™) — / 2(s) ds|
0 0

a-+s1
< Blan@™) = [ a(s)ds] + Cyllo = 5™ s (@xioason
0

since

< t;+
an(z™) = Z / s1 I(ti_1+317ti+81](t) AL WAL W
n =
i=1 | (t1_1,t]C (ki1 t;]) Y Hi—1T81 tr — 111
1<i<n
1 t;+s1
X 7/ z(s) ds
ti o ti_l ti—1+s1
ti+81

1
= > ApWALW 7/ x(s) ds.
¢

ti—lim1 Jt,_y4sy

m
1=1 | (t;—1,6]C(ti—1,t:]

1<i<n

Let k., be the index such that t5 1 +s1 <0 <ty +s1. If s1 = s9, then by Lemma 5.2,

the following limit exists in probability

i ti+s1
li ™) = ti AO = (- Vol d
nl)rglo an(x ) z:zl[( o 81) ( i1 81) ]ti - ti—l /ti_1+s1 x(S) i
“ tits thy, T51
t m
= Y [ adse 2 [T g as
i=kpy+1 ti—1+s1 km—tr,,—1 JO
ats1 th, +51
t m
= [ s+ B [
0 km—tg, -1 JO
Equivalently,

a+s1 tk,, 51
ap (™) — / x(s)ds — o 51 / z(s)ds — 0
0 0

tkm _tkm —1

as n — oo in probability.
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A slight modification in the proof of (A.2) yields the estimate

[lom (™) Lo () < O P)|™ ([ Lo @x(0,0451))5

for all p’ € (1,p). Therefore, the family {ay,(z™) : n > 1} is uniformly integrable. From
(A.3) we have

n—00

a+s1
lim F|ay,(x) —/ x(s) ds|
0

tg,, + s1

Uk kg —1

tepy, 51
<B [ (o)l ds+ Gllo — ™ pr(@xinasen)
0

tky, +51
<E / £(5) ds| + Gyl — 2™ || o o.aon)

Clearly, 2™ — x in LP(Q x [0,a + s1]) and Ef(fk"ﬂrs1 |z(s)|ds — 0 as m — oco. So

a+s1
lim Elo,(z™) — / x(s)ds| = 0.
0

n—0o0

Now consider the case s; # s2. Since

Elan(z)| < Elan(z™)| + Elan(z — ™)

< Elan(z™)] + Cp||$ - fUm||Lr(Q><[o,a+sl])-

A similar argument gives lim,,_,o, FE|a,(z)] =0. O

The following useful result is due to Follmer ([8]), and Nualart and Pardoux ([22],

Lemma C.2):

Lemma A.2.
Let {z*(t) : 0 < t < a}2_, be two continuous processes, and {m, : 0 =ty < t; < --- <
tn, = a} a family of partitions of [0, a], with lim |m,| = 0. For eachn andl =1,--- n,
n—>00

let z, ,, denote z(t;). Assume that

(A4) Z(',Ljfil,n - .’L'il_l’n)(l"gl ,n - le_l,n) — /(; a’ij (S) dS
=1
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in probability as n — oo, where {a*(t) : 0 < t < a;i,j = 1,2} are measurable processes

such that a.s.

(A.5) / a% (s)|ds < o0, 4,5 =1,2.
0

Let {Y(t) : 0 <t < a} be a continuous process, and {Y™(t) : 0 < t < a}?2; be measurable
processes which converge a.s. to {Y(t)} as n — oo, uniformly with respect to t € [0, al.

Then

n

(AG) Zyn(tl—l)(xil,n - wil_l,n)(wgl,n - xil_l,n) - /O aij(S)Y(S) ds

=1

i probability as n — oo, for1=1,2.
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