DISCRETE-TIME APPROXIMATIONS OF STOCHASTIC
DELAY EQUATIONS: THE MILSTEIN SCHEME'
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ABSTRACT. In this paper, we develop a strong Milstein approximation scheme for solving
stochastic delay differential equations (SDDE’s). The scheme has convergence order 1. In
order to establish the scheme, we prove an infinite-dimensional It6 formula for “tame” func-
tions acting on the segment process of the solution of an SDDE. It is interesting to note that
the presence of the memory in the SDDE requires the use of the Malliavin calculus and the
anticipating stochastic analysis of Nualart and Pardoux. Given the non-anticipating nature
of the SDDE, the use of anticipating calculus methods in the context of strong approximation
schemes appears to be novel.

1. Introduction.

Discrete-time strong approximation schemes for stochastic ordinary differential equa-
tions (SODE’s) are well developed. For an extensive study of these numerical schemes,
one may refer to ([18]), ([19]), and ([21], Chapters 5 and 6). Some basic ideas of strong
and weak orders of convergence are illustrated in ([13]).

If the rate of change of a physical system depends only on its present state and some
noisy input, then the system can often be described by a stochastic ordinary differential
equation (SODE). However, in many physical situations the rate of change of the state
depends not only on the present but also on the past states of the system. In such

cases, stochastic delay differential equations (SDDE’s) or stochastic functional differential
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equations (SFDE’s) provide important tools to describe and analyze these systems. For
various aspects of the qualitative theory of SFDE’s the reader may refer to ([22], [23]) and
the references therein.

SDDE’s and SFDE’s arising in many applications cannot be solved explicitly. Hence,
one needs to develop effective numerical techniques for such systems. Depending on the
particular physical model, it may be necessary to design strong LP (or almost sure) numeri-
cal schemes for pathwise solutions of the underlying SFDE. Strong approximation schemes
for SFDE’s may be used to simulate directly the a.s. stochastic dynamics of their tra-
jectories or their random attractors. SFDE’s are used to model population growth with
incubation/gestation period ([23]). In such models, one is often interested in estimating the
actual population rather than its distribution, and hence the need for strong approximation

schemes.

In this article, we will not consider the order of convergence of weak numerical
schemes, although such schemes are useful for some applications of SODE’s (see [13], [18]
and the references therein). In this connection, it is important to note that stochastic
systems with memory do not correspond to deterministic PDE’s (in finitely many space
variables) ([22], [23]). Typically, a stochastic system with memory corresponds to an
infinite-dimensional Feller diffusion whose principal coefficient degenerates on a hypersur-
face with finite-codimension ([22], Chapter IV, Theorem 3.2, [23], Theorem II.3 ). This
aspect of SFDE’s is in sharp contrast with the theory of SODE’s where the latter theory
has traditional ties to diffusions in Euclidean space. In a sense, the numerics of stochastic
systems with memory resemble those of SPDE’s in one space dimension.

A strong Cauchy-Maruyama scheme for a class of SFDE’s with continuous memory,
in the context of the Delfour-Mitter state space R™ x L2([—,0],R™), was developed
by T.A. Ahmed, S.A. Elsanousi and S.-E. A. Mohammed ([1]). See also [22], p. 227,
[15] and [4]. As in the case of stochastic ordinary differential equations (SODE’s), the

Cauchy-Maruyama scheme for SFDE’s has order of convergence 1 ([22], p. 227, [15], [4]).
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In sections 2-5, we establish the strong Milstein scheme for SDDE’s with several
delays. This scheme has a higher strong order of convergence 1 when compared with
the Euler scheme which, as indicated above, has the strong order of convergence 0.5.
Furthermore, when simulating the whole solution path {X(¢),¢ € [0,a]}, the Milstein
schemes for SDDE’s and SODE’s have the same complexity, even when one accounts for
the simulation of the iterated stochastic integrals in the scheme. (See Appendix B and
Remark B.1). Although the solution of the SDDE is adapted to the (lagged) filtration of
the driving noise, methods from anticipating stochastic analysis and the Malliavin calculus
are necessary in order to derive an It6 formula for the segment of the solution process.
The It6 formula is essential for the development of the Milstein scheme.

In order to put our analysis in proper perspective, we highlight its essential features:
(a) The dynamics and the coefficients of the SDDE’s are adapted, in fact driven by It6
integrals, (b) the formulation and implementation of the Milstein scheme do not require
anticipating calculus ideas, (c) the proof of convergence of the Miltstein scheme as well as
the It6 formula employ anticipating calculus techniques, (d) anticipating calculus methods
are used in the context of strong approximation schemes rather than weak ones (where the
Feynman-Kac formula lends itself naturally to the use of Malliavin calculus methods),

(e) the application of anticipating calculus methods seems unavoidable as soon as one seeks
higher-order approximation results.

In an essentially non-adapted setting, anticipating calculus methods have been used
by Pardoux and Protter to study stochastic Volterra equations with anticipating coeffi-
cients. See ([26]) and the references therein. Cf. also [7].

In order to describe our set-up, we need the following notation.

Let R™ be m-dimensional Euclidean space with the Euclidean norm
2| = /22 + -+ 22, * = (%1, -, %) € R™. Denote T := [0,a], J := [-7,0], C :=
C(J;R™), where m is a positive integer, 7 > 0 is a fixed delay (as in (1.6) below) and

a > 0. Furnish C' with the supremum norm ||5||c := sup [n(s)| for alln € C.

—7<5<0
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Define the projection IT : C — R™F associated with s1,---,s% € [—7,0] by

(1.1) I(n) := (n(s1),--- ,m(sx)) € R™*
forall n € C.

Definition 1.1.
A function ® € C(T x C(J;R™); R) is tame if there exist ¢ € C(T x R™*, R) and

a projection I : C — R™F such that

(1.2) ®(t,m) = ¢(t,IL(n)).
forallt € T and n € C.

Let (2, F,P) be a probability space. For any continuous m-dimensional process

X :[-7,a] x Q@ = R™, define the segment process X;, t € [0, a], by
(13 Xu(u)=X(t+u), te(0al, uel-n0]

Observe that {X;} may be considered as a C-valued or L?(J; R™)-valued process.

It is important that one should distinguish between the finite-dimensional current
state X (t) and the infinite-dimensional segment X, t € [0, a].

Assume that g : T x R™ — L(R%R™) and h : T x R™2 — R™ satisfy the

following Lipschitz condition:
(1.4) lg(t,2) —g(t,y)| < Llz —yl, |h(t, 2) = h(t,w)| < L|z — w|

forallt € T, z,y € R™ and z,w € R™*2, where L > 0 is a constant, together with the

boundedness condition:

(1.5) Oiliga[|g(t,0)| + [h(t,0)]] < oo.

Let IT; and and I, be two projections associated with two sets of points s1.1,---, 815, €

[—7,0] and 89,1, , 82k, € [—T,0], respectively. Suppose {W(t) := (Wi(t),--- ,Wi(t)) :
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t > 0} is a d-dimensional standard Brownian motion defined on a filtered probability
space (2, F, (Ft)¢>0, P) satisfying the usual conditions. Let n : Q@ — C([—7,0]; R™) be an
Fo-measurable initial process.

We will first consider the following class of It6 SDDE’s:

n(0) —I—/O 9(s, 111 (X5)) dW (s) -l—/o h(s,s(Xs))ds, t>0,
n(t), —-7<t<D0.

(1.6) X(t) =

Under conditions (1.4) and (1.5), the SDDE (1.6) has a unique strong solution
(c.f. [22], Theorem II.2.1, p. 36; and Theorem V.4.3, pp. 151-152). To see this, let
G(t,n) := g(t,I11(n)) and H(t,n) := h(t,1I3(n)) for t € [0,a],n € C. It is easy to check
that G and H satisfy the Lipschitz and local boundedness conditions (with respect to the
supremum norm on C) of Theorems I1.2.1 and V.4.3 of [22]. Therefore, for each p > 1,

there exists a constant C = C(p, L,a) > 0 such that
(1.7) E||X||§ < C(L+ Elln]|&)

for alln € C,t € [0, qa].
For any integers n,l > 1, let m:t_; <1141 < - - < 0=t <t1 <ta <--- <1y
be a partition of [—7,a]. Denote by || := max ({41 — t;), the mesh of 7. We now

—1<i<n—1
introduce the following Milstein scheme for the SDDE (1.6):

(1.8)
XPT(t) = XU (tk) + B (b, T (X7 ) (E — i) + g (b, Ty (X72)) (W () — W (t))
Oat .
+ (%g, ; (t, T (X)) (e A+ 51,50) Lo (B + 51,500+ 51,315 51,51),
2171

for t, <t <tg41, and

X™(t):=n"(t), te[-1,0]
where

giljl (t7 Hl(er))7 t 2 07
0, —7<1t<0,

(1.9) Wi () = {
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t1+s
(1.10) I, (to+ s, t+s58) == / odW (ty) o dW(t1), t>1t9>0,s¢€[—T,0],
to Jto+s

and the starting path n™ € C(J,R™) is prescribed (e.g. a piece-wise linear approximation
of 1 using the partition points {t_;,--- ,%}). In (1.8), X*, h* and g% denote coordinate
representations of X, h and g with respect to standard bases in the underlying Euclidean
spaces, and the Einstein summation convention is used for repeated indices.

In order to establish strong convergence of the above Milstein scheme for the SDDE
(1.6), it turns out -surprisingly-that one requires the use of anticipating calculus techniques
developed by Nualart and Pardoux ([24]). In particular, one needs to develop an infinite-
dimensional It6 formula for “tame” functions acting on the segment X; of the solution X
of (1.6). Such an It6 formula is given in Section 2, Theorem 2.3. The formula is proved
via anticipating calculus methods ([24]). To understand the need for anticipating calculus
in such an intrinsically adapted setting, it is instructive to look at the following simple

one-dimensional SDDE:

dX () = g(X(t — 1), X(£)) dW (), ¢>0

X(t)=W(t), —1<t<0.

where g : R? — R is a smooth function and W (t),t > —1, is one-dimensional Brownian
motion. For a second-order scheme, we formally seek a stochastic differential of the coefhi-

cient g(X (t—1), X (¢)) on the right hand side of the above SDDE. For t € (0, 1], this gives

formally:

d{g(X(t —1), X(t))}

= d{g(W(t—1),X(#))}
= SLW (= 1), X)W (=1 + G20V (= 1), X @)X (e~ 1), X(0) aw (1)

+ second-order terms.
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Note that although the coefficient g(X (¢t — 1), X (¢)) is Fi-measurable, the first term
99

8_x(W(t —1),X(t))dW(t — 1) in the right hand side of the last equality is an antici-
pating differential. Furthermore, it appears that the (F;)o<¢<i1-adapted process [0,1] >
t— (X(t—1),X(t)) € R? is not a semimartingale with respect to any natural filtration.
In addition to this difficulty, the components X (t—1) and X (¢) are not independent, so the
existing anticipating versions of 1t6’s formula do not apply (cf. [2], [3] and [24]); hence the
need for a new It6 formula for tame functions in order to justify the above computation.
In the next section (Theorem 2.3), we establish such a formula.

Using the above-mentioned It0 formula and appropriate estimates on the weak
Cameron-Martin derivatives of X, it is shown in section 5 (Theorem 5.2) that, under
suitable regularity conditions on the coefficients of (1.6), one gets the following global
error estimate for the Milstein approximations

(1.11) E sup |[X] - X[l < Clg)|m|?
0<t<a

for any ¢ > 1. This says that the Milstein scheme has strong order of convergence 1.

2. Itd’s formula for “tame” functions..

In order to derive higher order numerical schemes for SDDE’s, we shall first prove
an It6 formula for “tame” functions on C'(J, R™) (Definition 1.1).

Suppose that W(t) = (Wi(t),---,W%(t)),t > 0, is a d-dimensional standard
Brownian motion on a filtered probability space (Q,F,(Ft)t>0,P). Denote by D =
(D1, -+, Dg) the Malliavin differentiation operator associated with {W (t) : t > 0}. As-
sume

n(0) + fg u(s) dW(s) + fg v(s)ds, t >0,
n(t), —7<t<0,

(2.1) X(t) = {

where 7 belongs to C' and is of bounded variation, u = (u!,---,u™)T, u’ € ]LZ:?OC, v =

(vh, -+, o™, and o' € ]Lll(;i. One can refer to ([25], pp. 61, 151, 161) for the definition
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of ILZ’p . Note that the processes v and v may not be adapted to the Brownian filtration

(Ft)t>0- For convenience, we define u(t) =0 for t <0 or t > a,
0, t>a
V0= { W), —T<t<0.
We also set W (t) =0ift <0 or ¢t > a, and denote
n(0) + fgv(s) ds, t>0
n(t), —7 <t <0.
If u e ]le(;’c’ for some p > 4, then the indefinite Skorohod integral fot u(s) dW (s)

(2.2) U(t) := /0 u(s) dW (s) and V(t) ;:{

has a continuous version. Hence we may assume that the process X (t),t > —r, is sample

continuous.

Let T =1[0,al, J =[-7,0],C = C(J;,R™) be as before, and let II be the projection
associated with s;,---,s; € J. Although there is a multidimensional 1t6 formula for
o(t, X(t)) ([2], [3] and [24]), we can not apply it to ¢(¢,II(X;)) because II(U;) is of the

form

(2.3) (/Ot u(s+ s1)dW(s+s1),-- -, /Ot u(s + sg) dW (s + sk)), t>0,

and the components of the dk-dimensional process (W (t + s1),---, W (t + sg)) are not
independent. However, the ideas in Nualart and Pardoux ([24], Section 6; [25], p. 161)
can be used to derive an It6 formula for ¢(¢,I1(X;)). Cf. [32] for further details.

We denote by

1, i=j
(2.4) dij = { . J
0, i#J,
the Kronecker delta.
For any process X(t),t € [—7, a], denote its (delayed) increments by
(25) A X :ZX(tl-i-Si)—X(tl_l-i-Si), 1<i<n,i=1,2,---,k.
Assume that ¢ € CL2(T x R™), and write
(26) ¢(ta .1_7‘) = ¢(ta fla e ,fm)
where & 1= (&1, -+ ,Zm), Ti := (i1, -+ ,Ti) € RF, 1 < <m.

We now state an Ité’s formula for “tame” functions.
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Theorem 2.3.

Assume that X is a continuous process defined by (2.1), where n : J — R™ is of
bounded variation, v = (u',--- ,u™)T, ut € ILZ:;LOC, v = (v}, v™7T, and v’ € ]Llloi
Suppose ¢ € CL2(T x R™F R). Then
(2.7)

(¢, 11(X¢)) — ¢(0, II(Xo))

-[ g‘/’( ) ds+ [ 226 T00) dICr,)

a2¢ i1 i
T2 Z Z / axhl ,H(Xs))'u, (S—i_si)DS-{—sz“XJ (3+5j)d8

ox;
7.7 1 7'17.71 1 Jl]

Remarks 2.1.
(i) The It6 formula (2.7) may also be expressed in the form

(2.8)

(6 T1(X) - 9(0.11(X0) = | Z‘b( TI(X,)) ds + / 99 (s, (X)) A(11(X,)

T2 Z/ [8@8*( ,I(X5)(Os(si, 55)) | ds

1,5=1

where

0. (a, ) = {(uA) s<a,,6>+<uA>sXs<ﬁ,a>}, o, f e [-m0,

and the two-parameter process (uA), X, : Q x J?2 — L(R™;R™) is defined by

(U’A)SXS (aa 5) = I{O<s+a/\ﬂ}u(3 + a)[ T(S + a)I{0<s+a<s—|—ﬁ}
/ Dy qu(r)dW (r / Dgqv(r)dr].

for all o, 8 € [—T,0].

(ii) Suppose d = m = 1. Let us define a trace operator 7. For 1 <14, j < k, define

(2.9) Vs, X(8) = 11301(1)8“1.)((5 +s;4+€+Dy s X(s+5;—¢€)ER
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and VEX(s) = (Vi , X(s),---,vE, X(s)) € RF. Then the Ité formula for
“tame” functions can be written as

(2.10)
6TI0X) = (0. 10X0) = [ S (M) ds + / 09 (s, 11(x,)) dm1(w7,)

5 Z/ 8 ¢ (Xs)) Vi, X(s), V5, X (s))ra ds,

a.s. for all t € T, where Z := (z1, - ,zx) and (-, -)ge denotes the Euclidean inner
product on R%. Cf. [24], Remark 7.6.

(iii) The It6 formula (2.7) still holds if the initial path is an Fy-measurable process
n : Q — C with a.a. sample paths of bounded variation. A similar remark also

holds for Theorem 5.2 of section 5.

For simplicity, we shall prove the Itd6 formula for the case d = m = 1. We thus

assume in what follows that d = m = 1.
Proof of Theorem 2.3.

For any integer n > 1, let {m, : 0 =tp < t; < --- < t, = a} be a partition of [0, a].

Then by Taylor’s Theorem, we may write

P

¢(t, I(Xy)) — ¢(0,1I(Xo))

I
\E

(¢, (X)) — ¢(ti1, TH(X, )] + [¢(h-1, TH(Xy,)) — b1, (X, )]

n k
—f(tl, (X, )Atl-l—z Z

k
1 0%¢ _
+5; 59, (o ) AUXAX), tEeT,

=1

[l
M;

H(Xe, ) ArX

l

1

where

Atp=t—t1 1, Xy, = X4y, + (X, — Xy,_,), t=t11+mAY
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for some random variables 0 < oy, < 1,1 =1,---,n. The It6 formula (2.10) will then

follow from Proposition 2.5 and Proposition 2.6 below. [

The rest of this section is devoted to the proofs of Propositions 2.4-2.6.

Proposition 2.4.

Suppose that W (t) is a 1-dimensional Brownian motion. Let u € ILl be such that
u(t) =01ift >a ort <0. Assume that —7 < 51,59 <0, and let m, : 0 =ty <t; <--- <
tn = a be a family of partitions of T = [0, al, with |r,| — 0 as n — oo. Then

(2.11) lim [Zn: / ) dW(s)r _ / T2 (s) ds
ot 0

n—00
1—1ts1

in probability. If s, # so, then

n ti+s1 t;+s2
(2.12) lim /t u(s) dW (s) / u(s) dW (s) = 0

nree =1 Yti-1+s1 ti—1+s2
in probability. Furthermore, if u € Y2, then the above convergences are in L'(Q, R).

Proof.

We prove the proposition for u € L12. The general case u € L;>> follows by a
standard localization argument ([25]).

If wi, uj, v, v; € LY? with u;(t) = v;(t) = 0if ¢t <0ort > a+s; and u;(t) = v;(t) =

0ift <Oort>a+s;. Set

(213) { Us(t) := [ ui(s) dW (s) { Vi(t) := [ vi(s) dW (s)

(1) fou] s) dW (s) :fovjs

Then
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E|ZAMU A,;U; ZAMVAZJV\
=1 =1

n n
= E| Y Au(Ui = Vi)ARU; + Y AVid; (U; = V)
=1 =1

< E|Y AU = Vi)AyUs| + B> AuVidy (U; = Vj)|

=1 =1
EZ|Alz U; = Vi)|?)% ( EZ|AU 2)2
=1
+(EY 1Au(V)P)2 (B 1A, (U; — V))P)2.
=1 =1

By an LP estimate of the Skorohod integral ([24], Proposition 3.5; [25], p.158), we have

ti+s;

EY 8 =EY | [ o) dw o)
=1 =1 ti—1+sy
~BY / L v, tres) ()5 (5) AW (5) 2
=1
< Z/O I(tl—1+5jatl+8j](S)EU’?(S) ds
=1

) / / Loty o) (8) E(Dyuy(s))? ds dt
=1

:/()aEu§(s) d3+/0a /OGE(Dtuj(s)Fdsdt

Hence we obtain the following inequality

(2.14) E\ZAle Ay;U; ZAl’LVAlJVH < flui = vill1,2l|ugllr2 + [|vill12llug — vjll1,2-
=1 =1

Since LY'2 N L*(Q x [0,a]) is dense in L2 it suffices to prove (2.12) for the case u €

L2  L4(Q x [0, a]). Set

(2.15) (1) = { ut), 0<t<a+s;

0, t<Qort>a-+s;.
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Define
LI (t) /‘tl+5i
'n, (tl 1+3utl+s]

2.16 t) = u(s) ds.
(2.16) R DIE s el AL
and uy similarly. Let
217 { Ui(t) := [y ui(s) dW (s) { n(t) = [our(s) dW(s)

U;i(t) = [y uj(s) dW (s) Vi) =, ]s>dW(>

Using (2.14) it is easy to check that

(2.18) lim E| ZAMU”AZJU” ZAHU A;U;| = 0.

7—00
=1

By the formula for the Skorohod integral of a process multiplied by a random variable

([24], Theorem 3.2), we get

ti+si n I ] 1(t tr+s;
AU = / > (temsces e () / u;(s) ds dW (t)
ti—1+8i p—q by — th—1 te—1+si

1 ti+si
-t / wi(s) ds[W (t + 5:) — W (tis + 55)]
ty—ti—1 ti—1+s;
ti+s; ti+s;

Dyu;(s) dsdt
tl_tl TJty a4si Jtg14s;

= Py AW + Qui.

where

1 ti+s; ti+s; ti+s;
P [ wteds, Qui= [ Dy(s) ds .
= U-1 Jt;_1+s; U U=1 Jty_1+s; Jti—1+s;

Therefore,

n

S AUPAGUR = (PildiW + Qui) (P AW + Qi)
1=1 =1

=Y " (PuPy) (AW A W) + > (PuQuj) AW

=1 =1

+ Z(Pleli)Ale + Z QuQQ;-
=1 =1
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By Holder’s inequality,

t;+s; ti+s;

(2.19) D Qi< Z / |Dyu;(s) |2 ds dt .
=1

ti—1+s; Jti—1+s;

Thus lim EZle = 0. Now

n—00

2
n n AW ti+s;
Z Plelz = Z ( li ) / ’U,Z(S) ds
=1 1=1 tl — - 1) ti_1+s;
n A t;+s;
_ Z W / (ul ()% ds .
=1 ty— 11 ti_1+s;
It is easy to check that E||(u?)?||2((0,a+5:]) < El|uf]|L2(j0,a+s:) and
(2.20) Jim E[](u)* = ul|z2(0,a+s,7) = 0-

By an argument similar to the one used in the proof of Lemma A.1, we can show that
{1, (PiA;W)2,n > 1} is uniformly integrable. Applying Lemma A.1, we have

n a+s;
(2.21) lim E|Y (PibiW)? - / u(s) ds| = 0.
n o0 =1 0

The Cauchy-Schwartz type inequality

n

(2.22) E) (PuldiW)Qu| <

=1

EY (PidiW)2ED Q%
=1 =1

together with (2.19) and (2.21) implies that lim E| > (P W)Qui = 0.

=1
Now consider the case 7 # j. The Cauchy-Schwartz inequality implies

(2.23) E|Y QuyQul < ,|E) QLEDY Q%.
1=1 =1 =1

We may write

n

AL,WA ti+s; ti+s;
> (PiPy) (AW AGW) = Z a2, 1 i )ds/
¢

—— u;(s) ds
=1 =1 (tl —li- 1) ti—1+8; ’

1—1t8;
- Z AleAl]W bitsi

(2.24)
=1 —ti—1 ti—1+s;
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where
moJ s <1(s ti+s;

(2.25) ay(s) = Z (t";Jr_”;’"L 1(9) / u; (s + 55— s;)ds’.
=1 l -1 ti—1+s;

Similar to the case ¢ = 7, we have

(2.26) lim. E| l—zl(PliPlj)(AliWAle)| =0.

This completes the proof of the proposition. [

Suppose that
th =Xy, + a'l(th - Xy 1)’

for some random variables 0 < oy < 1,1 =1,---,n. Denote

(2.27) A(II(Xy,)) = ((AXy,)) = TH(Xy,) = TI(Xy,_,),

(2.28) (X)) = O(Xy, ) + o AI(Xy,),

(2.29) ApX =Xt +si) — X(ti—1+8i), for1<i<kand1<I<n.

Proposition 2.5.
Suppose that ¢ € C2(T x RE,R), and let 1 < i,j < k. Under the hypotheses of

Proposition 2.4, we have

~ t+s; 82_¢ H X 2 d .
(tl—I;H(th))AliXAle—){ 0 85”?(8’ (Xs))u”(s)ds, i =

0, i#]

2.
=1

as n — oo, in probability.
Proof.
For1<1,5 <k,
(2.31) AliXAle = (AllU + Ale) (AljU + Ale)

= AliUAljU + AliUAle + AliVAljU + AliVAlev,
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where U,V are defined by (2.2). Since U,V are continuous and V|[0,a] is of bounded

variation, it follows that

limn_)oo Z?:l AliUAle =0
(2.32) limn_)oo Z?:l AliVAljU =0

limn_)oo Z?:l AliVAle =0
in probability, for all 0 < 4,5 < n. To handle the term Y ;- A;UA,;U, we adapt an
approach by Nualart and Pardoux (c.f. [24], Theorem 3.4, or [25], Theorem 3.2.1).

Set Y(s) := 6—(3 (X)) I10,4(s) and

n_ 52
(2.33) Y7(s) := Y (0)I10)( 8)+Z s (t—1, TH(X e ) (11 01 (5)-
Then Y™(s) — Y (s) as n — oo, uniformly in s € [0,¢]. Applying Proposition 2.4 and

Lemma A.2, we get

t+sz 82¢
o 2

n 82¢
—1 8.1,'18.’133

(2.34) (b1, TI(X ) A X Ay X — 6 /0 (5, TI(X4))u2(s) ds

in probability as n — co. [

Proposition 2.6.
Suppose that ¢ € CY2(T x RF) and let X(t) be a continuous stochastic process

defined by (2.1), where u € L2*

loc?

CAS Lll(;ﬁ, and n € C([—7,0],R™) is of bounded variation.
Assume that 7, : —T = 59 < --- < 8, = 0 are partitions of [—7,0] such that |w,| — 0 as
n — 00. Then, for each 1 < i <k and eacht € T, we have

(2.35)

) "\ 9¢
nlggozaxi( 1, (X, ) AuX

8¢( (X)) dX (s 4+ s5) + Z / o (X)) u?(s + s4) ds

o 0x; S axzaxj

82 s5+s; s+s;
+ Z/ 8%;; II(Xy)) [/0 Dy, u(r)dW(r) + /0 Dgis,v(r)dr|u(s+ s;)ds
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in probability.

Proof.
By a localization argument, we may assume that ¢ € Cbl’2(T x RF R). Let |m,| <

min{lsiSk} |8i - 51’—1‘- Fix 1 S ) S k, 1 S l S n, and set

09
8xi

(2.36) Fp o= o— (-1, I(Xy, ).

By property of the Skorohod integral ([24], Theorem 3.2), it follows that
ti+s; ti+s;

(2.37) FAGU = / u(s)Fy dW (s) + / Dy (F)u(r) dr,

t

1—1+8s ti—1+s8;

where U is defined by (2.2). The chain rule (for weak derivatives) yields

k 2
(2.38) D,.(F) = Z Bf-8¢m (-1, I(Xt, ,)) Dr X (-1 + 85)-
— 10

Now, taking the Malliavin derivative D,. in (2.1) gives
(2.39) Dy X (t) = u(r) ey + / Dyu(s) dW (s / Dy

Consequently
L, (X, ))ARU = c1 + ca + ¢3 + ¢,

where
ti+s;
(v =301 Ly s, o 2 (t1—1, T(Xy,_,))u(s) dW (s)
ti+s; k
e =Y fy e = af;; (t—1, (X, ) gr<ty 45,30 (r) dr
=D Y KNS 13;'%@1 LI Xy, ) [y~ Dyu(s) dW (s)u(r) dr
ti+s; 2¢ ti_1+s;
L ¢4 _Zl 1ftll Ry _7 1 ajaw (t1—1, I(Xy,_,)) fol " Dyv(s) dsu(r) dr.

We will study the limits of the above expressions as n — oc.

(2.40) <

Step 1. First we show that the limit of cq is given by

k t+sz 82¢ 9
(2.41) co — Z /0 9203, (r —s;, II(X,—s,))u“(r)dr, as.

j=i+1
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If j <4, thent;_1+s; > ti—1+s;. Sowhen t;_1+s; <r <t +s;, I{T§t1—1+8j} =0.

We have

9% >
J= z+1l 1 ti1+s; OTi :173

t+si 52
— g / ¢ — 54, TI( X, _g,))u?(r) dr
83328% :

Jj=i+1
a.S. as n — OQ.

Step 2. Next we study the limit of c3 as n — co. We claim that
k

t+s; 2 T—S;+S;
(2.42) c3 — Z/O M(r — 8, H(X,«_Si))/0 Dyu(s) dW (s)u(r) dr

= 8.’[18.1‘_7

as k — oo in probability. In fact,

" bitsi 62¢ ti_1+s;
T = Z/t_ . [szﬁxj (ti-1, H(th_l))/o D, u(s) dW (s)
=1 U-17T51
t¥s: 82¢ T—8;+8;
_ A 8§UZ8.’17_7 (T — 83, H(Xr—si)) A DTU(S) dW(S)]’U,(T) dr
n ti+s; 82¢ rts;—s;
< / (tl—1; H(Xt _1)) / Dru(s) dW(S))u(r) dr
; ti_q+s; 0T;0; ! .
n ti+s; a2¢ 82¢
+ ZZ:; [l_1+8i[axiaxj (tl—la H(th_1)) - 8.7;185[,'3 (7' — 84, H(X,,._sz))]

r—s8;+s;
« /0 Dyu(s) dW (s)u(r) dr

' a2¢ i ti+s; T+8;—8;
< / / Dyu(s) dW (s))||u(r)| dr
8$ia$j 00 =1 Yti—1+si 1S t_1+s; '
0%¢ 0%¢
+ su su t_1, II( Xy, - r— s, (X, s,
15l£nre[tz_1+£,t,+si] 8%‘3%“ LX) 3%3%( ( )

ti+s; T—S$;+S;
x/ / Dyu(s) dW (s)u(r)|dr
0 0

T1+T_7n27
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where T7} and T7, denote the first and second term on the right hand side of the last
inequality. Using the Cauchy-Schwartz inequality and the LP inequality for Skorohod
integral ([24] Proposition 3.5, [25] p.158), we have

a2¢ a+s; ) %
ETj; < Hiaa:iaxj <E/ u”(r) dr)
ti+s; T+8;—8;
{ |D,u(s)|*ds dr
ti—1+s; Jti—1+s;

ti+s; T+8;—8; a %
—|-E / /|D9(DTu(s))|2d9dsdr}
t;— 0

1+8: Jti—1+s;

2
as n — oo. The uniform continuity of 63 8";, implies T7, — 0 a.s. So as n — oo, T}' — 0
10T

in probability.
Step 3. Now we will show that

k

t+s; 82(15 T+8;—S8;4
(2.43) cq — Z/ (r — si, H(Xr_si))/ D,v(s)dsu(r)dr, a.s.
0 0

=1 8.17181}]

As in Step 2, we have

n ti+s; 62¢ o
Z 1. II(X Dr
‘ /tl—1+si [83:18331 (tl L ( tl—l))A U(S) ds

- 0%¢ r—8;+s;
_ 8371'8173' (r — si, H(Xr—si))/ D,v(s) d3:| u(r) dr|
<[ 7o T D st o
0z;0x; OOI “ i, 1+sz tr_1-tog
+ sup sup (ti—1, I(Xy,_,)) — ¢ (r — s, (X, _s,))
1<I<n. r€lti—1+si,ti+si] 8332‘6373' 0,0 i

lu(r)| dr

t1+s; T—S;+S8;
X / / D,v(s)ds
0 0

—0 asas n— 0.

Step 4. Finally, we study the limit of ¢; as n — oo. We shall show that

t+s; 8¢

(s = 50, I(X5—s,))u(s) AW (s)
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in L2(Q,R) as n — co. To see this, define

n — 0¢
(2.45) u™(s) = u(s) B (11, (X, )y 55t +5:1(5)-
=1 ¢
It suffices to show that
n 0¢
(2.46) u™(s) — B (s — si, I(Xe, _, ))u($) (0,445, (5)

in LY2 as n — oo. It is clear that the sequence {u™(s)} converges to

a¢ = (5= 83, I(Xs5—s5,))u(8)L(0,t45,](5) in L?(Qx T,R). It remains to show that the sequence

{Dyu™(5)} 1,7, 5 € T?, converges in L?>(Q2xT? R) to D, gj (5—54, IN(Xs_s,))u(s)L0,t45,1(5) |-
Now
D,u"(s)
_DTU(S)Za _(tl 1, (th 1))I(tz 1+84,t1+s (8)
=1 ¢
n_k 9%¢ ti—1+s;
) YIS ot T ) [ D) AW ()
=1 j=1 ~*7J
n k 82¢ ti—1+s;
S Y G e ) [ Do) A5 s (9)
1=1 j=1 ~*77J
n k 82¢
+U(S)Z[ 0101 (tl 1;H(th 1))“’(7.) [0, 1+SJ]( )]I(tl 1+31;tl+5]( )
1=1 j=1 "*""J

=d; +dy + d3 + ds.

where d1, d2, ds3, d4 stand for the first, second, third and fourth term on the right hand side

of the above equality, respectively. It is easy to see that

dy — Dyu(s) a@qﬁ

Z;

(I(s = s, Xs—5,)) L (0,t+5,1(5)

in L?(Q,R). Since for all 1 < j < k, u(s) f3 " D,v(0) df belongs to L?(Q x T R),
then by Lebesgue’s dominated convergence theorem, the L2(2x T2, R) limit of the function
gs(s,r) defined by

n 82¢ s+s;—s;
Z [8$ tl 17H(th_1))/0 DTU(H) d I(tl—1+3i7tl+3i](8)

j=1l1=1
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is

k 82 s+s;—s5;
;u [ G (8 11(X) /O Drv(e)dH}I(QHSi](s)

Since v € L1* and u € L*(Q x T, R), the following argument shows the difference between

ds and g3 converges to 0 as n — oo in L'(Q, R):

ti+s; a ) 62¢ 2 s+s;—s; )
/ u”(s) [33320373' (tl—l,H(thl))] [ D,v(0) dO)* drds

t;_1+s; ti—1+sj
<mll-2 | /au2(s)ds/a/a(D 0(6))2 dr df
- " 8.’1;'718.@] 00 J0 0 0 "
—0

Hence, the L?(Q x T2, R) limit of d3 is the same as that of g3, namely,

k 82¢ s+s;—8;
> uis o= l1Xea) [ Do) a8 H a9

in L2(2xT?,R). To find the limit of d, we need to check that for all j, the two parameter
process (u(s) f(f"sz_s" D,u(0) dW () ,0 < s,r < a) belongs to L*(Q2x T?, R). This follows

from the following estimates:

B[ e[ puwaworisa

<{e [Cwens ([ [ [ b ave] a) al
o o[ [ maorns)
([ [ [ ruvnaacas) T}

Here we have used a slight modification of the LP estimate of the Skorohod integral for

=

=4 (c.f. [25], Exercise 3.2.7). Using similar LP estimates to the above, we obtain

(247
ti+s; a a2¢ 2 s+5;—5; 2
2
/0 " (s)[ axiaxj(t"l’H(X“—l))] [ /t Dru(e)dW(H)] dr ds

ti_1+s8; l71+sj
82¢ n ti+s; a s+8;—8; 2 2
<‘ (/ Eu( ) Y E U (/ Dw(@)d&) dr] dsy .
(9.7,'7,8.’1}] =1 ti—1+8; 0 ti—1+s;

(M
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Note that the right hand side of the above inequality tends to zero as n — oo. Thus

k 82¢ s+8;—8;
(2.48) do — Zu(s) [8@3:@- (s —s;, (Xs-s,)) /0 D,u(0) dW (0) [ 10,t+5,1(5)

=1

in L2(Q x T?,R) as n — oo.

It is easy to check that

82(13
ds = Z ax 8333 si’H(Xs_si))U(T)I[‘)’S"'Sj—si](T)I(O,Hsz-](3)

as n — oo in L2(Q, R). Therefore,

0%¢
(s
axiamj

(2.49) D,u™(s) = Dy[u(s) = Sis H(XS—Si))I(O,t+Si](8)]

in L2(Q x T%,R). Finally it is easy to see that

t+s;
c1 — /0 oz, (s — 84, I(X5_s,))u(s) dW (s)

in L2(Q,R) as n — oco.

Step 5. The convergence

9¢

(2.50) 5z,

t+s;
(b1, TI(Xe, ) AUV — / (s—si,H(XS_Si))dV(s) as

=1

as n — 00, is easy to verify. [

We complete the section by giving a Stratonovich version of the It6 formula (2.7).

Suppose that k > 1 and p > 2. The set L% (cf. [24] Definition 7.2, [25] p.167)
is the class of processes u € L’;’p such that the mappings s < Dgsau(s V t) and s —
D,yiu(s At) are continuous in LP(2), uniformly in ¢, and sup, ;e E(|Dsu(t)[P) < oc.

The space ]L;%JOC is the class of processes that are locally in L;é For any u € ]L;:zc,

the following limits

. d i
(2.51) { Difu(t) = limeyo 5y Diui(t + )

D7 u(t) = limeyo 3¢, Diui(t — €)
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exist in L2(Q) uniformly in ¢, we set \y = DT + D™, i.e., (vu)(t) = D u(t) + D; u(t).

Consider the process

(2.52) X(t) = { 1(0) + fot u(s) odW (s) + f;v(s) ds, t>0

n(t)7 =T S t S Oa
where 7 belongs to C and is of bounded variation, u = (u!,---,u™)T, u® € ]Li:é,loc,
(Vu) € ]Lll(;i, v= (-, o™T, vt e ]Lll(;i, and the stochastic integral is a Stratonovich

one. Assume also that the process X is continuous.
Using the relationship between the Skorohod and Stratonovich integrals ([24], Theo-
rem 7.3; [25], Theorem 3.11) and Theorem 2.3, we can easily obtain the following Stratonovich

version of It6’s formula for the segment process X; (cf. [32]).

Corollary 2.8.
Suppose that the process X (t) is defined by (2.52), and let ¢ € C*2(T x R™* R).

Then
(2.53)
(¢, TI(Xy)) — ¢(0, II(Xo))
t ko oap
= ) %(8, II(X,)) ds + ZZ/O %(S,H(Xs))u(s + ;) 0 dW (s + s;)
ko ot
+ Z/o %(57 II(Xs))v(s + s4) ds

forallt €T a.s..

3. Weak differentiability of solutions of SDDE’s.

In this section, we will study the weak differentiability of the solution of the Ito
SDDE (1.6). Bell and Mohammed ([5]) have applied the Malliavin calculus to study
regularity of solutions of SDDE’s with a single delay in the noise term. Their analysis
relies on weak differentiability of the solution of the SDDE. In Section 8 of this article,
the weak differentiability of the solution to the SDDE (1.6) together with the It6 formula

(2.10) are used to develop higher order numerical schemes for solving the SDDE. The next
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three results (Proposition 3.1, Lemma 3.2, and Proposition 3.3) are analogous to those in
Nualart ([25] Theorem 2.2.1, Lemma 2.2.2, and Theorem 2.2.2). Denote D> = N5, DEP,
for k € N. Recall that Df,, 1 <1 < d, stand for weak differentiation with respect to the

l-th component of W.

Proposition 3.1. (c.f. [25], Proposition 1.2.3).
In the Ité SDDE (1.6), assume that g € C;"' (T x R¥™ L(R* R™)) and h €
Cg’l(T x R¥2™ R™). Let X be the solution of (1.6). Then X (t) € DL for allt € T, and

(3.1) sup E( sup |D,X(s)|P) < o0
0<r<a r<s<a

for all p > 2. Furthermore, the “partial” weak derivatives DL X7 (t) with respect to the l-th

coordinate of W satisfy the following linear SDDE’s a.s.:

. . g7t .
g7 (r, I (X)) + [ S0y S (5, T (X)) DA X9 (5 + 51,0) AW (5)

3.2) DLXI(t) = on? j
(3.2) P X7 (1) +fngil%(s’ﬂz(Xs))DﬁXﬂ(s—l-Sm) ds, t>r,
=0, t<r,

forl=1,---,d,j=1,---,m. In (3.2), ¢g°* is the (j,1) entry of the m x d matriz g, and

h7 is the j-th coordinate of h.

Proof.

For simplicity, we will only consider the one-dimensional case d = m = 1.

o _ J 10), =0
X (t)_{n(t)a —7<t<0,
(3.3) X"+ (1) = 5(0) + / 9(s, T (X™)) dW () + / h(s, TI(X™)) ds.
It is easy to see that
(3.4) D, ( / 9(s, T (X)) dW (5))

— g(r TL(XT)) + / D, (g(s, T (XT))) W (s)

T_Sl,kl
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and

t

(3.5) D, ( /O h(s, T (X™)) ds) = / Dy (h(s, To(X™))) ds.

_82,k2

Since g and h have bounded space derivatives, it is easy to see that there is a positive
constant K such that

59 { DB TN € K oy 123 0)

Dy (h(s, 2(X7))) < K sup <y, [Dr X" (u)],
almost surely. From the Burkholder-Davis-Gundy inequality and (3.3)-(3.6), it follows that

X" (t) € DV for all t € [0, a], and there are positive constants Cq, Cy such that

t
(3.7) E(sup |[D. X" (u)P) < Ci(1+ E|X2|5) + C’Q/ E( sup |DTXn(u)|P) ds.
r<u<t r r<u<s

By induction on n, the above inequality implies that E( sup |D,.X"(s)|?) are uniformly
bounded in n for all p > 2. By [25], proposition 1.5.5,Ti§sff)(;lows that X (t) € DY for
all t. Applying the operator D to (1.6) (and using [25] Proposition 1.2.3), we obtain the
linear SDDE (3.2) for the weak derivative of X (¢). The estimate (3.1) follows from (3.2),

Burkholder-Davis-Gundy’s inequality and Gronwall’s lemma. [J

The following lemma may be proved using similar ideas. Its proof is left to the

reader.

Lemma 3.2.

Suppose that the real-valued process o = {a(r,t) : t € [r,a]} is adapted and
continuous. Assume that the processes a(t) = (ay(t), --,ax, (t)) € RF and b(t) =
(b1(t),- -+ , bk, (t)) € RF2 are adapted, continuous and uniformly bounded. Furthermore,

suppose that the random variables a(r,t), a(t) and b(t) belong to D> and satisfy the

conditions
( sup E( sup |a(r,t)|P)+ sup E(sup |Dsa(rt)P) < oo
0<r<a r<t<a 0<r,s<a s<t<a
sy ] s {ECw 0P + B DR <oc
0<s<a s<t<a s<t<a
sup {E( sup |b(t)|?) + E( sup |Dsb(t)|p)} < oo

\ 0<s<a s<t<a s<t<a
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forallp>2. Let Y = {Y(t) : t € [0,a]} be the solution of the linear SDDE

r,t) + f ), 1 (Ys)Yger AW (s) + f s),a(Ys))ge ds, t >,
0<t § T.

(3.9) Y(t)= { )

Then Y (t) belongs to D>, and for all integers p > 2, we have

sup E( sup |DsY (¥)P) < o0
0<s<a s<t<a

sup E( sup |Y(t)|P) < oc.
0<s<a s<t<a

(3.10)

Furthermore, the weak derivative DY (t) of Y (t) satisfies the linear SDDE

(3.11)
D,Y (t) = Dya(r,t) + (a(s), M1 (Ys))mi Lir<s<ty

+/ [(Dsa(v), 1 (Yy))mes + (a(v), (D5 Yy)) ra ] dW (v)

+ / (Dab(0). (Vo)) sees + (b(0). Ta(DuY ) weea] dv, 5 < 1.

The next proposition follows from Proposition 3.1 and Lemma 3.2.

Proposition 3.3.

Let X = {X(t) : t € T = [0,a]} be the solution of the SDDE (1.6), where g €
05’2(T x RFm L(R4,R™)), h € 05’2(T x RF2™ R™) have bounded first and second
partial derivatives in the space variables. Then X (t) € D% for allt € T, and

(3.12) sup FE( sup |D£11Df?2X(3)|p) < o0

0<ry,r2<a r1Vre<s<a

forli,lo=1,---,d, and all p > 2.

4. Strong approximation of multiple Stratonovich integrals.
The following iterated Stratonovich integrals are used in the Milstein scheme for
the SDDE (1.6):
t1+b . .
(4.1) T s (o, trs — / odWi(v) o dW(s),
0

to+b

where 0 < to < t1,b > 0.
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We will adopt the discretization scheme in [17] (section 5.8) in order to handle
the above double stochastic integral. For alternative discretization approaches to iterated
stochastic integrals, see [12] and [29].

Set
(4.2) J(t(), tl; —b) = Jl,l(t(), tl; —b),
t :=1t, —to and r := 2w /t. We choose a complete orthonormal basis of L%[0, ] as

1 2 . 2
(4.3) —, 4/ =sinnrs,q/—cosnrs:n=1,2,---,0< s <t5;.
NAR'R t

Set Wi(s) :== Wi(s +tg) — Wi(tp) and BI(s) := Wi(s+b) — WI(b), s > 0,1 <i,j < d.

Using the Kahunen-Loeve expansion technique, we have

(4.4) Wi (s) — ¥W’ (t) = %(t) + Z[ai(t) cosnrs + b (t) sin nrs]
and
39(s) — SBicn = BB Ny 75 (4) si

(4.5) BI(s) tB (t) 5 + Z[an (t) cosnrs + b2°(t) sinnrs|
where
(4.6) { a;(t) = %f(z (TiT/Z(s) - %1_7[/1 (t)) cosnrsds

bi(t) =2 [((Wi(s) — SWi(t))sinnrsds
and
) { a;‘;b(t) =2 fg (1?{(3) - tBJ (t)) cosnrs ds

bib(t) = 2 [[(BI(s) — £BI(t)) sinnrsds

for n > 1. The convergences in (4.4) and (4.5) are in L%(Q x [0,t]). It is easy to see
that if n > 1, ai(t), b (t), aZ’(t) and bJ°(t) are normally distributed with mean 0 and
variance t/2m2n? ([18], p.198). Furthermore, {a (¢), b% (t)} and {a’:®(t), b50(t)} are pairwise
independent ([18], p. 198). One can use well-known random number generators to simulate

these random coefficients (c.f. [11], section 3.1.2, [18], section 1.3, and [19], section 1.2).
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Lemma 4.1.
Let to,t > 0. Then
(4.8)
Tegltosto + 6 -b) = S (W0 BI0) — S (W(1)a4" (10) — B (1)ai(to))

+ 7Y nfal (t)b (to) — b, (to)al*(to)], 1 <i,j <d,

n=1

where the infinite series converges in L?(Q, R).

Proof.
It suffices to show (4.8) for tyo = 0. Fix ¢ > 0. For simplicity of notation, we write
(1.9 o, = al 0), = B (0), ot = af?(0), 5" = 15%(0)
and
. S . ai N . .
(4.10) Wi(s) = EWZ (t) + 70 + Z(a; cosnrs + by, sinnrs),
n=1

It is easy to check that

(4.11) /b e /O " odWi;(v) o dWi(s) — /b " /O T odW'(v) o dWY (s)

in L?(Q) as N — oo. Then we may write

t+b ) )
JiJ' (0, t; —b) = w* (S — b) odW/ (8)
b

t+b ] ) i
=/ i . “Witty o awi(s) + %Bﬂ(t)
b

o ettb . . [t )
+ Z[a:z / cosnr(s —b)dW7(s) + b;, / sinnr(s — b) dW’(s)].
n=1 b b

For any n > 1, we have
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/be cosnr(s — b) dW(s) = /Ot cosnrsdB(s)
- /0 cosnrs d(Bi(s) — fBJ‘ (t) + /O cosnrs d(fBJ‘ (t))

= cosnrs(B?(s) — ;Bj (1))

Bi(t) [*
+ (*) / cosnrsds
0

t
+ nr/ (Bi(s) — ;Bj (t))sinnrsds
0

0

t
= Enrbz,”b.
2
Similarly, we have
t+b . " ‘
(4.12) / sinnr(s —b) dW/(s) = —§nra%’b.
b
So
iy [t i sl o .

(4.13) J;.;(0,t;—b) = W) / sdB’(s) + %Bﬂ t)+m Z n(al B — bt o).

0 n=1
Now,

t P [ t [E—
/ sdBi(s)=tBi(t) — | Bi(s)ds
0 0
t - b
550 - [ (B) - JB®)ds
0
t . :
= L(BI(0) - o}

Therefore,

| | _ > o o
(4.14) Jij(0,t;=b) = ;W (OB (1) = ;W' (B)ay” — B (t)ag) + 7 ) n(anbl - ball?).
n=1
O

The expansion of J; ;(0,t; —b) is a generalization of the expansion of

(4.15)

| CodWi(v) o dWI(s) = (W (OWI (1)) — (W (D)af’ — W (t)af]

+m Y n(ayb) — baf)
n=1
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(see [12], [18], and [19]). Set
(4.16)

Trj(tosto +t5=b) == S (W' (1) B (1)) — E[V_V" (t)ap"(to) — B (t)af(to)]

[\3|l—‘

+ Z nlal (to)b20 (to) — bl (to)a?:(to)]-
Then J (to, to +t; —b) can be used to approximate J; ;(to, %o +t; —b) in the mean square.
The rate of convergence is given in Lemma 4.2 below.

Lemma 4.2.

For any integer p > 1 and t > 0, we have

t2
. . . | p— 2
(4.17) BIIZ,(0,6=0) = T, 0, -D)* < 5o

Proof.

Let p > 1 be any integer. Then

=1 1
(4.18) Z —~ g/ —2du: -
n=p p

p

Since af, and b%, are independent, E(albi) =0 and E(a?b?) = 0, we have

o
E|JP;(0,t;—b) — Ji j(0,;=b)|> = 7> > n’E(a},bi’ — bi,al’)?

—p+1

m? Z E(apbl®)? + E(byad’)?]
n=p+1

2?2 & 1 £2

= — < . O
A2 Z n2 — 27I'2p

n=p+1
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5. The strong Milstein scheme.
In this section we construct a strong Milstein scheme of order 1 for the SDDE (1.6).
Our construction relies heavily on the It6 formula for “tame” functions (Theorem 2.3).
Throughout this section, we assume that in (1.6) the coefficients g € C%2(T x
RF™ L(RY,R™)) and h € CY2(T x R*¥™ R™). For convenience, set W (s) = W(0) = 0,
for all s < 0. We also define

h(t,II3(X:)), 0<t<a,
n(t), t<O.

(5.1)  ult):= { g(t’nl(Xt))a 0<t<a,

= and v(t) :=
b)) t < 07 ( ) {
We first derive the Milstein scheme for the case d = m = 1.

5.1. Ito-Taylor expansion.

Assume that 0 < to < t, and ¥ = (z1,--- ,7,) € R¥. Applying the It6 formula

(2.10), we have

(5.2)
g(t, (X)) — g(to, 111 (X4,))
t 89 k1 t+s1,5
= [ SR s+ > [ s s T (X ))u(s) W ()
0 j—1 Yto+s1,s ?

k1 t 9
09 v L,9% + -
+ ; \ [Bac,- (5, (X))o (s + 51,4) + 5 (55 (5. (X)) V5, , X(9), V5, X (5))] ds,

(2

where vE X (s) are defined by (2.9). Applying the It6 formula (2.10) again and using

similar notations for h, we obtain

(5.3)
h(t Hz(Xt)) - h(th H2(Xt0))

[ my(x) ds+Z /t““ah = 500 T (X, ) u(s) AW (s)

to+s2,; 8‘7‘.1
1& 1t an 1,0%g N _
b0 [ (s T (X))ols + 52,) + 55 5 (5, (X)) Vs, X(s), w2y, X ()] ds.
i=17to i
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Substituting (5.2) and (5.3) into (1.6), we get the following approximate (It6-Taylor) ex-
pansion of (1.6):
(5.4)
X (t) = X(to) + g(to, Th (X)) [W(2) — W (t0)] + h(to, T2 (X, ) (2 — to)

k]_ t +s

8 1 1,2

309 (4 T (X )t + 51.4) / W (t) dW (1) + Rlto, 1),
i=1 Ox; to Jto+s1,:

where

(5.5)

t1+s1,;
t07 {/ |:
to Jto+s1,i

u(to—i—slﬂ-)} AW () AW (1)} + / /tt k:[ (b2, T (X0,)) 0t + 51.)

1,0%
+2<a

— 81,i» Hl(Xt2—31,i))u(t2) -

(10, ()

(t27 Hl (Xt2)) Vsl Xt27 Vsl Xt2>:| dt? dW(tl)

t1+82,; 8h
/ / ot = 520, TTa (X ) ult2) W () ity

0+52 i

t1 2
/ / [ (t2: TLa(X1,))olte + 52,)
to Jto ;—1

1,0%h
5 02 (X)) VE, Xes, V3, e dta

2 oh
/ / (b2, T (X0,)) + 2 (1, T (Xs,)) | it dt.
to J to Ots Oto

In the above expression, the stochastic integrals

t1+81,; 89
/ (ts — 51,0 Th (Xpys, ))ultz) AW (t2)
to+s1,i 8.7,‘1'

and

t1+s2,; oh
[ ot 2 (X, Dulta) AW (1)
to+s2,i Ty

are Skorohod integrals. Define

t1+si,;
(5.6) T(to + 55521 + 51 43 50) = / / AW (t2) dW (1),
t

0+8i,j
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fori=1,2and j =1,---,k;. Recall the definition of J(to+s; j,t+5; j;si ;) in (4.1). Note

that if s; ; < 0, then

t1+8;,5
(57) I(t() + Si,j5 t+ 8,5} Si,j) = / OdW(tQ) o dW(tl);
to

to+s; N

if Si,j = 0, then

@8)I@0+snht+ﬁdmmﬁ:il[th)—ﬂdmﬂdW%h):(W“ﬂ—;V@dF__t;h{

5.2. The one-dimensional Milstein scheme (d =m = 1).

Assumed=m=1. Let 7: —7=t_; < --- <ty =0< --- < t, = a be a partition

of [—7,a]. We introduce the Milstein scheme for the SDDE (1.6) as follows:
X“@%;XWM)+h@mHﬂ3“)XV—M)+g@mHﬂXﬁDUV@)—WWMD
(5.9) +§: (MJL TNt + 51,0 (b + 81,0, + 51,55 51,4),

for t, <t <{tg41, where
T g(tﬂnl(XZr))a t>0,
u"(t) =
0, —7<t<0,

and

t1+81,;
Itk + 51,0t + 51,3 51,5) = / odW (t3) o dW (ty).
tg

tr+s1,i

Recall the notation
5] tg, iftp < s <ty
s| =
tn,, iftn, <s<t.

and introduce the following notation:

[s] = { tkt1, te <8 < tgr,
., te, <s<t.

In view of (5.7) and Lemma 4.2, we will use JP(t;,t; s1,;) to approximate I(t;,1; s1,i).
Denote by
Z™(t) == X" (t) — X(t), te€[-T,a]

the global truncation error for the Milstein scheme, with X the unique solution of the

SDDE (1.6).
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Lemma 5.1.
In the SDDE (1.6) (withd = m = 1), suppose that g € CZ(R* | R), h € CZ(R*F2,R),
have bounded first and second derivatives. Then for each integer p > 1, there exists a con-

stant K (p) > 0 such that

E((4
(5.10) {
E(

Q:Q:‘
)

Q
8;‘ N &,},

(8 Hl( )) v.sl Xs, Vs, ¥ )p) <K
3 (5, I2(X,)) VE,, Xs, Vi, X6)P) < K(p)

for all t € [0, al.

Proof.

By the definition of v;th(s) (see (2.9)), we have

(511) Vj_l,igsl,j X(S) = 2“(3 + slyi)I{Sl,i<51,j} + U(S + 8177:)51'.7.

s+s1,5 S$+s1,5
+ 2/ Dy, ju(r)dW (r) + 2/ Dgys, 0(r) ,dr,
0 0
and
(5.12) V;,i,sl,jX(s) = ’U,(S + sl,i)éz-j .

Therefore,
(5.13)
g -
(T2 (s, (X)) Vi, X(5), 75, X (5))

0%g 1
=2 21{833,8.’17] (8’ Hl(XS))u(S + Sl,i)[u(s + Sl,i)I{S1,i<81,j} + iu(s + Sl,i)(s’ij

s+s1,; s+s1,5
[ D)W + [ D, o) i
0 0

If r > 0, then

dg

(5'14) Dsu(r) = Dsg(Hl(Xr)) 8

(7' I, (X)) Ds X (7 + $1,4)5
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and
k1 829
(5.15) D:;Dgu(r) = (r, I1(X;))Ds X (r + 51,:) Dt X (7 + 51,5)
i=1 8@8373
kg
+ 3 5 (I (X)) DDy X (1 4 s1,).
i=1 "

By Proposition 3.1 and Proposition 3.3, there exists a constant C7 > 0 such that

sup E( sup |DX(r)[*) <
0<s<a s<r<a

sup E( sup |D:D,X(r)|?) <Ci.
0<s,t<a sVtlr<a

Since g has bounded first and second derivatives, then there is a positive constant Cs such
that

sup E( sup |Dsu(r)|?) < Coky sup E( sup |DsX(r)?) < C1Cqk1,
0<s<a s<r<a 0<s<a s<r<a

and

sup E( sup |DyDsu(r)]?) < C2C2ky 4+ C1Csk:.
0<s,t<a sVt<r<a

If r < s+ 51, then

{ DS+S1,iu(T) =0
DS+S1,1"U(7') =0
Therefore,
t-I—Sl,j
E( Dyys, u(r) dW (r))?
t+s1,;
t+s1,; pt+si t+s1,;
< E(DyDyys, ,u(r))*drds + / E(Dyys, ,u(r))?dr
t+s1,5 t+s1,5 t+s1,;

< C2k%0% + 205k.1C1 =: K;.
Similarly, there exists a constant K5 > 0 such that

t+s1, 5

E(/ Dt+51 Z.’U('f') d’l")2 S KZ.
t+s1,; ,

So the first inequality of (5.10) follows from the above two inequalities and the Lipschitz

and bounded conditions on h, g ((1.4),(1.5)). The second estimate of (5.10) is proved by a

similar argument. [
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Theorem 5.2.

Consider the Milstein scheme (5.9) for the SDDFE (1.6). Recall that Z™ := X™ — X
is the global truncation error for any partition w of [—7,a]. Let 0 < v < 1. Suppose
that n : [-7,0] — R™ is of bounded variation and is (%)-Hélder continuous. Let g €
CL2(T x R* R), h € CY%(T x R¥2, R) have bounded first and second spatial derivatives.

Assume that

sup |Z7(s)| < C'|x|”
—7<5<0

for some positive constant C'. Then there exists a constant C > 0 (depending on a and

independent of 7) such that

sup E|Z™(s)|> < C|n*.
—71<s5<a

Proof.

As in the proof of Theorem 2.4, we express the global error in the form
Z"(t) = Z27(0) + I"(t) — R™(1),

where
= Z[h(tz‘—h (X" (ti-1))) — h(ti—1, 2(X (ti-1)))](t; — tiz1)

+Z tio1, (X" (1)) — 9(tima, TR (X (8-2))](W (83) = W (2i-1))
+ [h( nes 2 (X7 (0,))) = h(tn,, Ta(X (£0,)))](E = tn,)

+ 90, (X" (tn,))) = 9(tn,, T (X (E0,))) (W (8) = W (20,))

+Zt2{ i 1,ti;81,j)[%(ti—l,ﬂ1(X”(ti—1)))

=1 5=1

k1
0
X u™(ti—1 + 81,5) — 5 (tic1, (X (tiz1)))u(tion + 31,j):| } + Z{Itnt,t;sl,j

J j=1

ag ™ ™ 8g
X |:8—$j(tnta Hl(X (tnt)))u (tnt + Sl,j) - 8—.’Ej(tn“ HI(X(tnt)))u(tnt -+ 31,j):| }’
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and
Nt
=Y R(ti—1,t:) + R(tn,, ).
=1

We shall decompose R™(t) into five parts:

R™(t) = R{(t) + R3(t) + R3(t) + Ri(!) + R5 (1),

where
nt k1 t; s+81,5
— 81,5, 1 (Xp—s, ;) )ulr
i=1 j= 1{/1*:1 1 Jti—1+81,; |:a$3 b 1( , )) ( )
ag s+81,;
— 8—(ti_1, Hl(Xti_l))U(ti—l + Sl,j) dW + Z
Zj tny Jtn,+51,;
8g 89
9p, "7 81 i Xr—s, ))ulr) = 5= (tn,, (Xt ))ultn, + 515)| dW (r) dW (s)
:vJ 0x;

s+s81,5
DI (X,

865 (PLSJ 51k w (X s)))u(ls] + sl,j)] dW (r) dW(s)},

0= 3 [ [ [ merntn
92

<?(r L (X,) v X, vsu)m] dr dW (s),

Q

L1
2

Q

s+s82,;
Z / / = 5o (X, ))u(r) AW (r) ds,
Ls|+s2,; 83:3

Z/ /SJ [(%J (r: Ta(Xp))v(r + 52,5)

(X)) v, X v, T>] dr ds,

//u{ (r, (X ))+%(7'7H1(Xr))}drds.

N | =
HE
8y

and
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By the It6 isometry and the formula for covariance between two Skorohod integrals ([25],

Section 1.3.1), we have

2 s+81,5 g
sup E|RT(s)]> <k E/ {/ [ — 810, T (Xp_s, ))u(r
ogsgt | ) 12 5] +51.; a%( 1,50 I ( L)u(r)

B g—g(LsJ I (X |s)))u(|s] —|—81g)] dW (r )} ds

s+81,5
— 515, 1 (Xp—s, ;))u(r)
/ /|:sj +s1,5 |:8"1:J ! "

_aa_g(LsJ Ty (X (s ))u([ 5] —I—slj)rdrds
h;éAi;ﬁi;{ E%%&MM&MWM
(;99 (1), (X o ))ue( ) +813)]}2d7'1 dry ds

= k1RT;(t) + k1 RT5(t).

By assumption, the function G(s,z, z) = ;ng(s,x)g(s—l— s1,4,2), (r € R® and 2z € R™),

is Lipschitz, i.e., there exists a constant L; > 0 such that

1G(s,2) — Gi(s,w)| < Ly|z —w|, Vz,w € R* and 1 < j < k.

Using
{ g(Tanl(XT))a r 2 0
u(r) =
0, r <0,
and
sup E|X(B) — X(a)]* < Calra — 1|7,
—7<rm<a<f<r:<a

it follows that

<Z/fMJ — 51,5 (X, ), TH (X))

3J+513
— G (s, (X 5)), T (X (5450 D25 451, >0} dr ds

k1 t $+81, 5

< 2k, L3 Z/ / sup  E|X(ry) — X(r1)|*drds
j |s|+s1, j —1<r1<r2<a
re—r1|<|x]|

< 2(a+ 1D)kIL3Cy|m|*.
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Now for all » > 0 and 1 < j5 < kq,

Ds<§—jj<r — 51T (X ,)u(r))

k
1 82
= g(r,TI(X,)) ) &C.gx, (r =515, I (Xr—s, ;) Ds X (r — 51,5 + 51,3)
=1 J t

k1

) )
o I (r = 51,5, Th(Xr—5,,)) Y o2 (r, T (X)) DX (r + 51,0)-
i = 0%

By Proposition 3.1, there exists a constant C3 > 0 such that

sup B sup |D.X(s)[?) < Cs.
0<r<a 0<s<a

By (1.8), (1.10), and boundedness of the spatial derivatives of g , there exists a constant

C4 > 0 such that

0
sup sup B(|D, (52 (r = s1,5 I (Xr—s, ,)u(r)?) < 204k},
0<r<a 0<s<a Zj

Therefore

k1 t s+81,5 s+81,5
t) < ky E{D,. [AC4k?] dry drs ds
0 L 1 1
j=1

Ls]+s1,5 / [s]+s1,
4(a + 1)Cykf|m|2.

Hence there is a constant Cs > 0 such that

(5.16) sup E|Ryi(s)|* < Cs|m|*".
0<s<t

Applying Fubini’s theorem, we can rewrite R} (t) as

t t; s+s82 ;
/ / a — 89, (X _ g, ))ulr) AW (r) ds
i= 1 j=1 ti—1+82,;5 x]
s+s82,;
/ / a — s0.5. a( Xy ))ulr) AW (r) ds.
tny Jtn,+52,1 379
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So we have

mo=33 [

= 1J 1Yti—1+82,;5

t +82 N tz
/ — 505 Mo (Xy— sy, ))ulr) ds dW (r)
r—8a 83:J

t+SQJ
/t / 8% = 52,5, Ma(Xp—sy ;) Ju(r) ds dW (r)

+32 ]

t—"_SQJ

i oh
= Z / ti+ 52,5 — 7‘)8—(7“ — 89,5, a( Xy, ;) )u(r) dW (r)
i=1 j=1 ti—1+82,; :EJ

NS oh
30 [ = ) = s (X Dulr) W)

j=1"tn¢ +s2,; J
k2 t+s2 j oh
-y / (Ir = s24] + 525 = )5 (r = 52,3, a(Xy s, ) Ju(r) AW (r).
j=1 82,5 J

Applying the formula for covariance between two Skorohod integrals ([25], Section 1.3.1)
and Proposition 3.1, we can show that there exists a constant Cg > 0 such that
(5.17) sup E|R3(s)]* < Cg|r|%
0<s<t
Similarly, by Lemma 5.1, we can easily show that there exist C7 > 0 such that

Supg<,<t E|Ra(s)? < Crln|?,
(5.18) SUPo<s<¢ B|Ra(s)? < Crlm|?
SUpg<,<t E|Rs(s)[? < Crlm|?

By similar arguments to the ones used in the proof of Theorem 4.1, we obtain the following
inequality
t
(5.19) sup E|I™(w)[2 < Cy / sup  E(Z7(u)]?) ds
0<u<t 0 —7<u<s
for some constant C7 > 0. From (5.16)—(5.19), there exist Cg > 0 and Cg > 0 such that
t
(5.20) sup E|Z™(u)]? < E|Z”(0)|2+Cg|7r\27+09/ sup E|Z™(u)|*ds.
0<u<t 0 —7<u<s
So
t
(5.21) sup  E|Z7(w)2 < (20" + Cg)|n[?" + 09/ sup B Z™(u)[2 ds.
0

—7<u<lt —7<u<s
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By Gronwall’s lemma, there exists a constant C' > 0 such that

E sup |Z™(s)><Cx[*". O
—7<s<t

Remarks 5.3.

(1)

(5.24)

Let us consider a particular case when g and h are of the (linear) form

=S (s, X (s
(5.22) {g(s’ﬂl(XS)) _Zz 1“1( , Xs(51,i))

h(s, TI2(X,)) = 3252 bj(s, Xs(52,3),

where a;,b; € C’;’Z(T X R) for 1 <i < k; and 1 < j < ko. In this case, one may

also apply the non-anticipating Ité6 formula to

{ a;(t+ 51,1, X(t+51,1)) — ai(to+ s1,1, X (to + 51,1))
a;(t + 51,1, X(t+51,1)) — ai(to + 51,1, X (to + 51,1))

to prove Theorem 5.2 (cf. [32]).

One can allow the initial process 1 to be a sample continuous semimartingale in
the following way. Replace W by an extended Brownian motion W (t),t > —7, with
the associated Brownian filtration (F;)_;<t<q. Assume that n(t) € DL for all
t € [-7,0], and n is an (F;)_r<t<o-continuous semimartingale satisfying

(5:23)  sup  En(B) —n(a)* < Celf—al’,  sup E(|Z"(s)]°) < C'|x*
—7<a<p<L0 —7<s<0

for some positive constants Cs and C’. The arguments in Section 2 and the proof

of Theorem 5.2 may be adapted to include this generalization.
We can rewrite the SDDE (1.6) in Stratonovich form, namely, if ¢ > 0,

X(t) = n(0) + / 9(5, T (X)) o dW (s)

)
+ [ e ma(x,)) - % 8‘9

(5, 111(X5))g (s, 111 (X5))] ds,
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if sg, = 0. If sg, < 0, then the SDDE is of the same form as (1.6) except the It6 integral

is replaced by Stratonovich integral, i.e.,

X() =n(0)+/0 9(s, 1 (X5)) <>dW(8)+/O h(s,2(X)) ds,

Bell and Mohammed ([6]) derived a similar result in the case of a single delay. From

Corollary 2.8, we can obtain the following Stratonovich-Taylor expansion of X (¢) (cf. [32]):

(5.25)
X(t) = X(to) + g(to, 11 (X4,)) [W(t) — W (to)] + h(to, IIa(X4,)) (2 — to)
t1+81,;
+ Z t07H1 (Xto))ulto + 81,0 / odW (t2) o dW (t1) + R(to, 1),
to Jto+s1,4
where
t1+81,: ag
(5.26) to, Z{/ / Sl,iaHI(Xt2—81,i))u(t2)
t0+31 '3
8
9, o T (Xo)Julto + 51,0)] © AW (12) 0 dW (1)}
t1 kl
/ / tg, Hl(XtQ))T)(Ih + 8171') dtz @) dW(tl)
to Jto ;—1
t1+82,; ah
/ / — 0,0, T (Xiy sy ))ult) © AW (t2) ity
0+52 1
t]_ k2
/ / tg, Hg(Xt2))1_)(t2 + 52’7:) dto dt.
to Jto i1
and
_ 1 B h(t,TI5(X,)), 0<t<a
5.27 gy —— d v(t) =
(5:27) h=h pang, and o)) ={ =

One can also derive the Milstein scheme for (5.24) using the Stratonovich-Taylor
expansion (5.25) of X (¢) as follows: Let ¢ < t < tx4+1. Then

(5.28)
X"(t) = X”(tk) + h(te, T2(X7)) (E — tr) + g, TL(XT,)) (W () — W (tr))

+ Z oz, tk, H1 ))u”(tk + Sl,i)J(tk + S1,4,t + S1,43 31,1‘),
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where

Uﬂ-(t) — g(t’ Hl(XZr))a t>0,
0, —7<t<0.

5.3. The multidimensional Milstein scheme.
Write h(s,z) = (h(s,z),---,h™(s,z))T, ¥ € R™k1,

T11y° " s T1ky

8
Il

L1 > Tk,
Denote by g?'(s,#) the (j,1) element of the m x d matrix g(s,#). To simplify notation,
we use below the summation convention on repeated indices. Recall the notations for the
partition —7 =t_, < --- <ty =0<--- <1, =1 introduced in Section 2. We formulate

the Milstein scheme for the SDDE (1.6) as follows: if ¢t < t < tgy1, the ith coordinate

Xi(t) of X(t) = (X1(t),---,X™(t))T is approximated by

(5.29)
XU™(t) = X" (tg) + h' (tg, HQ(XZ;))(t —tr) + 9" (tk, Hl(XZ;))(WJ (t) — Wj(tk))
Oag¥ .
+ I (1, oy (X5 )u 70" (b + 51,5, ) Ly (B + 81,5058+ 51,515 51,51,
8xi1j1
where

WA (f) = { gjm (¢, I (X{7)), t_i i,t .

As in the SODE case ([17], [18]) and in view of Lemma (4.2), it is possible to further
discretize the double stochastic integral I; j, (tx + s1,5,,¢ + S1,5,551,5,) in (5.29) to obtain
a modified Milstein scheme for the SDDE (1.6) with strong order of convergence 1. More

details are given in Appendix (B).

Remark 5.4.
One may check that Lemma 5.1, Theorems 5.2 also hold in the multidimensional
case. In fact, it is easy to extend these results to the multidimensional case, thanks to the

weak differentiability results (Proposition 3.1, Lemma 3.2 and Proposition 3.3) and the
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results concerning strong approximation of double Stratonovich integrals (Lemma 4.1 and

Lemma 4.2).

Unlike the SODE case, it seems very difficult to develop higher order strong ap-
proximation schemes for the SDDE (1.6). One may try to avoid involving the differential
operator D and the trace operator <7 in the numerical scheme by attempting to employ
multiple Stratonovich integrals instead of multiple Skorohod integrals. The idea is to use
Stratonovich-Taylor expansions of the coefficients in the SDDE (1.6) (c.f. (5.3) and (5.4))
instead of Ito-Taylor expansions. However, this is difficult, because it is hard to estimate
the order of the error via the remainder term. This is because a multiple (anticipating)
Stratonovich integral can not be expressed in terms of multiple (non-anticipating) It6 in-
tegrals. The Hu-Meyer Formula gives the relationship between multiple Stratonovich and
Skorohod integrals ([9], Theorem 3.1 (with non-deterministic kernels); [33], Theorem 3.1
and [31], Theorem 3.4 (with deterministic kernels)) (c.f. [28], [33] and [31]). However, the
formula still involves the differential operator D and the trace operator 37, and hence it is
hard to estimate the remainder term.

One may refer to Jolis and Sanz ([17]), Delgado and Sanz ([9]), Solé and Utzet

([31]), and Zakai ([33]) for multiple Skorohod and multiple Stratonovich integrals.

Appendix A.

The lemma below follows from the independent increments property of Brownian

motion. It will be needed in the proof of the It6 formula for tame functions (Theorem 2.3).

Lemma A.O.

Assume that {m, : 0 =19 < t1 < -+ < t,, = a} is a family of partitions of [0, al,
with limy, e || = 0. Let —7 < 51 < 853 < 0 and denote by AypW?* = Wi(t; + s3) —
Witi_1+sk), 1 <i<d,1<Il<n,k=1,2, the increments of Brownian motion. Then

(A.0) lim ZA”WiAij — { a+sy, ifi=jand s, = s
1=1

n—00 0, otherwise ,
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in L2(QL, R).

Proof.
We only need to consider the case s; < s and 7 = j. Now
n

n 2
[Z AllWiAmW’] =Y (AnWH(AWH2+2 Y A WAL W A, WA, W'
=1 =1 1<l

If n is sufficiently large, then |m,| < sy — s1. Hence Ay,oW* is independent of

A WA WEA,WE. Taking expectations in the above equality gives

n 2 n
E[Z A“Wmmwi} < (i —tim1)? < |mna
=1 =1

for sufficiently large n. Note that a+s; is the correct limit in (2.6) because of the convention

that W (t) = 0 for ¢ < 0. This completes the proof of the lemma. [
The following lemma extends a result by Nualart and Pardoux (][24], Lemma C1).

Lemma A.1.
Suppose that x = {z(t) : t € [0,a]} is a measurable real-valued process, z(t) = 0 if
t>aort<0, and x € LP([0,a],R) a.s., p > 1.. Assume that {m, : 0=ty <t; <--- <

tn, = a} is a family of partitions of [0,a], with lim |m,| =0, and —7 < s1,52 < 0. Then
n—0o0

z(s) ds = { 0a+s1 z(s)ds, s1= sy

“ AW ARW /tl+51
t 07 S1 ?é S2

Al lim
(A.1) ,Hoolz:; ti—tir Sy i

in probability. Moreover, if x € LP(Q x [0,a],R), then the above convergences hold in
LY (Q,R).

Proof.
It clearly suffices to show that (A.1) holds in L'(Q,R) whenever z € LP(Q X

[0,a],R). Fix m > 1, define

m
It . ti+s1

™ = Z (t1—1+s1,t1+s1] / .’13(8) ds.
tr—ti-1 ti—1+s1

=1
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For n > 1, define

an(q;) = zn: M /tl+81 .Z'(S) ds.
tr—t—1 ti_1+s
1=1 1—1T181

Define a,(X,,) similarly. It follows from Holder’s inequality that if 1/p 4+ 1/g = 1, then
1
L

: ti+s1
(A2  Elan( { ZIAleA12W|q} o 4 fa(s)) ds

ty— b))t T =1 (t1 —ti—1)

ie.
||04n(ﬂ7)||L1(Q) < Cp||$||Lp(Qx[o,a+51]) < Cp||$||Lp(Qx[o,a]),

Therefore,

(A.3)

a-+s1 a+81
E|an(m)—/ o(s) ds| gE|an(x—xm)|+E\an(xm)—/ +(s) ds|
0 0
a+s1
< Blan(a™) = [ 2()ds|+ Cylla = a™[iretoaton
0

since

< tits1 1. 4 "
o (z™) = Z / (tz;+i1,tt,+31]( ) BALTV AV
i=1 | (ti_1,t1]C (ti_1,t;] Y Hi—1Fs1 1 1—1
1<i<n
]_ ti+s1
/ z(s)ds
tz - ti_l ti—1+s1

m 1 ti+s1
= Z Z ApW AW 7/ z(s) ds.
i —ti—1 Js

=1 | (t1—1,8]C(ti—1,ti] i—1ts1
1<Ii<n

Let k., be the index such that t5 1+ 51 <0 <ty +s1. If s1 = s9, then by Lemma 2.2,

the following limit exists in probability

i 1 t;+s1
li S ti AO = (ti VOl— d
nl{go an(aj ) z:zl[( ' + 81) ( o + 81) ]ti - ti—l /ti_1+s1 x(S) i
m ti+s1 tp, +s1
t m
= 2 / o(s) ds + M/ x(s) ds
i=ky,+1Yti-1t81 km—tk,—1 JO

a+s1 thpy 81
t m
:/ .’L‘(S)dS‘I_M/ _II;(S) ds_
0 0

km_tkm -1
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Equivalently,

a+tsq tk,, +S1
t m
an (™) — / z(s)ds — o 51 / z(s)ds — 0
0 0

tkm _tkm —1

as m — oo in probability.

A slight modification in the proof of (A.2) yields the estimate

[lom (™) Lo () < C @ D)™ (| Lr@x (0,041

for all p’ € (1,p). Therefore, the family {a,(«™) : n > 1} is uniformly integrable. From
(A.3) we have

n—0o0

a+s1
lim Eloy,(x) —/ x(s) ds|
0

tkm + 51

tkm _tkm —1

tk,, 51
<B [ la)]ds+ Gyllo = 2" |zs(axoare
0

th, 81
<E / 2(5)ds| + Cyl|7 — 2™ || Lo o.0e1)

Clearly, 2™ — x in LP(2 x [0,a + s1]) and Ef(f’“m+sl |z(s)|ds — 0 as m — oo. So

n—o0

a+s1

lim Eay (z™) — / o(s) ds| = 0.
0

Now consider the case s; # s2. Since

Elan(z)| < Elan(z™)| + Elan(z — 2™)|

< Elan(e™)] + Cpllz = 2™ | Lrax(o,a+5:)-

A similar argument gives lim,,_,oc E|a,(z)] =0. O

The following useful result is due to Follmer ([10]), and Nualart and Pardoux ([24],
Lemma C.2):
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Lemma A.2.
Let z(t),0 < t < a,i = 1,2, be two continuous processes, and {m, : 0 = ty <
t1 < -+ < tp, = a} a family of partitions of [0,a|, with lim |m,| = 0. For each n and
n—oo

l=1,---,n, let z} , denote x*(t;). Assume that

n a
(A'4) Z('x;l,n - .73%717”)(:13%! ,n - xl‘glfl,’n) — /0 a’l’J (8) dS
=1

in probability as n — oo, where {a(t) : 0 < t < a;i,j = 1,2} are measurable processes

such that a.s.

(A.5) / a% (s)|ds < 0o, 4,5 =1,2.
0

Let {Y(t) : 0 <t < a} be a continuous process, and {Y™(t) : 0 <t < a}32; be measurable
processes which converge a.s. to {Y(t)} as n — oo, uniformly with respect to t € [0, al.

Then

n

(A.6) SOV () (@ 5 ) — 2 / 0¥ (s)Y (s) ds
=1

in probability as n — oo, for 1 =1,2.

Appendix B. Simulating a double stochastic integral.

The following scheme is adapted from Kloeden and Platen ([18], p. 202; [19], p.
82).

In view of Lemma 4.2, we can use the truncated sums
R j Lo j b j (4) i
(B.1) 30,8 =b) = S (W' () B (1)) — 5 (W*(t)ag” — B’ (t)ap)
p
+m Yy n(ahbht —bal’), t>0, p>1,
n=1
to simulate the double Stratonovich integral

t+b s—b
(B.2) T (0,8 —b) = /b /0 od Wi (v) o dWI(s).
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Consider the Milstein scheme (5.9). Given an error bound § = O(|r|?), we choose

an integer p > 1 such that

< dAmin{|sy;|:1 <3<k}

"=

We define for all such integers p,

J’g (tk: + S1,is t+ $1,i Slvi)’ S <0

(B.3) IP(tg + s1,,t + 51,43 51,4) = {

WOW@)® _ o 4 =,
By Lemma (4.2), the following modification of the Milstein scheme
(B.4)
X7(t) =X"(tk) + htr, M2 (X7)) (¢ — te) + g (tr, L (XT)) (W (E) — W (tx))
k1
0
+> 8—5(%,1_[1()(2;))?1”(% + 1) 1P (tk + S1,i5 L+ 81,45 51,4)s te <t < lptr,
i=1 "

has strong order of convergence 1 (c.f. Theorem 5.2).
Suppose that we use the family of partitions: 7: -1 =t_; < - - <t =0<:-- <
tn, = a, meshm = ||, to calculate the solution of the SDDE (1.6) by applying Milstein

scheme. There are some issues we need to consider concerning simulating the family
S={J(tk—1,tg;514) k=1,---,n,i=1,---,k}.

If k1 # ko or i1 # ia, by the It0 isometry, J(tg,—1,tk,;51,4,) and J(txy—1,tk,; S1,i,) are
independent. But the family § may not be independent. The reason is that they come
from the same Brownian motion. We can make S independent by choosing appropriate
mesh points so that tx +s1; € m, forall k > 0,1 <7 < kq, ie., tx + s1,; is also a mesh

point. In order to see this, set

(B.5) Vie = {(an(tk=1),bn(tk—1)) :n=10,1,---},

where a,,(tx—1) and b, (tx—1) are defined by (4.6). Then for all 1 <i < ky, 1 <k < n, the

set

(B.6) Vi(s1,6) = {00 (be—1), b, (tk—1)) 1 2 = 0,1, -+ }
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belongs to the family {V4 : k = 1,---,n}, where a, """ (t;_1) and b, " (tx_1) are defined
by (4.7). Indeed, similar to the approximation scheme of multiple Stratonovich integrals
([18], (5.8.10) and (5.8.12); [19], (2.3.30) and (2.3.32)), we have the following approximation
scheme of {JP(tg_1,tk;514) :k=1,---,n,i=1,--- [ki},p>1.

For each k =1,--- ,n,and h =1,---,p, with p > 1, we define p, and independent
N(0,1) random variables £(s), pp($), Cn(S), Mn(s), s € {to, -+ ,tn-1}, by

(B.7) £(s) = |71r—‘(W<|7r| +5)— W(s),
Cnls) = |2‘ hran(s), ma(s) = \/%hwbh(s),
1 1 <1
Pr= 19" 9.2 hz::l 52’ pip(s) = /—\W\pp = an(s
a0(s) =~ /2] 3 1Gu(s) — 24/ Inlpit(s).
h=1

If tp_1 + S1,i > 0, then

(B.8)
JP(tg—1 + 51,5, Lk + 51,45 51,4)

= St + s1)€(-1) — 5 VIRIIE -1 + s1.0)00(t6 1) — €t 1)ao(tes + 51,
+ m zp: E[C’L(tk—l + 51,0)00 (tk—1) — Ch(tk—1)Mn (te—1 + 51,4)]-
2r — h ’ ’
Remarks B.1.

(i) The space complexity of the Milstein scheme for SDDE is O(ma/|n|) if we only want
to simulate the end point X (a) (or the end segment X,). The space complexity
of the Milstein scheme for an m-dimensional SODE is O(ma) if we only want to
simulate the end point X (a). If we want to simulate the whole path {X(¢) : ¢t €
[0,al]}, then both schemes have the same space complexity O(ma/|7|).

(ii) Roughly speaking, the time complexity of the Milstein scheme for a multidimen-

sional SDDE (m > 1) is K times the time complexity of the corresponding scheme
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for an SODE, where K := ki + k2 is the total number of delays. If m = 1, we can
directly simulate the double stochastic integral in the Milstein scheme using (B.3).
(iii) In view of (B.7) and (B.8), we do not need to simulate the joint law of multi-variate
normal variables for multidimensional SDDE’s and SODFE’s. If m is not very large,

simulating the joint law is not a prohibitive task by using Cholesky’s decomposition.
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