SMOOTH DENSITIES FOR DEGENERATE STOCHASTIC DELAY
EQUATIONS WITH HEREDITARY DRIFT

DENIS R. BELLT AND SALAH-ELDIN A. MOHAMMED?

ABSTRACT. We establish the existence of smooth densities for solutions of R% valued sto-
chastic hereditary differential systems of the form

dz(t) = H(t,z)dt + g(t, z(t — r)) dW(t). (0.1)
In the above equation, W is an n-dimensional Wiener process, r is a positive time delay,
H is a non-anticipating functional defined on the space of paths in R% and g is an n x d-
matrix-valued function defined on [0,00) x R%, such that gg* has degeneracies of polynomial
order on a hypersurface in R¢%. In the course of proving this result, we establish a very general

criterion for the hypoellipticity of a class of degenerate parabolic second-order time-dependent
differential operators with space-independent principal part.

1. Introduction.

In an earlier paper [B-M.1], the authors used the Malliavin calculus to establish the
existence of smooth densities for R%valued stochastic differential delay equations of the
form

dz(t) = g(x(t — r)) dW (t). (1.1)

Here r denotes a strictly positive time delay, W is an n-dimensional Wiener process, and
g is an n x d-matrix-valued function defined on R¢, such that gg* has a single point of
degeneracy of linear order. The novelty of this result lies in the fact that, in contrast
to a classical (i.e. non-delayed) diffusion, the solution process z in equation (1.1) is non-
Markov. In fact if we define z, t > 0, by z¢(s) == z(t + s), —r < s < 0, then {z; :
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t > 0} is a Feller process with values in the space C([—r,0], R%) of initial paths ([M.1],
Chapters IIT & IV). The infinitesimal generator of the trajectory process {z; : ¢ > 0}
is a second-order differential operator on infinite-dimensional space whose principal part
degenerates on a surface of finite codimension. Thus equation (1.1) does not correspond
to a differential operator on R%(cf. [M.1]), and the result in [B-M.1] cannot be obtained

via existing techniques from partial differential equations.

The Malliavin calculus is a powerful tool for studying the regularity of measures in-
duced by stochastic differential equations. When applied to classical diffusions, it has been
made to yield very sharp criteria for the existence of smooth densities (see e.g. Kusuoka
and Stroock [K-S.2], Bell and Mohammed [B-M.2] and [B-M.3]). The crucial part of this
work consists of the derivation of probabilistic lower bounds on the Malliavin covariance
matriz of the underlying diffusion process. However, the delicate analysis developed to
obtain these lower bounds for degenerate Markovian systems is heavily dependent on the
existence of an invertible stochastic flow. This does not hold for stochastic delay equa-
tions such as (1.1), where the coefficients in the equation depend on the past history of
the solution process z. In fact equation (1.1) does not admit a stochastic flow on the
state space C([—r, 0], R%) ([M.1], [M.2]). As a result of this pathological behavior, little is
known about the existence of densities for degenerate non-Markov stochastic differential
equations. Indeed, as far as we are aware, [B-M.1] is the first result of this nature (although
Kusuoka and Stroock [K-S.1] have solved the problem under strong ellipticity hypotheses

on the hereditary process).

In view of this dearth of information concerning regularity of non-Markovian sys-
tems, it is interesting to develop new methods to extend the highly specific result in [B-M.1]

to the more general setting (0.1). This is the object of the present article.
The main ideas in our analysis of equation (0.1) are as follows:

(i) We reduce the stochastic hereditary equation (0.1) to an equation of a more ele-

mentary form (2.5), by conditioning on the past history of the solution process.
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(ii) We use the Malliavin calculus to derive a new result (Theorem 2.2) concerning the
existence of smooth densities for equation (2.5). As a by-product of this analysis
we obtain a new and very general mean-ellipticity criterion for hypoellipticity of
second order time-dependent parabolic operators with space-independent principal
terms (Theorem 2.3). It is not clear to us how this result could be obtained using

existing techniques from the field of partial differential equations.

iii) Introducing a process of partial integration by parts over the Wiener space, we show
g 9

(Lemma 4.1) that the existence of smooth densities for equation (0.1) follows from

an invertibility condition (4.3) on the Malliavin covariance matrix corresponding to

the conditioned system (2.5).

(iv) Our main result is Theorem 2.1. This theorem asserts that the solution process in
(0.1) admits smooth densities at all positive times, under hypotheses that allow the
noise covariance to degenerate on a moving hypersurface in R?. The initial data
for equation (0.1) is a deterministic path defined on the time interval [—r, 0]. We
assume that the initial path has only limited contact with the degeneracy surface,
in a sense made precise in condition (2.4). We then use the delay structure of the
equation to propagate forward a probabilistic analogue of condition (2.4)(Lemma
4.2). This procedure yields probablistic lower bounds on segments of the solution
process = that allow us to establish condition (4.3). Theorem 2.1 then follows as

indicated above in (iii).

2. Statement of Results.
We will extend the result discussed above in the following directions:

(i) A general class of equations of type (0.1) is considered, incorporating a drift term of
hereditary type, which may depend arbitrarily on the history of the solution path

Z.



(ii) The function g is allowed to be time-dependent. Furthermore, the “single point
degeneracy” hypothesis on g in [B-M.1] is relaxed to allow gg* to degenerate any-
where on a large class of moving hypersurfaces in R%. In particular, degeneracy is

allowed to occur on obstacles, such as the boundaries of moving spheres in R4.

(iii) The function R% 3 z +— det gg*(z) is allowed to vanish at any polynomial rate as

x approaches the degeneracy hypersurface.

The following set of hypotheses and notation will be used throughout.
Hypotheses (H).

(i) W : [0,00) x @ — R™ is standard n-dimensional Wiener process, defined on a

complete filtered probability space (2, F, (Fi)¢>0, P)-

(ii) g:[0,00) x R? — R%X™ is a continuous map into the space of d x n matrices, with
bounded Fréchet derivatives in the space variables of all orders. The space RX™ is

furnished with the Hilbert-Schmidt norm.
(iii) r is a positive real number, and 7 : [-r,0] — R? is a continuous initial path.

(iv) C is the space of all continuous paths ¢ : [—7,00) — R? given the compact-open
topology. For every ¢t > 0 we will denote by C([—r,t], R%) the Banach space of all

continuous paths & : [-r,t] — R? furnished with the supremum norm

[€llo = sup [[£(u)]| -

—r<u<t
H :[0,00) x C — R% is a globally bounded continuous map such that for every
t > 0and & € C, H(t,£) depends only on {{(s) : —r < s < t} and has partial
Fréchet derivatives of all orders with respect to ¢ € C([—r,t], R?), which are globally
bounded in (¢,£) € (0,00) x C. The symbol H¢(t, &) will denote the partial Fréchet
derivative of H with respect to £. Set

oy = sup{||He (u, €)|| : w € [0,£], £ € C([=r,u], R}, ¢>0,
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and

Qoo = sup{||He (u, €| : u € [0, 00), € € C([~r,u], RY)},

where ||H (u, £)|| stands for the operator norm of He(u, &) : C([—r,u], RY) — R4,

Under the above hypotheses, it is known that the stochastic differential equation

dz(t) = H(t,x)dt + g(t,z(t —r))dW(t), t>0

2.1
z(t) =n(t), —-r<t<0, (2.1)

has a unique continuous (F)¢>o-adapted solution z : [—r, 00) x 2 — R? (cf. [K-S.1], [M.1]).

Our main result is:

Theorem 2.1.

Assume Hypotheses (H). Suppose there exist positive constants p, §, an integerp > 2
and a function ¢ : [0,00) x R% — R satisfying the following conditions
(i)
6@t 2)[PI,  |p(t,z)| < p

g(t 2)g(t, z)" > { oI, $(t,z)| > p

for (t,z) € [0,00) x R4.

(2.2)

(11) ¢(t,x) is C' in t and C? in z, with bounded first derivatives in (t,x) and

bounded second derivatives in x € R2.

(iii) There is a positive constant ¢ such that
IVe(t, z)| > c>0 (2.3)

for all (t,z) € [0,00) x R%, with |p(t,z)| < p. In (2.3), V denotes the gradient

operator with respect to the space variable z € R?.

(iv) There is a positive number & such that 6y < (3aeo)™ ! AT and for every Borel set

J C [-7,0] of Lebesgue measure oy the following holds

/ St + ()2 dt > 0. (2.4)
J
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Define sg € [—r,0] by

So 1= sup{s € [—r,0] : _s ¢(u+7,n(u))? du = 0}.

Then for allt > so+1 the solution z(t) of (2.1) is absolutely continuous with respect

to the d-dimensional Lebesque measure, and has a C°° density.

Remark.

If we take ay, = 0, we see that Theorem 1 of [B-M.1] is a special case of the above

theorem.

The remainder of the paper is laid out as follows. In Section 3 we set up the
machinery needed to prove Theorem 2.1. This requires the computation of the Malliavin
covariance matrix corresponding to the Ité6 map W —— z(¢). This computation is effected
by exploiting the delay structure of equation (2.1) and by conditioning on the past history
of the solution process x. The problem is thus reduced to the computation of a covariance
matrix C(t) arising from a simpler equation of the form

dy(t) = H(t,y)dt+ F(t)dW(t), t>a

2.5
y(t)==z(t), 0<t<a 29

where a is a fixed conditioning time, F : [a,00) — R%X™ is a deterministic map, and
x is a deterministic initial path. In the sequel, equation (2.5) will be referred to as the
conditioned equation. This equation will be analysed under the following hypotheses which

are analogous to (H).
Hypotheses (H').
(i) W satisfies (H)(i).
(i) The maps F : [a,00) — R¥™ and z : [0,a] — R? are continuous.

(iii) C’ is the space of all continuous paths £ : [0,00) — R? given the compact-open

topology. H : [a,00) x C' — R? is a globally bounded continuous map such that
6



for every t > a and £ € C', H(t,£) depends only on {£(s) : 0 < s < t} and has
partial Fréchet derivatives of all orders with respect to ¢ € C([0,¢], R?), which are
globally bounded in (¢,&) € (a,00) x C'. Denote the partial Fréchet derivative of H

with respect to £ by H¢(t,§). Set
o := sup{||He(u, &)l : u € [a,1], £ € C([0,u], RY)}, t>a,

where || Hg (u,£)|| stands for the operator norm of He(u, €) : C([0,u], R?) — R4
Our analysis of equation (2.5) yields the following result:

Theorem 2.2.

Assume that equation (2.5) satisfies Hypotheses (H'). Lett > a and let o be defined
as in Hypothesis (H')(iii). Suppose there erists 6* < 1/(3c) such that
t
/ pi(s)ds >0, (2.6)
t—5%
where 111(s), s > a, denotes the smallest eigenvalue of the non-negative definite matrix
F(s)F(s)*. Then the solution y(t) of (2.5) has an absolutely continuous distribution with

respect to d-dimensional Lebesque measure and has a C* density.

In the special case when the drift H(t,y) in equation (2.5) has the form B(t,y(t)),
for some Lipschitz function B : Rt x R? — R, then y is a (time-inhomogeneous) diffusion
process. In this case the methods used to prove Theorem 2.2 yield the following (apparently

new) result in partial differential equations:

Theorem 2.3.

For each t > 0, let A(t) = [aij(t)]d

ij=1 denote a symmetric non-negative definite

d x d-matriz. Let us(t) be the smallest eigenvalue of A(t). Assume the following:

(i)  The map t — A(t) is continuous.



(ii)  There exists T > 0 such that
T
/ pa(s)ds > 0. (2.7)
0

(iii)  The functions b;, i =1,...,d, c: RT x R = R are bounded, jointly continuous
in (t,x) and have partial derivatives of all orders in x, all of which are bounded in
(t,z).
Let Ty :==sup{T > 0: fOT p2(s)ds =0}, and let Ly, denote the differential operator

2

d
1 0
: —E E . 2.
br g et 83083734_‘ bilt, 2 5 83: +elt,z) (28)

A
i=1

Then the parabolic equation % = Lt zu has a fundamental solution I'(t,x,y) defined on
(To, 00) x R??, which is C* int and C™ in (x,y). Furthermore, if the coefficients a;;(t),
bi(t,x), c(t,z),i,j=1,...,d, are C*® in (t,x), and

t
lim (¢t —To) log{/ pa($) ds} =0, (2.9)

t—)T()+ To

0
then ETh Ly is a hypoelliptic operator on (Tp, 00) x R4.

We note that the mean ellipticity hypothesis (2.7) is much weaker than the pointwise
ellipticity condition which often appears in the classical literature on partial differential

equations.

The proof of Theorem 2.1 is completed in Section 4. The crucial part of the argu-
ment consists of obtaining a probabilistic lower bound for the Malliavin covariance matrix
arising from the conditioned form of equation (2.1). We obtain this lower bound from the
following asymptotic estimate, which we establish for the solution process x in equation
(2.1):

t
P(/ \p(u, z(u—7))|? du < 6) = o(e"), (2.10)
(

t—380)VO

as e = 0+ for all £ >sp+7,and all £ > 1.



Lemma 4.2 in Section 4 plays a key role in the derivation of (2.10). This lemma
enables us to exploit the time delay in equation (2.1) to propagate condition (2.4) from
the initial path 7 to the segment {z(u) : t — §p < u < t}.

The existence of the asymptotic estimate (2.10) is interesting, as we have no reason

to expect an analogous result to hold for classical diffusions.

3. Analysis of the Conditioned Equation. Proofs of Theorems 2.2, 2.3.

We begin by introducing the basic terminology and machinery of the Malliavin
calculus. Our presentation of this subject is succinct, and assumes the results in ([B-
M.1], Section 2). The reader is referred to Bell [B] (also Stroock [S]) for a comprehensive

introduction to the Malliavin calculus.

Let L : D — L?(Q,R) denote the number operator with domain D C L?(Q2, R),
and < .,.>: D x D — L?>(Q,R) an associated bilinear form, defined as the unique closed

bilinear extension of the following form (which is denoted by the same symbol):

< f1, f2 >:= L(f1f2) = [1L(f2) — f2L(f1), fi,fo €D : fifa € D.

See ([S], [B])-

Assume Hypotheses (H') throughout this section. Consider the stochastic differen-
tial equation (2.5), where F : [a,00) — R¥*" is a fixed continuous map. This equation
has a unique (F;);>0-adapted pathwise continuous solution y € L*(Q, C([—r, T],R%)) for
every 0 < T < oo. This solution can be constructed by the standard Picard iteration
scheme (It6 and Nisio [I-N], Theorem 11, c¢f. Mohammed [M.1], pp 36-39). Furthermore, if
we write y = (y1,...,¥q), then it follows from the work of Kusuoka and Stroock ([K-S.1],
Lemma (2.9)) that, for each 1 < i < d and T > a, the process (y;(t), a < t < T) lies in

the class of Malliavin smooth processes Ry introduced in [B-M.1, p. 79]. Let t > a denote



a fixed time satisfying the hypothesis of Theorem 2.2. The Malliavin covariance matrix

associated with the random variable y(t) is defined to be the random d x d-matrix
C(t) = [<ys(t), y;(t) >]i =1 - (3.1)

Our object is to prove that y(¢) admits a smooth density with respect to Lebesgue

measure on R?. As is well-known, it suffices to prove that C(t) is a.s. invertible and

det C(t)~! e ﬁ LI, R) (3.2)

(cf. Stroock [S]; Bell [B], Sec. 2.3, Theorem (2.5)).

We begin by deriving a suitably tractable integral representation for C(¢). This
will require some further notation. Denote by K™ (t) c C([0,t], R") the n-dimensional
Cameron Martin space. This is the Hilbert space consisting of all absolutely continuous
paths k : [0,¢] — R™ such that k£(0) = 0 and fol |¥"(u)||? du < oco. The inner product on
K™(t) is defined by

t
< k1, ke > g gy o= / Ky (w) - Ky (u) du, ki, ke € K™ (1),
0

where the dot - denotes the Euclidean inner product on R"™.

In the sequel we will identify K (™ (¢) with the following subspace of C([—r,t], R™):

{E £ e C([—nt],R"), &(s) =0 for all s € [—r,0],
t
¢ is absolutely continuous on [0, ¢] and / 1€ (s)]| ds < oo}.
0

This identification gives a continuous linear embedding K (™ (t) — C([-r,t],R").
The Cameron Martin space K@ (t) < C([—r,t], R%) is defined similarly. In view of this
embedding, we will consider He(u, z) as a continuous linear map He (u, z) : K9 (t) — R4,

for each (u, z) € [0,t] x C([—r,t], R%). Using the identifications K@ (t) = K@ (¢)* R? =
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R we let He(u,2)* : R? — K@ (t) represent the corresponding Hilbert space adjoint of
He¢(u, z).

The precise form of the covariance matrix C(¢) in (3.1) is determined by the action
of the map Y : W — y on the subspace K™ (t), where y is the pathwise solution of
equation (2.5). More specifically, consider the Fréchet smooth map X : K™ () — K@ (¢),

v — z, where z solves the equation

dz(s) = {H(s,2) + F(s)v'(s)}ds, a<s<t,
(3.3)
z(s) =xz(s), 0<s<a.

Define the map X, : K(™)(t) — R™ by X, := e, X where e; denotes evaluation at
time t. Let X}, 1 < i < n, be the i-th component of X;. If D denotes Fréchet differentiation
of C' functions on K (™) (t), then for each o € K™ (t), we will identify DX} (o) € K™ (1),
with its image in K () (¢) under the canonical isomorphism K™ (t)* = K™ (t). Following
the method developed in ([B], Chapter 4), the Malliavin covariance C(t) corresponding to

y(t) will be obtained as a stochastic extension of the map B(t) : K (t) — R**" defined

by
[B() ()} =< DX}(v), DX{(v) >kmy, v KO(). (3.4
Our computation of (3.4) will require the following lemma. In the statement of the
lemma and its proof, the dot “.” indicates the unspecified argument of a function.

Lemma 3.1.

For all v, k € K™(t), the path DX (v)*k is given by
aVv.

DX (v)*k = / F(s)*o(s) ds (3.5)

a

where F(s)* denotes the transpose of the matrixz F(s) and o satisfies the Volterra integral

equation

a(s) =k'(s) +/ [He(u, X (v))*(o(w))]' (s)du, a<s<t. (3.6)
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Proof.

Let h,v € K™ (t) and set z := X (v). Differentiating with respect to v in equation

(3.3), we observe that n := DX (v)h satisfies the integral equation

n(s) = /a S{Hg(u,z)n + F(u)h/ (u)}du, 0<s<t.

Thus for p € K@ (¢),

<mp>xwg = [ He(w2n+ Pl W)} -¢'(w) du
=< [ el 2 ) du > o + [ G0 (PG 0} dus

a
This gives
aV.

t
<= [ Hew2) ) dus o =<h [ @ W) du>go

a

Defining k := p — f; He(u, 2)*p' (v) du € KD (t) and o := p', we have
aVv.
< DX(0)h k > gecwr = < by / F(u)*o(w) du > g (3.7)
where

o(s) = k'(s) +/ [He(u, 2)*(o(w)]' (s)du, a<s<t. (3.8)

The non-anticipating property of H implies that the integrand in (3.8) is zero if u < s.

The lemma now follows from (3.7) and (3.8). O

Let {e1,...,eq} denote the standard orthonormal basis of R%. Lemma 3.1 implies
that [DX?% (v)]* is the path
aV.
/ F(u)*o;(u)du (3.9)
where

oi(s) = €5 + / (He (u, 2)*0s(w)] () du, a<s<t. (3.10)

12



From (3.9) and (3.10), we deduce the following representation for the matrix B(t) in (3.4)
t
B(t) = / M(s)F(s)F(s)* M(s)" ds, (3.11)
where M is the d x d-matrix-valued function satisfying the equation

M(s) = I+/ M (u)[{He(u, 2)* ()} (8)]* du, a<s<t. (3.12)

In the above equation, the term [{H¢(u, 2)*(-)}'(s)]* is the transpose of the linear
map
R? 5 w — {He(u, 2)*(w)} (s) € R?
regarded as a d X d-matrix with respect to the canonical basis in R?.

Equations (3.11) and (3.12) yield the following integral representation for the Malli-

avin covariance C(t) defined in (3.1).

Lemma 3.2.

Let C(t) be the Malliavin covariance matriz of the solution y(t) of equation (2.5).

Then
Ct) = / Z(s)F(s)F(s)* Z(s)" ds, (3.13)

where
Z(s) = I+/ Z(uw)[{He(u,y)* ()Y (8)]*du, a<s<t, (3.14)

Proof.

For each w € Q, let {w,}°_; € K™ (t) denote the sequence of piecewise-linear

approximations to w defined by
() 1= (G + 1) — ma/tho(jt/m) + [mu/t — (G + 1)t/m)

foru € (jt/m,(j+1t/m],j=0,1,2, ..., m—1,m> 1.
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Then as m — oo, W,,, = W a.s. in C([0,t], R"), and 2z, := X(W,,,) > Y(W) =y
in the space C([0,t],R%), in LP for every p > 1. Furthermore, it follows from work of

Kusuoka and Stroock [K-S.1] (see [B-M], p. 81) that
C(t) = tim BO)(Wn) (3.15)

in L'. Now replace z in equation (3.12) by z, and denote the corresponding solution
process by M,,. A standard convergence argument shows that M,, — Z in the space
C([0,t],R%*%), in LP for every p > 1, where Z is as defined in (3.14). The result now

follows from (3.11) and (3.15). O

We note that in, general, the matrix-valued process Z(s) in equation (3.14) need
not be invertible for all values of s € [a,t]. This reflects, at an analytic level, the non-
Markovian character of the solution process y in equation (2.5). For this reason, it is
possible to obtain lower bounds on the integrand in (3.13) only for values of s close to t
(where Z(s) will be invertible). The next two lemmas will be used to produce these lower

bounds.

Lemma 3.3.

Fiz u € [0,t] and £ € C([-r,t],R?). Recall that ||He(u,&)|| denotes the uniform
operator norm of the Fréchet derivative He(u,&) € L(C([—r,u],R%),R%). Then for all

v € R? and a.e.s € [0,t], we have

I[He (u, )" (0)]' ()| < (1 He (uw, E)IDJv]]-

Proof.

Let 6 € L2([-r,t],R%). Define ¢ € K(®(t) by
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Then

[ e 09 006) 5| = | < Hel,)"(0), 6 >0 |
= [0 He(u,€)(9)

< [vlI([1He (u, D101l (3.16)

where ||0||; denotes the L!-norm

16, = / 16(u)]| du

on L'([0,t], R%). Define a continuous linear functional u : L2([0,t], RY) — R by

u(6) = / He (u, €)* (0)]'(s) - 6(s) ds

for all § € L2([0,t], R%). Since L2([0,t], R%) is dense in L'([0,¢], R%), it follows from (3.16)

that p has a unique continuous linear extension A € [L1(0,¢], R%)]* with

A= llell < I[He (u, ()] ()] < (I[He (u, )IDI0]I-

It follows by the duality [L([0,¢], R%)]* = L*([0,t], R%) that [H¢(u,&)*(v)]'(s) is essen-

tially bounded in s € [0, ¢] and

ess sup{||[He(u, )" (v)]'(s)ll : s € [0,4]} = [lull < (I1He (u, E)IDIv]|-

Hence the lemma is proved. [

Lemma 3.4.

Let K : [0,t] x[0,t] — R3*? be a Borel measurable essentially bounded d x d-matriz-

valued function with
||K||OO = €88 Sup{”K(u7 3)” : (U, 5) € [Oat] X [07t]}
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Then the matriz-valued integral equation
t
M(s) =T+ / K(u, s)M(u)du, s[04 (3.17)

has a unique solution M € L*®([0,¢], R¥*%). If0 < t —ty < 1/(3]|K]|oc), then for all

s € (to,t), M(s) is invertible and |[M(s)™1]| < 2.
The proof of the above lemma is elementary.

Proof of Theorem 2.2.

Fix t > a and let 0* > 0 be as in the statement of the theorem. Lemmas 3.3 and
3.4 imply that Z(u)* is invertible for all u € (¢ —&*,t), and || Z(u)*~!|| < 2, where Z is the
d x d matrix-valued process in (3.14). Let A denote the smallest eigenvalue of the matrix

C(t) in (3.13). Using (2.6), we obtain

t
)\21/ p1(u) du > 0.
4 t_&*

Thus C(t) satisfies (3.2), and we conclude that y(¢) has a smooth density with respect to

d-dimensional Lebesgue measure. [

Proof of Theorem 2.3.

Since, for each ¢ > 0, the matrix A(t) is symmetric and non-negative definite, there

exists a unique d X d non-negative definite symmetric matrix F(¢) such that A(t) = F(t).

Let T > 0 be given. Define functions

O):=F(To+T —t),
Y(t,z):=c(To+T —t,x),

h(t,.’L’) = (bl(TO +T - t,.’L’), .. -abd(TO +T - t, .7)))*,
forall0 <t < T and z € R®.
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Consider the stochastic differential equation
dx®?(t) = h(t,z>?(t))dt + O)dW (t), s<t<T

(3.18)
5%(s) = z € RY,

where W : [0,T] x @ — R? is the d-dimensional standard Wiener process. Denote by

Cs°(R%, R) the space of all C*™ functions ¢ : R* — R which vanish at infinity and have

all derivatives globally bounded. For each ¢ € C5°(R% R) define V : [0,T] x R? — R by

Visr2) = o= el [ vl ety an} )

for s € [0,T] and z € R%. Define L , := Ly, 474, - Then the smoothness of h(t,-), ¥(t,-)
and the continuity of ¢ imply that V is C! in the first variable, C* in the second variable,

and satisfies the forward equation

W2 L1 Vis2) =0, 0<s<T
s ’ (3.19)

V(T,z) = ¢(z), ze€ R
Equation (3.19) is an easy consequence of Itd’s formula and the Markov property of the

process z in (3.18) (cf. Gihman and Skorohod [G-S], Theorem 5, p. 297). Let v(s, z,t,.)

denote the family of finite Borel measures

t
v(s,z,t,B) := /s . exp{/ Y (u, z%%(u)) du} dP (3.20)

for 0 < s < t, z € R% and any Borel subset B of R?. Note that the function V can be
expressed in terms of these measures by the formula
Vs, z) = d(y)v(s,z,T,dy), 0<s<T,zeR™L (3.21)
Rd
Now let C(s,z,T) denote the Malliavin covariance matrix of z*7(T), for each 0 < s <
T. Applying Lemma 3.2 in the context of equation (3.18) yields the following integral

representation for C(s, z,T):

Cls,2,T) = / 7% () O ()0 (u)* Z° (u)* du, (3.22)
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where
T

Z%%(u) =1 —I—/ Z%5%(0)hg (v, 2%%(v)) dv, s<u<T.

u

Here h, denotes the Fréchet derivative of h in the space variable. It is easy to see that, for
each s < wu < T, the matrix Z%#(u) is invertible with inverse Y **(u) given by the equation
T
Y% (u) =1 — / he (v, 2°7(0))Y**(v)dv, s<u<T.
Since h; is bounded on Rt x R, it follows from this equation that Y**(u) is uniformly
bounded in 0 < s < u < T, z € R% w € Q. Let N denote a deterministic upper bound
for Y*#(u), and let A(s, z, T') denote the smallest eigenvalue of C(s, z,T). From (3.22) we

obtain

1 T 1 T0+T—S
A(s, 2, T) > ﬁ/ po(To+T — u) du = Nz / pa(u) du (3.23)
s To

where po(u) is the smallest eigenvalue of A(u). It follows that for every s < T, there exists

an interval (s1, s2) containing s, and a deterministic positive constant ¢ such that
inf{\(u, 2,T) : u € (s1,52),2 € R¥} > 4. (3.24)

Using (3.24), and a modification of the proof of Theorem (3.17) in (Kusuoka and
Stroock [K-S.2]), we deduce that the measure v(s,z,T,.) defined in (3.20) has a density
p(s,z,T,y) for each 0 < s < T, z € RY, with the property that p(s,z,T,y) is C! in

5 € (0,T) and C™ in (z,y) € R x R%. We may now write (3.21) in the form
Vs, z) = "y d(y)p(s, 2z, T,y) dy. (3.25)
Now define I' : (Tp,Tp + T) x R4 x R4 — R by

O(t,z,y) =p(To+T —t,2,T,y). (3.26)

18



Note that I" is C! in t and C* in (2, y). We will now show that I' is a fundamental solution
ou

for the parabolic equation Fri L, u. First, by an argument of Kusuoka and Stroock
([K-S.2], proof of Theorem (3.17)), the inequality (3.24) implies that
0P(s, 2, T,
sup{‘y‘ 1S € (81,82),Z,y€Rd} < 00 (3.27)
and
sup{|L’S’zp(3,z, T,y)|: s € (s1,82),2,y € R} <00 (3.28)
oV (s, z)

for every interval (s1,s2) C (0,7). Then (3.27) enables us to compute by

s
differentiation with respect to s under the integral sign in (3.25). Similarly, by (3.28), we
may compute L;zV(s, z) by applying L;z to the integrand in (3.25). Using (3.19), we

then obtain

op(s,z,T, /
RO R O R
Rd S

for all ¢ € C§°(R4, R), z € R%, and s € (0,T). This implies

0 T
WL gy pls,2T,)
for all s € (0,T), z,y € R%. In view of the definition of T' (i.e. (3.26)), the above relation

immediately gives
or'(t, 2, y)

= L;,T'(t, 2, 2
ot t, ( zy) (3 9)

0
for all t € (Ty, To + T),y, 2z € R% Thus T is a fundamental solution for 6_1: =L;,u, and

the first part of Theorem 2.3 is proved.

To prove the hypoellipticity assertion, we note that (2.9) and (3.23) imply that, for

every positive integer g,

lim (t — Tp)| det C(To, z,t) ||, =0

t—To"
where ||.||; denotes the Lg,-norm. It now follows from a straightforward extension of The-

0
orem (8.13) of [K-S.2] that Frie Ly, is hypoelliptic on Rt x R4, [
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4. Proof of Theorem 2.1.

Throughout this section, we assume the hypotheses and notation of Theorem 2.1.
Let t > 0 be arbitrary, choose n to be the integer such that t € (nr, (n + 1)r|, and denote
nr by R. Conditioning equation (2.1) on Fg, we denote by CE(t) the covariance matrix
generated by the map W/|[R,t] — y(t) where y is defined by equation (2.5) with a = R

and F(s) = g(s,z(s—1)), s € [R,t]. According to the results of Section 3,

CE(t) = /R Z(s)g(s,x(s—1))g(s,x(s—1r))* Z(s)*ds (4.1)
where
Z(s)=1 —|—/ Z(w)[{He(u, 2)*()}Y(s)]*du, R<s<t. (4.2)

The next result enables us to prove Theorem 2.1 by what may be considered as a

process of partial integration by parts over the Wiener space.

Lemma 4.1.

Suppose that CE(t) € GL(d) and

(det CE(t))"t € ﬁ LP. (4.3)

p=1

Then z(t) in equation (2.1) has a C* density with respect to Lebesque measure on R2.

Proof.

Let n > 1 and hy, ..., h, denote arbitrary unit vectors in R?. For any C™ test

function ¢ : R* - R,

[E(D"¢(z(t))(h1; - -5 hn))| = [E[ED"(x(2))(h1, - -, hn) [ FR)|
= |ELE(¢(z (1) Xhs,...1, [ FR)]] (4.4)

< N lloc Bl X, 1 [1; (4.5)
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where (4.4) is obtained by integrating by parts with respect to the conditioned Wiener
space. Note that Xp,, 5. is a multilinear form in C®(#)~! and random variables obtained
by a finite number of applications of the operations L and < ., . > to the map W|[R, t] —>
y(t). The hypotheses of the lemma, together with the fact that H and g have bounded
space derivatives of all orders, imply that E|Xp, . p,| < oo ([K-S.1]). Thus (4.5) implies
that z(t) has a C* density (cf., e.g [B], Lemma 1.14). O

For the remainder of this section, we let ¢ : [0,00) x R — R denote the function
introduced in the statement of Theorem (2.1). Let £(t) denote the process ¢(t + r, z(t)),

t>—r.

In the sequel, we will adopt the following notation regarding the probability P(E)

of an event £ € F. We shall write

if

as € — 0+ for every integer k > 1.

The next result plays a key role in our verification of (4.3).

Lemma 4.2.

Suppose that, for some —r < a < b, £ satisfies

P(/abg(t)mt < a) = oc"). (4.6)

Then
P( / ey d < s> = o). (4.7)

+r

The proof of Lemma 4.2 will require the following preliminary result.
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Lemma 4.3.

Fizb>a>0. Let y: [0,00) x @ — R be a measurable stochastic process such that

E sup |y(t)|P is finite for every positive integer p. Suppose that y satisfies

a<t<b
P(/aby(t)zdt < g) = o).

Then for every positive constant o,
b
P(/ {y®)? A a}dt < s) = o(e").
a

Proof.

This result was proved by the authors as Lemma 3 in ([B-M.1], pp. 91-94). We give
here another, more elementary proof.
Let A and B denote, respectively, the sets {s € [a,b] : y(s)? < a} and {s € [a,}] :

y(s)> > a}. Then

P</ab{y(t)2 Aa)dt < s) _ P(/A y(t)? dt + aA(B) < s)
< P(/A y(t)dt < ¢, aA(B) < a)

= P(/aby(t)2 dt < e+ /B y(t)?dt, MB) < a/a)
< P+ P,.
Here
P, = P</aby(t)2dt <e+ /By(t)2 dt, X(B)<c¢/a, assliys)by(t)2 < 1/\/5)

and

P, = P(as<1;1<)by(t)2 > 1/1/¢).

Note that

P < P(/aby(t)2dt < €+\@/a> = o(e¥)
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by hypothesis.

Using the finite-moment hypothesis on y and applying Markov-Chebyshev’s in-
equality to the probability P, we obtain P, = o(e¥). This completes the proof of the

lemma. O

Proof of Lemma 4.2.
Write ¢ = (g1...9n), where g;,1 < i < n, are column d-vectors. Computing
£(s) = ¢(s+r,z(s)), s >0, by 1t6’s formula gives
= V(s +r,3(s) - gi(s,x(s — 7)) dWi(s) + G(s) ds, s>0 (4.8)
i=1
where G is a bounded (F;),>0-adapted real-valued process. We may write
b+r
P(/ 5(5)2d5<6)=P1+P2
a+r
where
b+r b+r
Py = P(/ £(s)%ds < e, Z/ V(s +r,2(5)) - gi(s, x(s —))]* ds > 61/18)
a-+r
and

P, := P(/abH 2ds < e, Z/b+r[v¢ (s+7,2(5) - gi(s,z(s — 7)) ds < 51/18).

+

In view of (4.8), an inequality of Kusuoka and Stroock (cf. [B], Lemma 6.5) implies that

P; = 0(e¥) . Thus it is sufficient to show that P also has this property.

Write

n

a(s) =Y [Vé(s+r,x(s)) - gi(s, z(s — ))]>.

=1

Then by (2.2) and (2.3), it follows that a(s) > c2(|&(s —7)|P A 4) if [£(s)| < p.

Define

A:={se€la+rb+r]:|t(s)|<p}and B:={s€a+rb+7r]:|E(s) > p}.
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b+r b+r
=P /+ 52(s)d3<6,/+ c2(|§(s—r)|p/\5)ds<61/18-1—/cz(|§(3—r)|p/\(5)d3)
B

b+r b+r
<p / £2(s)ds < e, / A(E(s — 1)/ A S) ds < /18 + czé)\(B)>.

b+r
However / ¢2(s) ds < € implies A(B) < €/p?. Thus the preceding probability is
a-+r

b+r
gP(/ A(lE(s = )P A6) ds<61/18+6256/p2)
a+r

< p(/:(\g(s)v’ AS) ds < c'61/18>

for some positive constant ¢, and for small enough . Assumption (4.6), Lemma 4.3, and
Jensen’s inequality, allow us to conclude that the probability on the right hand side of the
above inequality is o(¢*). This implies that P, = o(e*), and the proof of Lemma (4.2) is

complete. [

Completion of the proof of Theorem 2.1.

Let sg be as defined in Theorem 2.1 (iv). Fix t > sg+7. Then t € (nr, (n+ 1)r| for
some integer n > 0. Pick &y so that the condition (iv) of the theorem is satisfied. Let A
denote the smallest eigenvalue of C®(t), where R = nr. By Lemmas 3.3 and 3.4 it follows
that Z(u) in (4.2) is invertible a.s. for all u € [(t — ) V 0,t], and || Z(u) ]| < 2. It follows
from (4.1) and (2.2) that

A>3 oo {€(w—7)[P A5} du. (4.9)

We will show that

P\ <€) =o(eb). (%)



Since it is easy to check that (x) implies (4.3), the theorem will then follow from Lemma

4.1.
We break the verification of (x) into the following exhaustive cases:
Case A: n=0.

(i) ¢ > do. By hypothesis (iv) of the theorem we have

/t B d(u+r,n(uw)? du > 0. (4.10)

—50—7‘

It follows from the above inequality and the continuity of ¢ and n that

/t_(s (1€ — )P A5} du> 0. (4.11)

From (4.11) and (4.9) we have
P(A<e)=0 (4.12)
for sufficiently small € > 0. Thus (%) holds trivially for this case.

(ii) t < dp. Then from (4.9)

A= Joll(u,n(u = )P A6} du (4.13)

a.s.. Now, by hypothesis, t — r > sg5. Hence ff;r é(u + r,n(u))?du > 0. Together with

(4.13), this implies (4.12); and (x) follows as before.
Case B: n > 1.

(i) t— 00 > nr. Then by hypothesis (iv) of the theorem,
t—(n+1)r
/ d(u+r,n(uw)? du > 0. (4.14)
t—8o—(n+1)r
Using Lemma 4.2 we now propagate this condition forward through (n + 1) delay periods

S0 as to obtain
t
P(/ E(u—7)*du < E) = o(e"). (4.15)
t—8o
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Applying Lemma, 4.3 to the above inequality, Jensen’s inequality and (4.9), we obtain ().
(i) (n—1)r <t —dp < nr. By hypothesis (iv), we either have
0
/ ¢(u+7,m(u))? du > 0, (4.16)
t—dg—nr

or

t—(n+1)r
/ d(u+ 7, n(u))? du > 0. (4.17)

—-Tr
In case (4.16) holds, we can propagate it forward through n delay periods using Lemma

4.2. Together with Lemma 4.3, this gives

P( e — )2 A8} du < e> = o(eh).

t—do
Thus

P(/t;o{|§(u — )P AS}du < e> = o(e"). (4.18)

Hence by Jensen’s inequality and (4.9), (x) holds. On the other hand if (4.17) holds,

then a similar propagation argument through (n + 1) delay periods gives

P(/T;{\&(u—r)\2/\5}du<a) = o(ch). (4.19)

This implies (4.18) and (%) holds in this case too.

The proof of Theorem 2.1 is now complete. [

In conclusion, we note that the conditioning argument used above leads to a very
simple proof of the existence of densities for the solution of equation (2.1) in the special
case where gg* is uniformly positive definite. Consider first the zero-drift version of the
equation

dz(t) = g(t,z(t —r))dW(t), t>0
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and assume that gg* > 01, for some 6 > 0. Then, conditioned on F,,,, the segment
{z(t), mr < t < (m + 1)r} has a Gaussian distribution, with mean z(mr) and a non-
degenerate covariance matrix

/ g(s,2(s—1))g(s,z(s —1))* ds.

mr

Thus z(t) can be shown to have a smooth density by integrating the conditional Gaussian
density. Furthermore, by the Girsanov theorem, the random variable z(t) in equation (2.1)
has a distribution equivalent to that of z(¢). It follows that z(t) has a positive density with

respect to Lebesgue measure on R? (although it is not clear that the density is smooth).

Since Theorem 2.1 allows the matrix function gg* to have points of degeneracy, the
drift term H (¢, ) in equation (2.1) might assume values which lie outside the range of the
matrix g(¢,z(t — r)). Thus the above application of the Girsanov theorem is no longer
valid. In this situation the Malliavin calculus appears to be the only technique currently

available for establishing the existence of smooth densities.
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