Manuscript submitted to Website: http://AIMsciences.org
AIMS’ Journals
Volume 00, Number 0, Xxxx XXXX pp. 000-000

LARGE DEVIATIONS FOR STOCHASTIC SYSTEMS WITH MEMORY

SALAH-ELDIN A. MOHAMMED AND TUSHENG ZHANG

ABSTRACT. In this paper, we develop a large deviations principle for stochastic delay equations driven by
small multiplicative white noise. Both upper and lower large deviations estimates are established.

1. Introduction. Large deviations were studied by many authors beginning with the fundamental work of
Donsker and Varadhan [4],[5],[6]. Subsequently several issues concerning large deviation principles and their
applications to stochastic differential equations were studied by many authors, e.g. Freidlin and Wentzell

[8], Stroock [18], Deuschel and Stroock [3], den Hollander [2], and others.

However, there is little published work on large deviations for stochastic systems with memory. The
problem of large deviations for such systems was first studied by M. Scheutzow [16] within the context of

additive white noise.

Stochastic systems with memory (or stochastic differential delay equations (sdde’s)) serve as viable
models in a variety of applications, ranging from economics and finance to signal processing (Elsanosi,
Pksendal and Sulem [7], Kolmanovskii and Myshkis [10]). The origins of the qualitative theory of stochastic
systems with memory goes back to work by It6 and Nisio [9], Kushner [11], Mizel and Trutzer [13], Mohammed
[14], Scheutzow [17], Mao [12] and others.

In this paper we examine the question of small random perturbations of systems with memory and the
associated problem of large deviations. Our analysis allows for multiplicative noise with possible dependence
on the history in the diffusion coefficient. Our approach is similar to that in [1] and [18], but introduces a

new induction argument in order to handle the delay.

2. Basic Setting and Notation. Let W; := (W}, W2,...,W}) denote a standard I-dimensional Brownian
motion on a complete filtered probability space (2, F, (F¢)i>0,P), with Wy = 0. Let b = (b1, b2, ..., bq) :
Rt xR x R = R%, 0 = (0i5)i=1,-d,j=1,.. . : Rt x R x R - R?® R! be Borel measurable functions.

We introduce the following conditions:
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(A1) The functions b, o satisfy a Lipschitz condition. That is, there exist constants L1, Lo such that

for all z1,xs,y1,y2 and t € [0, 00),

[lo(t, z1,y1) — o(t, 22, 42)||[Regrr < Li(|z1 — 22| + |y1 — 92|), (1)

|[b(t, 21,y1) — b(t, 72, 92)[[re < La(|1 — 22| + y1 — y2)- 2)

(A2) The functions b(-,z,y), o(-,z,y) are continuous on [0, 00), uniformly in z,y € R, i.e.,

lim sup [b(s,z,y) —b(t,z,y)| =0, ®3)
SHtE,yERd
lim sup |0-(S7'T7y) - O'(t,.fll',y)l =0. (4)
S—}tw’yeRd

Let 7 > 0 be a fixed delay, and ¢ be a given continuous function on [—7, 0]. Consider the following differential

delay equation (dde):
dX(t) =b(t,X(t),X(t—71))dt, te(0,00)

()
X(t) = ¢(t)7 te [—T, 0]7
and the associated perturbed sdde:
dX°(t) = b(t, X°(t), X°(t — 7))dt + €30 (¢, X°(t), X°(t — 7)) dW;, t € (0, 00)
(6)

Xs(t) = ’(,[J(t),t € [_Ta 0]:

with solution X¢©.

Throughout this paper, we will assume, without loss of generality, that the delay 7 is equal to 1.

3. Statement of the Main Theorem and Proofs. Let Cy([0,m], R') denote the space of all continuous
functions g : [0, m] = R' with g(0) = 0. If g € Cy([0,m], R') is absolutely continuous, set e(g) = [;" |(t)|*dt.
Otherwise, define e(g) = co. Let F(g) be the solution to the dde

F(g)(t) = F(9)(0) +/0 b(s, F(g)(s),F(g)(s —1))ds
t
+/0 o (s, F(g)(s), F(g)(s — 1))d(s)ds, 0<t<m Y
F(g)(t) = (1), -1<t<0.
Denote by Cy ([—1,m],R?) the set of all continuous functions f : [-1,m] — R? such that f(t) = ¢(t)

for all t € [—-1,0].

Theorem 3.1. Let p. be the law of X°(-) on Cy([—1,m],R?), equipped with the uniform topology. The

family {p.,e > 0} satisfies a large deviation principle with the following good rate function

1) =it {3e@r @) = £, f € Cull-Lml. RY ®

That is,
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(i) for any closed subset C C Cy([—1,m],RY),

. <
lim sup £ log e (C') < — inf I(f), 9)

e—0

(ii) for any open subset G C Cy([—1,m],R%),

lim inf & log pie (G) > — jnf, I(f)- (10)

The rest of the paper is devoted to the proof of this result. The proof is split into several lemmas.
For any € > 0 and any n > 1, denote by XZ(+) the solution to the sdde:

XE(t) =X;(0)+/0 b(s, X5(s),X5(s—1))ds

+6%/0 0([7';8] Xs([n]) XE(%—S]—l»dWS, £>0, (11)

X:_z(t) = ¢(t)7 te [_170]'

We need the following lemma from Stroock [18] (p. 81).

Lemma 3.2. Let o : [0,00) X 2 = RI®@ R! and 8 :[0,00) x @ = R? be (F;)>0-progressively measurable
processes. Assume that ||a()|| < A and ||B(")|| < B, where the norm of « is the Hilbert-Schmidt norm and
the norm of 3 is the usual norm in R?. Set £(t) fo s)dWs + fo s)ds fort > 0. Let T >0 and R >0
satisfy d*BT < R. Then

P( sup |£(t)| > R) < 2dexp (— (R — d* BT)?/2A%dT). (12)
0<t<T

Lemma 3.3. In addition to (A.1) and (A.2), assume that b,o are bounded. Then for any m > 1,6 > 0, the
following is true:

lim limsupelog P sup |X°(t) — X(t)| > d) = —o0. (13)

n—00  £0 —1<t<m

Proof. We prove (13) by induction on m. We first prove it for m = 1. Set Y,2(¢t) := X°(¢t) — X:(t), t > 0.

Then ;
Vi) = [ [ X4(6). X7 s = 1) =b(s, X3(0), Xe(s = )] ds
+sé/0t [a<s,XE(s),XE(s_1)) _a(@,xgb([tl_s]), (14)
(i)
For p > 0, define 75, := inf{t > 0;|X5(¢) — XE([T > p}, and set Y7 () == Y (t AT ), t >0,

np = inf{t >0, Tip(t)| > 4}. Then
P( sup |V (t)| >6) =P( sup |Y;(t)|>6,7,,<1)
0<t<1 0<t<1

+ P( sup |Y;(t)| > 6,7, ,>1) (15)
0<t<1

< P(Tﬁ,p <1)+ P( np < 1).
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Observe that

n
k—1
P, <0< p( sw wio-xi(S)120) (16)
k=1 bolick "
Using Lemma 3.2, there exists a constant ¢, > 0 such that
P(r; , <1) <nexp(—ncpfe), n>1. (17)
Hence,
lim limsupelog P(7; , < 1) = —oo. (18)
n—00  £—0
For A > 0, define ¢ (y) := (p* + |y|?)*,y € R By Itd’s formula,
t/\T",p
M7= Y, 0) = [ g (eds - g (19)
0

is a martingale with initial value zero, where,

73 (8) = 2X(p° + Y5 () ) (Y;5 (s), b(s, X7 (s), X° (s — 1))
—b(s, X5 (), X5 (s = 1)))
+ 20X = De(p® + [V ()1))*7?|(o (s, X7 (5), X*(5 — 1))
— O.([T;Ls] XE([’I’;S]) XE([T:LS] _1)>> Y;(S)|2
+ Ae(p? + [V (5)P) o (s, X (s), X*(s - 1)
- U([ZS] x¢ ([7;3]) xe ([7;8] _ 1)) i

for s <t A, ,. Noticing that X (u) = ¢ (u) and X*(u) = ¢(u) for u <0, we see that
75(8) < A (Y5 (s))

+{AAA = De(p® + [V 6)1P) IV (9 + 206 (0% + Y5 (5)2) )
A AR

IS + | Xa(s) - X ([”8 )|2+|¢ ¢(@_1)|2}_

By uniform continuity, there exists an integer N so that

lo(s, X°(s), X" (s — 1)) — U(@,XE(S),XE(S -1)|<p

and
s -1 - (2 1) <,
fors<1land alln > N. Thus for n > N,
75(8) < A+ Ae + Ne)pa(Yy; (5)) (21)

Choose A = I and take expectations in (19) to obtain

Bl + ¥, 01 < 075+ € [ Bl 4 117 () s
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Hence,
Ct
Bl(p” + |V ,(0)) /7] < p*/oe
Since
1
(b + 8 P(&, < 1) < Bl + |V, (D7),
we have
1
P, <1< (<2 et 22
(é-n,p_ )— p2+52 €e- ( )
Therefore,
2
. 14
1 log P(¢&5 , < 1) <log | ———= | +C. 23
mapelos (6 <1) <18 (15 73) + “

Given M > 0, first choose p sufficiently small so that log(pf%) + C < —2M , and then use (18) to choose

N so that limsup,_,oelog P(r;, , < 1) < —2M for n > N. Combining these two facts gives

lim limsupelogP( sup |X°(t) — X;(t)| >6) < —M.

n—00 o0 —-1<t<1
Since M is arbitrary, we have proved (13) for m = 1. Assume now (13) holds for some integer m. We will

prove it is also true for m + 1. Let Y7, 7; , be defined as before. In addition, introduce two new stopping

times:

e = inf{e > 05|X°(t = 1) — X5(¢ = 1)] > p},

n,p -
t
TS = inf{t >0; | X5(t—1) - X, (% - 1)| > p} ,

and define Z (t) := YE(t A1) e AT2E AT ) and & = inf{t > 0;|ZZ ,(t)| > 0}. We then have
P( sup |YE(t)]>46) < P(T}L:; A 7-2;; ATy, <m+1)
t<m+1

+ P(t<srl71£-1 Y (8)| > 9, T}L:Z A be:f, A Tﬁ’p >m+ 1) (24)

1, 2, F
< P(Tn,; Sm—|—1)—|—P(TZ’p/\Tn’z <m+1)+ P( fl,p <m+1).

As in the proof of (18),

lim limsupelog P(7,, , A Ti:; <m+1)=—o0. (25)

n—00 g0
By the induction hypothesis,

lim limsupelog P(T}L:; <m+1)

n—00  ¢40

< lim limsupelogP( sup | X°(t) — X, ()] > p) = —00.

n—=00 g0 —1<t<m

(26)

Again by It6’s formula,

2,¢
Tnip

ENTE LATVENA
NP o= g (Z2.,(8)) — / 25 (s)ds — p (27)
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is a martingale with M;"* = 0, where
75(8) < 200" + [ (5) )Y ()(1Y5 (8)] + | X7 (s — 1) = X (s — 1))

+ {4\ = De(p® + |V (8)|H)P2YE(s) 2 + 2he(p® + |YiE(s) )M}
2
x {(J(S,XE(S),XE(S —1)) —a<["8] X5(s), X°(s — 1))

iR+ X - xa ()

+xae -0 - xp (B P - ) - xpe - e (28)
< 2N + Y Y)Y ()] + )

AN = De(a? + VI PPV + 20 + VS ()P}

x (V2 +45%)

<e(A+ Xe + A%e)p(Y,E(s))
for s <75 ATV ATRS A (m + 1), and sufficiently large 7.

Using (25), (26) and following the proof of the case for m = 1, we see that (13) is also true for m + 1.

This completes the proof of the lemma. O

For n > 1, define the map F,(-) : Co([0,m],R!) = Cy([—1,m],R%) by

Fa@)®) == 0(t), ~1<t<0
Fa(@)(t) = Fn<w>(5) b, Fu)(5), (@) — 1))ds 2

31

ro(nme (G me (5 -1)) (w0 (7))

for £ <t < EEL Tt is easy to see that F), : Co([0,m],R") = Cy([-1,m], R?) is continuous.

3=

Lemma 3.4. lim  sup sup |Fn(9)(t) — F(g)(t)| =0.
n—oo {g;e(g)<a} —1<t<m

Proof. Note that for g with e(g) < a,

t
Fo(9)(t) =Fa(g)(0) + / b(s, Fa(9)(5), Fa(g)(s — 1))ds

+ [o(2 mo (B2), ko (B2 1) Jatsras

Thus,
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By the linear growth condition on b and o, we have

|Fn<g)(t)|s|¢<0|+0/ (142 sup |Fa(g)w))ds

—1<u<s

+c/'1+2 sup |Fa(g)(w)])9](s)ds.

—1<u<s

Using Grownwall’s inequality, this implies that

sup  sup  |Fy(g)|(u) < Cexp (2m + 2e(g)).
n>1 —1<u<m

In particular,

M, = sup sup sup [F,(g9)(u)|)| < Cexp(2m + 2a) < oco.

gie(g)<an2l—1<ulm

Again by the linear growth condition and (30), we have

|&@@—ﬂ@0my</ 1b(s, Fu(9)(5), Fulg)(s — 1))|ds

n

+ s (Mﬂ (gf) ( 1))@K@@

S|+

ento(3) -

uniformly over the set {g;e(g) < a}. Thus,

|F7(9)
<C/LF )(s)|ds

+0/0 IFag)(s — 1) — F(g)(s — D)ds

t ns .
+ [ sup|a(u,m,y) ~ (s, 2,)|191(s)ds
0 T,y n

t

+0 [ [Fae)s = 1) = Flg)s - 1)
0

T 1Eu(9)(s) — F(g)(s)][41(s)ds
t

+ [ Fto)0) - Fato) (22

1) - R (21

+[Fulo)(s el latras

Sca[(l) +supsup|a(M,w,y> —a(s,m,y)|2]
n s z,Y n

12 / sup || Fa(g)(u) — F(g)(u)lds

—1<u<s

12 / sup || Fau(g)(u) — F(g)(w)][3](s)ds.

—1<u<s

5)
—-F,
n(

(
Fn(g

(36)
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This gives,
sup  |Fn(g)(u) — F(g)(u)|
—1<u<m
1
~ 1\2 87
< CC, (—) + |supsup|a(M,$,y> —0(3750,2/)|2] -
n s Y n

Hence,

lim sup  sup |Fn(g)(t) — F(g)(t)| = 0.

N0 {gie(g9)<a} —1<t<m
This proves the lemma. O

Proof of Theorem 3.1 when b,o are bounded. Notice that XZ(s) = F,(¢2W)(s), where W is the Brownian
motion. The theorem follows from Lemma 3.3, Lemma 3.4 and the generalized contraction principle (Theo-

rem 4.2.23 [1]) in large deviations theory.. O

Next, we remove the boundedness assumptions on b and ¢. We begin with

Proposition 3.5. Assume that

lo(t, 2, 9)| < C(A+ || + |y]), (38)

b(t, z, )| < C(1+ ||+ [y]), (39)
for all x,y € R%. Then for each integer m > 1,

im limsupelog P( sup |X°(¢)] > R) = — (40)

1
R—oo <50 —1<t<m

where X¢(-) is the solution to equation (6).

Proof. We use induction on m. We first prove (40) for m = 1. For A > 0, set ¢x(y) := (1 + |y|?)*,y € R4,

By It6’s formula, the process

M} = ga(X (1)) / K (s)ds — (1+[a), >0, (41)

is a martingale with initial value zero, where
£ £ A71 £ £ >3
Y5(s) = 2X(L+ | X=(s)[*)" T {X=(s),b(s,X°(s),X°(s — 1))
+ 20\ = De(1+ [X5(s)[) (a5, X5(s), X (s — 1)) *X=(5) 2

+2e(1+ X)) lor(s, X7 (5), X5 (s = 1) Tirs,



LARGE DEVIATIONS FOR STOCHASTIC SYSTEMS WITH MEMORY 9
for s < 1. Since X¢(u) = ¢(u) for u <0, it follows that
£ £ 2\A—1 £ £
TA(8) < 2X(1+ | X=(s)[) 71X (s)[ [1 + [X°(s)] + sup ()]

+2X(A = De(1+ X°()1%) 71X (s)|[L + X5 (s)]

2 e 2 A—1 £ (42)
+ sup [9@)|]" +Ae(14|X(s)?)" [1+|X(s)]
—1<t<0
+ sup [9(B)[]7 < Cp(A+ A+ 1)e)da (X5(s)).
—1<t<0
Let £ := inf{t > 0,|X¢(t)| > R}. Choosing A = 1, it follows from (42) that
1
E[1+|X°(tA&R)7) 7]
1 C ¢ 1 (43)
<@+lP) + S [ B+ X6 AP s
0
Hence,
E[(1+ X (tAER))7] < (L + |o)7e”. (44)
This implies
P( sup |X°(t)| > R) <P(¢;<1)
—1<t<1 (45)
<(1+R)(1+|z)cec.
Hence,
lim limsupelog P sup |X°(t)| > R) = —oo. (46)

R—oo -0 —1<t<1

Assume now that (40) holds for some m. We will prove that it is also true for m + 1. For Ry > 0, set

£ :=inf{t > 0,|X(t — 1)| > Ri} and X5 (t) := X=(t A £5). Define &5 := inf{t > 0,|X:(t)| > R}. Then,

P( sup |X°(t)]> R) (47)
C1<t<m+1
<P <m+ 1)+ P& <m+1) (45)
—P( sup [X5(0)] > Ra) + PE < m+1). (19)
—1<t<m

As before, by Ito’s formula,
B tAES
M= (X5 0) = [ s — @+ e 20, (50)
is a martingale with initial value zero, where
£ £ A-1 £ £
YR(8) S2A(1+]X(5)1?) " X () [1 + | X5(s)] + Ru]
+ 44X = De(1 4 |X5(s)])) 2| X5(s)|*[1 + | X (s)| + R1]?

T )+ R

+2Xe(1+|X5(s)?)
< Cry (A + A+ 1)e) ha (X5 (5))-

for s <1AE.
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Using (51) and the proof of (46), we get

limsupelog P(€p <m + 1)
e—0 (52)
< —log(1 + R?) +log(1 + [z[*) + Cr, (m + 1).

Thus it follows from (49) that
limsupelog P( sup |X*(t)| > R)
e—0 t<m+1
< (limsupelog P( sup | X*(t)| > R1)) (53)
e—0 t<m
Vv (—log(l + R?) + log(1 + |z|*) + Cgr, (m + 1)).

Hence,

lim limsupelogP( sup |X*°(t)| > R)

R—oo -0 t<m+1
< limsupelog P(sup | X*(t)| > Ry).
e—0 t<m

Using the induction hypothesis and letting R; — oo we obtain (40) for m + 1. This completes the proof of
the proposition. O
For R > 0, define mpg := sup{|b(t,z,v)|, |o(t,z,y)|;t € [0,m],|z| < R,|y| < R} and bl := (—mpg —

Vb A(mg+1), (Tﬁj = (—-mr—-1)V ;5 N (mgp+1),1 < 4,5 <d. Putbg := (b{z,bg,,bg) and

. (4R
or = (0;;)1<i,j<a- Then

bR(t7$7y) = b(tax7y)7 O—R(tamay) = J(tamay)7

for ¢t € [0,m], |z| < R, |y| < R. Furthermore, bg and og satisfy the Lipschitz condition (A.1) with the same

Lipschitz constant.

Let X%(-) be the solution to the sdde

t
X5 (1) = X5(0) + / br(s, X5(s), Xu(s — 1))ds

. [t (54)
+e2 / or(s, Xz(s), Xz(s —1))dW,, t >0,
0
o
Proposition 3.6. Fiz m > 1. Then
lim limsupelogP( sup |X*(t) — Xj(t)| > d) = —oc0. (55)

R—oo  c0 —1<t<m

Proof. Again we will use induction. We omit the proof for the case m = 1 since it is similar to that of

Lemma 3.3. Let us assume that (55) holds for some m. We will prove that it also holds for m + 1. Set
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Yi(t) := X°(t) — X§(t). For Ry > 0, define £, := inf{t > 0;|X*(t)| > R1}. For any R > R; we have
Ye(tAER,)

tAES,
_ /0 [br (s, X*(s), X°(s — 1) — ba(s, X5(s), X5(s — 1)]ds

N

tAER,
te / [or (s, X*(s), X*(s — 1))

—or(s,Xz(s),Xg(s —1))]dW,, t>0.
For p > 0, let $a(y) := (p* + |y[*)* and 75, := inf{t > 0;|X°(t — 1) — X(t — 1)| > p}. Set Y3 ,(t) :=
Ye(t A&y, ATR,) and &g , = inf{t > 0; Y% (¢)| > 6}. Then

P( sup |Yg(®)] > 5) <P, <m+1)
—1<t<m+1

+P(rp,<m+1)+ P, <m+1)
P P

(57)
SP( sup | X°(¢)] >R1>
—1<t<m+1
+P( sup [X*(t) = XR(t)[ > p) + P(Eg, <m +1).
—1<t<m
By the induction hypothesis,
lim lim sup slogP( sup |X°(t) — Xg(@®)| > p) = —00. (58)
R—oo 0 —1<t<m
By It6’s formula,
t/\.fil/\rﬁm )
6%, 0) - [ R (s)ds — g = M0 (59)
0
is a martingale with initial value zero, where, as in the proof of Lemma 3.3, for s <t A {g A TR ),
75(s) £ CA + AMA + 1)e)oa(YR(s)). (60)
As before, this implies that
2
li log P(¢5 < 1) <1 —_— C. 61
im supe log ((rp<m+1)< 0g<p2+52>+ (61)
Hence, it follows from (57), (58) and (60) that
lim limsupelogP( sup |Yg(¥)| > 9)
R—oo ¢ 0 —1<t<m41
< (limsupelog P( sup |X°(t)| > R1))
£—0 —1<t<m+1 (62)

p2
o{re(75) +o}

By Proposition 3.5, letting first p — 0 and then, Ry — oo, we obtain (55) for m+ 1. The proof of Proposition

3.6 is complete. O
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For g with e(g) < oo, let Fr(g) be the solution to the dde

t
Fr(g)(t) = Fr(9)(0) +/0 br (s, Fr(g)(s), Fr(g)(s — 1))ds

[ onlo Fula)0) Fnlo)(s = 1)a(e)ds (63)
Frlg)() = (), ~1<t<0.
Define
() = int { 5e(o); Fulo) = 1} (649)
for each f € Cy([-1,m] » RY). If _sup |F(g)(t)| < R, then F(g) = Fr(g). Therefore,
1) = Tn(f), forall fwith sup |f(t)] < R. (65)

—1<t<m

Lemma 3.7. I(:) is a good rate function on Cy([—1,m],R?); that is, for any a > 0, the level set {f;I(f) <

a} is compact.

Proof. As in Lemma 3.4, we can show that lim sup |Fgr(g) — F(g)| =0. In particular, this implies that
R=00 ¢(g)<a

F(-) is continuous on each level set {g;e(g) < a}. Since e(-) is a good rate function, this is sufficient to

conclude that I(-) is also a good rate function. O

Proof of Theorem 3.1 in the unbounded case. For R > 0 and a closed subset C' C Cy([—1,m],R'), set Cg =

Cn{f;||fllcc < R}. C% denotes the §-neighborhood of Cg. Denote by uft the law of X%. Then we have
#e(C) < pe(Cry) + P( sup [ X°(8)] > Ry)
—1<t<m

< UB(Ch) + P( sup [X°(0) ~ Xi(0)] >0 (60
+P( sup |X°(¢)| > R1).
—1<t<m

Using the large deviation principle for {u£,¢ > 0}, we obtain

lim sup e log u. (C)
e—0
< (- inf I V (limsupelog P( su X)) >R
< (=, Te(p) v (imswpelog P sup | 1X°(0) > R) o)

V (limsupelog P( sup |X®(t) — Xg(t)| > 9).
e—0 —1<t<m
Sending R to infinity gives
lim sup ¢ log p. (C)
e—0 68)
< (- inf I(f))V (limsupelogP( sup |X°(t)] > Ry)). (
recy, c—0 ~1<t<m

Letting first 6 — 0, and then R; — oo, we obtain

limsupelo )< —inf I
n Sup g ue(C) < jnf, (f)

which is the upper bound (9) in Theorem 3.1.
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Let G be an open subset of Cy([—1,m] — R?). Fix any ¢o € G and choose § > 0 such that

B(¢0,0) = {f;||f — ¢ollco <} C G. Then

—Ig(¢o) < limsup elogpl (B(Cf)o, é))
e—0 2

< (lim sup e log e (@) (69)

V((limsupslogP( sup |X€(t)—Xg(t)|>§)>.

€0 —1<t<m 2

Note that Ir(¢o) = I(¢g) for all R > ||¢do||eo- So, letting R — oo in the above inequality, we get

—I(¢o) < limsup ¢ log p. (G)- (70)

e—0

Since ¢ is arbitrary, it follows that

—inf T < limsup €lo G
jnf, (f) < im sup g e (G)

which is the lower bound (10) in Theorem 3.1. The proof of Theorem 3.1 is now complete. O

Remark. The results in this paper can be easily extended to the case, where different delays 71, 72 are

allowed in (6):

dX°(t) = b(t, X°(t), X°(t — 1)) dt + 20 (t, X°(£), X°(t — 75))dW;, ¢ € (0,00), -
71
Xe(t) =), te[-(rnVvmn)l
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