Manuscript submitted to Website: http://AIMsciences.org
AIMS’ Journals
Volume 00, Number 0, Xxxx XXXX pp. 000-000

LARGE DEVIATIONS FOR STOCHASTIC SYSTEMS WITH MEMORY

SALAH-ELDIN A. MOHAMMED AND TUSHENG ZHANG

ABSTRACT. In this paper, we develop a large deviations principle for stochastic delay equations driven by
small multiplicative white noise. Both upper and lower large deviations estimates are established.

1. Introduction. Large deviations were studied by many authors beginning with the fundamental work of
Donsker and Varadhan [4],[5],[6]. Subsequently several issues concerning large deviation principles and their
applications to stochastic differential equations were studied by many authors, e.g. Freidlin and Wentzell

[8], Stroock [18], Deuschel and Stroock [3], den Hollander [2], and others.

However, there is little published work on large deviations for stochastic systems with memory. The
problem of large deviations for such systems was first studied by M. Scheutzow [16] within the context of

additive white noise.

Stochastic systems with memory (or stochastic differential delay equations (sdde’s)) serve as viable
models in a variety of applications, ranging from economics and finance to signal processing (Elsanosi,
Pksendal and Sulem [7], Kolmanovskii and Myshkis [10]). The origins of the qualitative theory of stochastic
systems with memory goes back to work by It6 and Nisio [9], Kushner [11], Mizel and Trutzer [13], Mohammed
[14], Scheutzow [17], Mao [12] and others.

In this paper we examine the question of small random perturbations of systems with memory and the
associated problem of large deviations. Our analysis allows for multiplicative noise with possible dependence
on the history in the diffusion coefficient. Our approach is similar to that in [1] and [18], but introduces a

new induction argument in order to handle the delay.

2. Basic Setting and Notation. Let W; := (W}, W2,...,W}) denote a standard I-dimensional Brownian
motion on a complete filtered probability space (2, F, (F¢)i>0,P), with Wy = 0. Let b = (b1, b2, ..., bq) :
Rt xR x R = R%, 0 = (0i5)i=1,-d,j=1,.. . : Rt x R x R - R?® R! be Borel measurable functions.

We introduce the following conditions:
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(A1) The functions b, o satisfy a Lipschitz condition. That is, there exist constants L1, Lo such that

for all z1,xs,y1,y2 and t € [0, 00),

[lo(t, z1,y1) — o(t, 22, 42)||[Regrr < Li(|z1 — 22| + |y1 — 92|), (1)

|[b(t, 21,y1) — b(t, 72, 92)[[re < La(|1 — 22| + y1 — y2)- 2)

(A2) The functions b(-,z,y), o(-,z,y) are continuous on [0, 00), uniformly in z,y € R, i.e.,

lim sup [b(s,z,y) —b(t,z,y)| =0, ®3)
SHtE,yERd
lim sup |0-(S7'T7y) - O'(t,.fll',y)l =0. (4)
S—}tw’yeRd

Let 7 > 0 be a fixed delay, and ¢ be a given continuous function on [—7, 0]. Consider the following differential

delay equation (dde):
dX(t) =b(t,X(t),X(t—71))dt, te(0,00)

(5)
X(t) = ¢(t)7 te [—T, 0]7
and the associated perturbed sdde:
dX (t)=b(t, X (t),X (t—7))dt+ ~o(t,X (t),X (t—71))dW,, t € (0,00)
(6)
X (t) = ’(,[J(t),t € [_Ta 0]:
with solution X .
Throughout this paper, we will assume, without loss of generality, that the delay 7 is equal to 1.
3. State ento t e Main T eore and roos. Let ([0, ],R') denote the space of all continuous

functions :[0, ]— R'with (0)=0.If € o([0, ],R')isabsolutely continuous,set ( )= , | (¢)[*dt.

Otherwise, define ( ) = oco. Let ( ) be the solution to the dde
t

O®= OO+ b ()6), ()s—1))ds

Denote by  ([-1, ],R?) the set of all continuous functions :[—1, ]— ?such that (¢)=(t)

for all t € [—-1,0].

T eore .. X () ([_1: ]aRd)
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(i) (-1, LRY

limjtt)lp log ()<—inf (), 9)
(i) (-1, LR

liminf log () —inf (). (10)

The rest of the paper is devoted to the proof of this result. The proof is split into several lemmas.

For any > 0 and any 1, denote by X (-) the solution to the sdde:

X (t)=X (0)+ tb(s,X (5),X (s—1))ds

0
t
+ 0 d,X L , X d—1 dWs, t>0, (11)
0
X (t) =9(t), tel[-1,0]
We need the following lemma from Stroock [18] (p. 81).
Le a .. :[0,00) x 2 - RI®@R! :[0,00) x @ = R (F)i>0
IO < IO <
R¢ )= o ()dWs+ o (s)ds t 0 >0 >0
d-
P( sup | (t)] y<2dexp(—( —d~ )2 %d) (12)
0t
Le a b,o 1, >0
lim limsup logP( sup |X (¢)—X (t)]> )= —o0. (13)
- —0 1t
We prove (13) by induction on . We first prove it for =1. Set (¢):=X (¢)—X (t), t O.
Then ;
(t) = b(s, X (s),X (s—1)) =b(s,X (5),X (s—1)) ds
0
t
+ - o 5,X (s),X (s—1) —o M,X L] , (14)
0
x oy aw, o0
For > 0, define 7 :=1inf ¢t 0 |X (t) - X (-4)] ,and set () == (t T ), t O,
=inf ¢t 0,] ()] . Then
P(sup | (B> )=P(sup | (&)> ,7 <1
0t 1 0t 1
+P(sup | (&)]> ,7 >1) (15)
0t 1

<P(r <+P( <1
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Observe that
-1

Pir <)< P  sup X ()—X —— | . (16)
=1 — t =
sing Lemma 3.2, there exists a constant > 0 such that
P(r <1)< exp(— )5 L. 17)
Hence,
lim limsup logP(r <1)=—oc0. (18)
- —0 ’
For >0,define (y):=( 2+ y*) ,y € R% By Ito’s formula,
¢
= @®)— (s)ds — * (19)

is a martingale with initial value zero, where,
():=2 (24| G ' (5),b(5,X (5),X (5—1))
—b(s, X (s),X (s—1))

+2 (=) (*+] P *(o(s,X (5),X (s-1))

1) (s)

oLy L La

fors <t 7 . Noticing that X ( )=4( )and X ( )=1( )for <0, we see that
(s) < ( ()

+ 4 (=D (24 GP) Y @P+2 (24 P
« (s, X (X (s-1) 0 L X (s),X (s—1) (20)
@l x@-x L pyyeony oy L2

By uniform continuity, there exists an integer  so that

o(s,X (s),X (s—l))—a(M,X (s),X (s—l))

and
wis—1) - 1)
for s <1 and all . Thus for ,
< (+ +7) ( 6) 1)
Choose =1 and take expectations in (19) to obtain
L @D 1< ? 4= (] P lds
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Hence,
[+ @M 1< —
Since
(2+ 7P( <1< [(C2+] @ ],
we have
POL<NS g (22)
Therefore,
limj(l)lp logP(  <1)<log ?22 + . (23)

iven >0, first choose sufficiently small so that log(——) + < -2 , and then use (18) to choose

so that limsup _, logP(r <1)<-2 for . Combining these two facts gives

lim limsup logP( sup |X (t)—X (t)|> )< -
- —0 1¢1

Since  is arbitrary, we have proved (13) for = 1. Assume now (13) holds for some integer . We will
prove it is also true for ~ +1. Let ,7  be defined as before. In addition, introduce two new stopping
times:

™ =inft 0|X (t—-1)—X (t—1) ,

™ =inf t 0 X (t-1)—-X M—1

and define  (t):= (¢ 7" 7> 71 )and  :=inft 0]  (t) . We then have
P(tsul_)H| )| > ) SP(7'1: 7'2; T, < +1)
+ P(t su;_)H| )] > ,7'1; 7'2: T, > + 1) (24)
<P < 4+1D)+Pr 7 < +1)+P( < +1)
As in the proof of (18),
lim limj(l)lp logP(r = 7 < +1)=—o0. (25)

By the induction hypothesis,
ILm limsup logP(r" < +1)
—0
26
< lim limsup logP( sup |X (t)—=X ()| > )= —o0. (26)
- —0 1t

Again by It6’s formula,

o= 0, )= (s)ds — * (27)
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is a martingale with ;> =0, where
<2 (4] GO ' G @I+IX (s-1)-X (s-1)))

+4( =D+ O Y GP+2 (4] )P !
2
X (O’(S,X (s),X (s—l))—a d,X (s),X (s—1)

)P+ X (s—x L2

+ X (s-1)-X Lﬂ—12ﬂxg—n—xg_m2 (28)
<2 (%+ ) U Gl GI+)
+ 4 (=D 2+ 6P 2 @F+2 (4] () !
(| ()P +47)
<(+ +2)(0 ()
fors<r 7% 7% ( +1), and sufficiently large .
sing (25), (26) and following the proof of the case for = 1, we see that (13) is also true for  + 1.
This completes the proof of the lemma. O
For 1, define the map () : o([0, J,R)— (-1, ],R% by
(@) :=9(@), -1<t<0
¢
M= () - + b ()6, ()s-1)ds (29)
Yo o ()=, () ==l @- -
for - <t < L. Itiseasy toseethat : o([0, ],R!)— ([-1, ],R% is continuous.
Le a .. li_>m sup 1sutp | (H)® - ()@)|=0
Note that for with ()< ,
¢
O®= )0+ . b(s, ()(s), ()(s—1))ds
¢ s s s (80)
ool oo e
Thus,
O@® - )@
¢
= bs, ()(s), (Ns—=1)=b(s, ()s), ()Ns—1))ds
o[ [ 3] [ 3] (31)
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By the linear growth condition on b and o, we have

t

OO < 19 0)] + (1+2 sup | () )l)ds

0
t

+ (1+2 sup Sl )OI [(s)ds.

sing rownwall’s inequality, this implies that

sup sup | ()|[( )< exp(2 +2()).
>1 1
In particular,
= sup sup sup | OIS exp2 +2 ) oo

Again by the linear growth condition and (30), we have

< N
uniformly over the set ()< . Thus,
L O®- O
< 0t| O = O@lds
¥ Ot| (s=1= ()= Dids
. Ots;g o Loy —oGmm)1 I(5)ds
£ Ok== ()s-1)

o oOe-v- O Mo e
1 - [ s] 2

— +supsup 0 —,z,y —o(s,z,y)
s T,y

IA

+2 - sup I O0) = O)0)lds

s
t

+2 s [ (O)0) = OO (s)ds:

0 E]

(36)
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This gives,
s | O)0) = O0)
- [ s ) (37)
< — 4+ supsup 0 —,z,y —o0(s,7,y)
s T,y
Hence,
lim sup  sup | ()@ - () =0.
- 1t
This proves the lemma. O
b,o Notice that X (s) = ( ~W)(s), where W is the Brownian

motion. The theorem follows from Lemma 3.3, Lemma 3.4 and the generalized contraction principle (Theo-

rem 4.2.23 [1]) in large deviations theory.. O

Next, we remove the boundedness assumptions on b and ¢. We begin with

ro osition

lo(t,z,y)| < (L+ [z + |y]), (38)
bt z,9)| < 1+ ||+ [y)), (39)
z,y € R? 1
lim limsup logP( sup |X (t)]> )=-o0 (40)
- —0 1t
X ()
We use induction on . We first prove (40) for =1. For > 0,set (y):=(1+y?) ,y € R%
By It6’s formula, the process
t
¢ = (X () - (s)ds — (L+[zf*) , ¢ O, (41)
0

is a martingale with initial value zero, where

(9)=2 1+]X (9)P) *

X (s),b(s,X (s),X (s—l))
+2 (=1 (14X &)P) |(o(s,X (5),X (s=1)) X (s)]

+ (141X @P) o(sX (5),X (s-1) |,
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for s <1. Since X ( ) =¢( ) for <0, it follows that
1
(5)<2 (141X (9)) 1X ()] 1+ X (s) + sup [9(2)]

+2 (=1 1+1X )P X ()] 1+X (s)]

5 1 (42)
+ lsufo|¢(t)| + (I+X ()F) 141X (s)]
+ sup [4(t) <+ (+1)) (X (s).
Let :=inf ¢ 0,|X (#)]> . Choosing =1, it follows from (42) that
A+1x (¢ P
¢ (43)
< (A+2f) +— A+IX (s )P ds.
0
Hence,
A+1X @ P <@+l . (44)

This implies
P( sup |X (t)|> )<P( <1)
1 ¢t1 (45)
<@+ )T+ T
Hence,

lim limsup logP( sup |X (t)|> )= —o0. (46)
- 1t 1

—0

Assume now that (40) holds for some . We will prove that it is also true for 4+ 1. For 1 > 0, set

p=inf ¢t 0,|X (t—1) 1 and X;(t):==X (¢ ). Define :=inf ¢t 0,|X,(?)| . Then,
P( sup X (B> ) (47)
1t +1
<P(, < +1D)+P( < +1) (48)
= P( sup X ) > 1)+P( < +1). (49)

As before, by Ito’s formula,

¢ = (X)) - . (s)ds = (L+z[*) , ¢ 0O, (50)

is a martingale with initial value zero, where
() <2 (1L+1X () X @) 1+1X ()] + 1
+4 (=1 A+[X 6)P) 21X GPL+IX ()] + 1]
2

+2 (1+1X )P) 141X )+ 1

< (+ (+D) (X (9)

fors<1 .
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sing (51) and the proof of (46), we get

limsup logP( < +1)
-0

(52)
< —log(1+ ?)+log(l+|z*) + ( +1).
Thus it follows from (49) that
limsup logP( sup |X (t)] )
—0 t +1
< (limsup log P(sup|X (¢)] 1)) (53)
—0 t

(—log(l+ 2)+log(1l+ |z|*)+ ( +1).

Hence,

lim limsup logP( sup |X (¢)] )
e

- —0 t

<limsup logP(sup |X (t)] 1)-
—0 t

sing the induction hypothesis and letting ; — oo we obtain (40) for  + 1. This completes the proof of

the proposition. O

For > 0, define = sup |b(t,z,y)|,|lo(t,z,9)| t €0, L|z| < ,lyl < and b, = (— -
].) b; ( + ].), 0;; = (— - 1) i ( + 1), 1<, <d. ut b = (bl ,b2 ,...,bd) and
o =(0;;)1 i,j a- Then

b (t,z,y) =b(t,z,y), o (t,z,y)=o0(t,z,y),

forte[0, ], |z| < , |yl £ . Furthermore,b and o satisfy the Lipschitz condition (A.1) with the same

Lipschitz constant.

Let X (-) be the solution to the sdde

o
ro osition . . 1
lim limsup logP( sup |X ({)—X ()] > )= —o0. (55)
- —0 1t
Again we will use induction. We omit the proof for the case = = 1 since it is similar to that of

Lemma 3.3. Let us assume that (55) holds for some . We will prove that it also holds for 4+ 1. Set
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(t):=X (t) — X (t). For 1> 0, define =inf ¢t 0 |X (1) 1 - For any
(¢ )
= . b (5,X (5),X (s—1)—b (5,X (5),X (s—1) ds
+ - t o (s,X (5),X (s—1))
0
—o (5,X (s),X (s—1)) dW,, t
For >0,let (y):=(?+yf’) and7 :=inft O0[X (t-1)—-X (t—1)
(t 7 Jand  :=inf ¢t O] ()] . Then
Poswp | @> <P( < +1)
1t 1
+P(r < +1)+P( < +1)
<P sup | X (®)]> 1
t 41
+ P( 1sup X @) —-X @®)]> )+ P( < +1)

By the induction hypothesis,

lim lim sup
- —0

logP sup |X () -X (t)| >
1t

By It6’s formula,

(1) — (s)ds— * =~

0

is a martingale with initial value zero, where, as in the proof of Lemma 3.3, for s <t

)< (+ (+1)) ( ()
As before, this implies that
2
limsup logP( < +1)<log — T +

—0
Hence, it follows from (57), (58) and (60) that

lim limsup logP( sup | (&)|> )

- -0 1t 41

< (limsup logP( sup |X ()] > 1))
-0 1t 41

2

log +

2+2

By roposition 3.5, letting first — 0 and then, ; — oo, we obtain (55) for

3.6 is complete.

0.

11

1 we have

+1. The proof of

(58)

(61)

roposition

O
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For with () oo,let () be the solution to the dde

! (63)

Define
1
()=mf 5 () ()= (64)
foreach € ([-1, |2 R%).If sup | ()(@#)|< ,then ()= (). Therefore,
1t
(Y= (), forall with sup | (£)]< . (65)
1t
Le a .. () (-1, LRY 0 ()<
As in Lemma 3.4, we can show that lim sup | ()— ()] =0. In particular, this implies that
—
(-) is continuous on each level set ()< . Since (-)is a good rate function, this is sufficient to
conclude that (-) is also a good rate function. O
For > 0 and a closed subset (-1, ], R, set =
] < . denotes the -neighborhood of . Denote by  the law of X . Then we have
()< € J+PCswp [X B> 1)
< )+PCawp X @-X @)]>) (60
+P( sup X (B> ).
1t
sing the large deviation principle for , >0 , we obtain

limsup log ()
-0
< (- nf  ( ) (limj(l)lp log P( sup X )] > 1)) (67)
(limsup logP( sup |X () =X (@) > ).
-0 1t

Sending  to infinity gives
limsup log ()

-0
<(= mf () (imsup logP( s |X (01> 1) (@)

Letting first — 0, and then ;1 — oo, we obtain
limsup log ( )< —inf ()
—0 €

which is the upper bound (9) in Theorem 3.1.
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Let  be an open subset of ([-1, ] — R?). Fix any o € and choose > 0 such that

(o0, )= | — ol < . Then
— (o) Llimsup log ( 0,=)
—0 2
< (limsup log ( )) (69)
-0

(limsup logP sup |X (¢)—X (¢)| > B
-0 1t

Note that (o) = ( o) for all [| oll - So,letting — oo in the above inequality, we get
— (o) <lmsup log (). (70)
-0

Since ¢ is arbitrary, it follows that

—inf ( )<limsup log ( )
€ —0

which is the lower bound (10) in Theorem 3.1. The proof of Theorem 3.1 is now complete. O

Re ar . The results in this paper can be easily extended to the case, where different delays 71, 72 are
allowed in (6):
dX (t)=b(t, X (t),X (t—m))dt+ “o(t,X (t),X (t—7))dW;, te€ (0,00),

(71)
X () =9(), tel-(n )0
Dembo, A. and Zeitouni, A, , Springer- erlag, Berlin Heidelberg, 998.
2 den Hollander, F., , Fields Institute Monographs, . American Mathematical Society, rovidence, I,
2000 , pp. 3
3 Deuschel, .-D., and Strooc ,D. ., , Academic ress, Boston, San Diego, New or , 989 .
Dons er, M., and aradhan, S. . S., Asymptotic evaluation of certain Mar ov process e pectations for large time, I,
,28, 975, -T.
5 Dons er, M., and aradhan, S. . S., Asymptotic evaluation of certain Mar ov process e pectations for large time, II,
, 28, 975 ,279-30 .
6 Dons er, M., and aradhan, S. . S., Asymptotic evaluation of certain Mar ov process e pectations for large time, III,
,29, 976, 389- 6 .
7 Elsanosi, I., sendal, B., and Sulem, A., Some solvable stochastic control problems with delay,
7 2000 , no. -2, 69-89.
8 Freidlin, M. I., and ent ell, A. D., , Springer- erlag, New or , Berlin,
Heidelberg, To yo, 98 .
9 Ito, ., and Nisio, M., On stationary solutions of a stochastic di erential equation, s 9%
75.
0 olmanovs ii, ., and Mysh is, A., , Math-
ematics and its Applications, 63, luwer Academic ublishers, Dordrecht 999 .
ushner, H. ., On the stability of processes defined by stochastic di erential-di erence equations, s
968 , 2 - 3.
2 Mao, ., , Horwood Series in Mathematics  Applications, Horwood
ublishing Limited, hichester, 997 , pp. 366.
3 Miel, . .and Trut er, , Stochastic hereditary equations e istence and asymptotic stability,
98 , T2
Mohammed, S.-E. A., , esearch Notes in Mathematics, 99, itman Advanced

ublishing rogram, Boston, London, Melbourne 98



20

SALAH-ELDIN A. MOHAMMED AND TUSHENG ZHANG

Mohammed, S.-E. A., Stochastic di erential systems with memory Theory, e amples and applications,

, eds. L. Decreusefond, .G erde, B. sendal and A.S. Ustunel, rogress
in robability, vol. 2, Bir hauser 998 .
Scheut ow, M., wualitative behaviour of stochastic delay equations with a bounded memory, 2 98 ,nmno. ,

80.
Scheut ow, M.,
, Habilitationsschrift, Fachbereich Mathemati , University of aiserslautern, Germany, 988.
Strooc , D. ., , Springer- erlag, Berlin, 98 .
Zhang, T.S., On the small time asymptotics of di usions on Hilbert spaces, 2000 537-557.
Zhang, T.S., A large deviation principle of di usions on configuration spaces,
200 239-25 .
ART T AT AT CS T R S RS T ARB A s . A

ART T AT AT CS RS T A C STR R A A C STR A



